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Abstract. We construct triangulated categories of mixed motives over a noetherian scheme of 
finite Krull dimension, extending Voevodsky's definition of motives over a field. We prove that 
motives with rational coefficients satisfy the formalism of the six operations of Grothendieck. 
This is achieved by studying descent properties of motives, as well as by comparing different 
presentations of these categories, following insights and constructions of Beilinson, Morel and 
Voevodsky. Finally, we associate to any mixed Weil cohomology a system of categories of 
coefficients and well behaved realization functors. 
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Introduction 

The aim of these notes is to define a system of triangulated categories of mixed motives which 
satisfies Grothendieck's six functors formalism. This is achieved partially with integral coefficients, 
and rather fully with rational coefficients. 

Motivic complexes. We construct, for any noetherian scheme of finite dimension X, a trian- 
gulated category of mixed motives DM(JT), from the abelian category of Nisnevich sheaves with 
transfers over X, extending Voevodsky's theory. This construction has the following functorial 
properties. 

• For any schemeQ X, DM(-X") is a closed symmetric monoidal category. 

• For any morphism of schemes / : Y — > X, a pair of adjoint functors 

/* : DM(X) <=* DM(Y) : /» , 

with /* monoidal. 

• For any separated morphism of finite type / : Y — > X, a pair of adjoint functors 

/, : DM(Y) <=» DM(X) : f , 
and a natural transformation 

/!-/* 

which is invertible for / proper, while 

/'=/* 

whenever / is an open immersion. 

• For any cartesian square 

Y'^-^X' 



with / separated of finite type, there is a natural transformation g* f\ — ► f( g'*, which is 

invertible whenever g is smooth separated of finite type. 
We also prove the following localization property: given a scheme S and a closed immersion 
between smooth S'-schemes i : Z X, with complement open immersion j : U — > X, we have the 
six gluing functors: 

3\ i* 

DM(U) ^T-p DM(X) ~DM(Z) . 

3* i- 

This means that the functors j\ and i* are fully faithful, satisfy the identity i* j\ ~ 0, and that, 
for any object M of DM(X), we have a natural distinguished triangle 

j\ j\M) -> M -» u i*(M) M [1] . 

Unfortunately, we don't know if this property remains true in DM without this smoothness as- 
sumption. The formalism of the six gluing functors for a general closed immersion is needed if one 
wants to prove that the exchange maps g* f\ — > f( g'* are invertible in general. 

Beilinson motives. However, if we work with rational coefficients, the situation is much better. 
We construct, using Morel and Voevodsky's homotopy theory of schemes, for any scheme X, a Q- 
linear triangulated category DMb (X), which we call the triangulated category of Beilinson motives. 
Essentially by construction, in the case where X is regular, we have a natural identification 

Hom DMB ( X) (Qx,Qx(p)M) - GrPK 2p - q (X) Q , 

where the right hand side is the graded part of the algebraic K-theory of X with respect to the 
7-filtration. 



In this introduction, all the schemes will be assumed to be noetherian of finite Krull dimension. 
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The six operations of Grothendieck act naturally on DM E : we have all the functors 0, Horn, 
/*! /*) fu f (with the same properties as above). The following result is a direct consequence of 
its analog in SH. 

Theorem 1 (localization). For any closed immersion i : Z —* X with complement open immersion 
j : U — > X, we have the six gluing functors: 



DM B (U) ^T- DM B (X) DM B (Z) . 

The result above allows us to use Ayoub's results on cross functors, which gives the following 
properties. We recall that, for / : Y — > X proper, we have f\ ~ /*. Moreover, if / is smooth 
and quasi-projective of relative dimension d, we have, for any object M of DMb(X), a purity 
isomorphism 

r(M)(d)[2d]^f(M) 

These identifications allow to interpret the following theorem as the proper base change formula 
and the smooth base change formula in DMb . 

Theorem 2 (base change isomorphisms). For any cartesian square 

/' 




with f separated of finite type, the natural transformation g* ft — * /,' g'* as well as its transposed 
gl f' — > f g* are invertible. 

We also deduce from Quillcn's localization theorem in algebraic K-theory an absolute purity 
theorem: 

Theorem 3 (absolute purity). For any closed immersion between regular schemes i : Z — > X of 
codimension c, there is canonical isomorphism in DMb(2) 

Qz(-c)[-2c] ^r(Qx). 

Using the existence of trace maps in algebraic K-theory, we also prove: 

Theorem 4 (proper descent). Consider a Galois alteration p : X' — > X of group G (i.e. p is an 
alteration, while G is a finite group acting on X' over X , such that, generically, X' /G — > X is 
finite surjective and radicial) , as well as a closed subscheme Z C X , such that U = X — Z is 
normal, and such that the induced map pu ■ U' = p _1 (?7) — > U is a finite morphism. Then the 
pullback square 




Z 

induces a canonical distinguished triangle 

M ^ui*(M)®p*p*(M) G q*i*(M) G ->M[1] 

for any object M o/DM E (I). 

As a corollary of the previous result, we obtain that DMb satisfies h-descent (in particular, 
etale descent as well as proper descent). 

Given a scheme X, we define DMb, c (A) as the thick subcategory of DMb (A) generated by the 
objects of shape Mx(Y)(p) = f\ f'(Qx)(p), for / : Y — > X separated smooth of finite type, and 
p € Z. This category coincides with the full subcategory of compact objects in DMb (A). 
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Theorem 5 (continuity). Let S be a scheme which is the limit of an essentially affine projective 
system of schemes {S a }. Then there is a canonical equivalence of triangulated categories 

2-limDM B , c (S a ) ~DM B)C (5). 

a 

The following theorem uses absolute purity, (a weak form of) proper descent, as well as Gabber's 
weak uniformisation theorem (i.e. that, locally for the h-topology, any excellent scheme is regular, 
and any closed immersion between excellent schemes is the embedding of a strict normal crossing 
divisor into a regular scheme). Its proof relics on a mix of arguments of Gabber and Ayoub. 

Theorem 6 (fmiteness). The subcategory DMb, c is stable under the six operations of Grothendieck 
(for excellent schemes). 

The absolute purity theorem, proper descent, de Jong's resolution of singularities by Galois 
alterations, and Ayoub's methods lead to: 

Theorem 7 (duality). Let B be an excelllent scheme of dimension < 2. For any separated B- 
morphism f : X — > S between B-schemes of finite type, with S regular, / ! (Qs) is a dualizing 
object in BM B (X). 

Comparison theorems. Recall the qfh-topology (resp. the h-topology): this is the Grothendieck 
topology on the category of schemes, generated by etalc surjective morphisms and finite (resp. 
proper) surjective morphisms. 

In his first published work on the triangulated categories of mixed motives, Voevodsky studied 
the A 1 -homotopy category of the derived category of qfh-sheaves. We consider a Q-linear and 
P 1 -stable version of it, which we denote by DM q fll q(S). By construction, for any S-scheme of 
finite type X, there is a qfh-motive Ms{X) in DM q fh r,(S). We define DM q fh,Q(5) as the smallest 
triangulated full subcategory of DM qfll q(S) which is stable by direct sums, and which contains 
the objects Ms(X)(p), for X/S smooth of finite type, and p 6 Z. Using Voevodsky's comparison 
results between rational etale and qfh-cohomologies, we obtain the following: 

Theorem 8. If S is excellent and geometrically unibranch, then there is a canonical equivalence 
of categories 

BM Q (S) ~DM qfh , Q (S), 
where DMq(S) denotes the Q-linear version o/DM(5). 

One constructs DMj^q C DM h q in a similar way as we did for DM^q C DM qfh q , by 
replacing the qfh-topology by the h-topology. Using h-descent in DMb, we also get the following 
comparison result. 

Theorem 9. If S is excellent, then we have canonical equivalences of categories 

DMe(S) ~ DM qfh , Q (S) ~ DM h , q (5) . 

Denote by KGL$ the algebraic K-theory spectrum in Morel and Voevodsky's stable homotopy 
category SH(5) . By virtue of a result of Riou, the 7-filtration on K-theory induces a decomposition 
of KGL S , Q : 

KGL s>Q ~®H BtS (n)[2n]. 

The ring spectrum i?B,S represents Beilinson motivic cohomology. By construction, the category 
DMb (5) is the full subcategory of SHq(5) which consists of objects E such that the unit map 
E H B s ® E is an isomorphism. If S is excellent and geometrically unibranch, we have: 

H B ,s ^ H M ,s <g> Q , 

where Hm,S is Voevodsky's motivic cohomology spectrum in SH(S'). We deduce from the preced- 
ing comparison results a version with rational coefficients of a conjecture of Voevodsky |Voe02| . 
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Corollary. For any morphism f : T — > S of excellent geometrically unibranch schemes, the 
canonical map 

f*H M . s ® Q -> H MtT ® Q 

is an isomorphism of ring spectra. 

Theorem 10. Let E be an object o/SHq(5). The following conditions are equivalent: 

(i) E is a Beilinson motive (i.e. is in DMu(S)); 
(ii) E is an Hu.s~ m °dule in SHq(S); 
(Hi) E satisfies qfh-descent; 
(iv) E satisfies h-descent. 

The ring spectrum i/n.s can be endowed with a structure of commutative monoid in the model 
category underlying SHq(S). In particular, it makes sense to speak of the homotopy category of 
^E.s-mc-dules. 

Theorem 11. For any scheme S, there is a canonical equivalence of categories 

DM B (S) ~Ho(iJ B ,s-mod). 

According to Morel, the category SHq(5) can be decomposed into two factors, one of them 
being SHq(S') + , that is the part of SHq(5) on which the map e : Sq — > Sq, induced by the 
permutation of the factors in G m A G m , acts as — 1. Let Sq + be the unit object of SHq(5)+. 

Using the previous theorem as well as Morel's computation of the motivic sphere spectrum in 
terms of Milnor-Witt K-theory, we obtain a proof of: 

Theorem 12 (Morel). For any scheme S, the canonical map Sq + — ► Hb,s is an isomorphism. 
Corollary. For any scheme S, there is a canonical equivalence of categories 

SH Q (5)+ ~DM b (5). 

As a corollary, as DMb satisfies etale descent, and as, locally for the etale topology, —1 is always 
a square in the residue fields of S, we finally get another comparison result, where D A i^ t (5, Q) is 
the etale version of SHq (S) . 

Theorem 13. For any scheme S, there is a canonical equivalence of categories 

D AVt (S,Q)~DM B (S). 
Corollary. An object o/SHq(5) is a Beilinson motive if and only if it satisfies etale descent. 

Realizations. 

Given a strict ring spectrum £ in DMb (5) (that is a commutative monoid in the underlying 
model category), one can define, for any S-scheme A, the triangulated category 

D(A, £) = Ho(f x -mod) , 

where Ex — f*£, for / : X — > S the structural map. 
We then have realization functors 

DM B (A) — > D(A, £) , M ^ £ x ® x M 

which commute with the six operations of Grothendieck. Using Ayoub's description of the Bctti 
realization, we obtain: 

Theorem 14. If S = Spec (k) with k a subfield of C, and if Ssetti represents Betti cohomol- 
ogy in DMe(S'), then, for any k-scheme of finite type, the full subcategory of compact objects of 
D(X,£Betu) is canonically equivalent to D C (A(C),Q). 
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More generally, if S is the spectrum of some field k, given a mixed Weil cohomology £ , with 
coefficient field (of characteristic zero) K, we get realization functors 

DM B , C (I) -» B C {X, £) , M i-> £ x ®x M 

(where D C (X, £) stands for the category of compact objects of D(X, £)), which commute with the 
six operations of Grothendieck (which preserve compact objects on both sides). Moreover, the 
category D C (S,£) is then canonically equivalent to the bounded derived category of the abelian 
category of finite dimensional K-vector spaces. As a byproduct, we get the following concrete 
finiteness result: for any /c-scheme of finite type X, and for any objects M and N in D C (X,£), 
the K-vector space Homrj c (jf i £)(M, iV[n]) is finite dimensional, and it is trivial for all but a finite 
number of values of n. 

If k is of characteristic zero, this abstract construction gives essentially the usual categories 
of coefficients (as seen above in the case of Betti cohomology), and in a sequel of this work, we 
shall prove that one recovers in this way the derived categories of constructible €-adic sheaves (of 
geometric origin) in any characteristic. But something new happens in positive characteristic: 

Theorem 15. Let V be a complete discrete valuation ring of mixed characteristic, with field of 
functions K , and residue field k. Then rigid cohomology is a K -linear mixed Weil cohomology, and 
thus defines a ring spectrum £ ng in DMg(fe). We obtain a system of closed symmetric monoidal 
triangulated categories D r i g (X) — D C (X, Srig), for any k-scheme of finite type X, such that 

Hom Dri9(x) (l x , lx(p)[q]) ^ H%{X)(p) , 

as well as realization functors 

Rrig :DM E , c (X)^D n5 (I) 
which preserve the six operations of Grothendieck. 

Outline of the work 

This work is divided into four parts. The first one contains the foundations, stated in the 
language of fibred categories. The main notion is that of a -fibred category (definition If ,f ,9| ). 
eventually equiped with a monoidal structure (definition I f . f . 25]) and a triangulated structure. We 
study axioms and constructions for these categories on the following themes: the six functors 
formalism of Grothendieck (section HJ, descent theory (section [3]). 

The second part gives a way to construct derived categories which fits into the theory of £P- 
fibred categories. 

The third part contains a reformulation of the theory of relative cycles of Suslin and Voevodsky 
- together with some complements. This is used to construct the example, presented in the first 
part of this introduction, of motivic complexes as a ^-fibred category. 

The fourth part is concerned with the rational theory of mixed motives and the fundamental 
theorems stated above. Besides the main definition of Beilinson motives (definition If 3.2.I]) . we 
also use the theory of modules over a ring spectrum (section 2]) to construct other interesting 
^-fibred categories: modules over the algebraic K-theory spectrum (corollary If 2.3.3p . modules 
over a mixed Weil cohomology spectrum (section [TB|) . 

Notations and conventions 

In every section, we will fix a category denoted by .y which will contain our geometric objects. 
Most of the time, J? will be a category of schemes which are suitable for our needs; the required 
hypothesis on 5? are given at the head of each section. In the text, when no precisions are given, 
any scheme will be assumed to be an object of 5? . 

When si is an additive category, we denote by sift the pseudo-abelian enveloppe of s/. We 
denote by the category of complexes of &/. We consider K(&f) (resp. K & (^/)) the category 

of complexes (resp. bounded complexes) of srf modulo the chain homotopy equivalences and when 
srf is abelian, we let D(jrf) be the derived category of srf . 

If is a model category, Ho(^#) will denote its homotopy category. 
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We will use the notation 

a : <± 9 : (3 

to mean a pair of functors such that a is left adjoint to (3. Similarly, when we speak of an adjoint 
pair of functors (a,/3), a will always be the left adjoint. We will denote by 

ad(a,(3) : 1 — > (3a (resp. ad'(a,/3) : a(3 — > 1) 

the unit (resp. counit) of the adjunction (a, /?). Considering a natural tranformation 77 : F — > G 
of functors, we usually denote by the same letter 77 — when the context is clear — the induced 
natural transformation AFB — > AGS obtained when considering functors A and B composed on 
the left and right with F and G respectively. 

Part 1. Fibred categories and the six functor formalism 

1. General definitions and axiomatic 

1.0. We assume that is an arbitrary category. 

We shall say that a class of morphisms of 5? is admissible if it is has the following properties. 

(Pa) Any isomorphism is in 

(Pb) The class 3? is stable by composition. 

(Pc) The class & is stable by pullbacks: for any morphism / : X — > Y in & and any morphism 
Y' — > Y, the pullback X' = Y' XyX is representable in S^, and the projection /' : X' — > Y' 
is in 

The morphisms which are in £P will be called the & -morphisms^ 

In what follows, we assume that an admissible class of morphisms & is fixed. 

1.1. ^-fibred categories. 

1.1. a. Definitions. Let 'tfat be the 2-category of categories. 

1.1.1. Let be a fibred category over 5? , seen as a 2-functor j& : S^° v — > see |Gro03, 
Exp. VI] 

Given a morphism / : T — » S 1 in J? 9 , we shall denote by 

/* : ^(S) -> Jt(T) 

the corresponding pullback functor between the corresponding fibers. We shall always assume 
that (Is)* = 1 JC{S)i an d for any morphisms W T S in J?, we have structural isomorphisms 

(1.1.1.1) g*r ^ m* 

which are subject to a cocyle condition with respect to composition of morphisms. 

Given a morphism / : T — > S in J^, if the corresponding inverse image functor /* has a left 
adjoint, we shall denote it by 

h ■ ^(T) -» JZ(S) . 

For any morphisms W T S in 5? such that /* and g* have a left adjoint, we have an 
isomorphism obtained by transposition from the isomorphism (jl.l.l.l[) : 

(1.1.1.2) (fgh^fm- 

Definition 1.1.2. A pre-& -fibred category jM over 5? is a fibred category over 5? such that, 
for any morphism p : T — > 5 in J 2 , the pullback functor p* : j%(S) — > ^#(T) has a left adjoint 
pj : ^T(T) -> JZ{T). 



In practice, ,y will be an adequate subcategory of the category of noetherian schemes and @> will be the class 
of smooth morphisms (resp. of etale morphisms, resp. of morphisms of finite type) in 5?. 
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Convention 1.1.3. Usually, we will consider that (|1.1.1.1[) and (|1.1.1.2[) are identities. Similarly, 
we consider that for any object S of S* ', (Is)* = 1 j((s) an d (IsOfj = 1 ^(s)0 

Example 1.1.4. Let S be an object of S*. We let j S be the full subcategory of the comma 
category 5? '/S made of objects over S whose structural morphism is in 3? . We will usually call 
the objects of 3 s jS the 3? -objects over S. 

Given a morphism / : T — > S in 5? and a ^"-morphism 7r : X — » S 1 , we put /*(7r) = tt xg T 
using the property (Pc) of J 2 . This defines a functor f*:3 g /S^ 3*/T. 

Given two ^-morphisms / : T — > 5 and 7r : Y" — » T, we put /j(7r) = / o tt using the property 
(Pb) of 3 s . this defines a functor /j : ^/T — > 3 d / S. According to the property of pullbacks, /j 
is left adjoint to /*. 

We thus get a pre- ^-fibred category 3^/1 : S i— * 3? jS. 

Example 1.1.5. Assume ,5f is the category of noetherian schemes of finite dimension, and P = Sm. 
For a scheme S of S", let Jt?,(S) be the pointed homotopy category of schemes over S defined by 
Morel and Voevodsky in [MV99j . Then according to op. cit., J^, is a pre- Sm- fibred category over 

sr. 

1.1.6. Exchange structures I— Suppose given a weak ^-fibred category j$ . 
Consider a commutative square of S? 

Y^X 

4 a \ f 

such that p and q are ^-morphisms, we get using the identification of convention 1 1.1.31 a canonical 
natural transformation 

Ex{^) : q$g ► q^g p p s = q t q f p tt > / p s 

called the exchange transformation between gj and g* . 

Remark 1.1.7. These exchange transformations satisfy a coherence condition with respect to the 
relations (fg)* = g* f* and (fg)$ = f$g$. As an example, consider two commutative squares in S": 

q' i 
Z^Y^X 

4 e 4 A \ f 

p F 

and let Ao9 be the commutative square made by the exterior maps - it is usually called the hor- 
izontal composition of the squares. Then, the following diagram of 2-morphisms is commutative: 

_Ez(AoO); 

(qq')th* ! t{pp% 

>- %9 Pi >- / PiP\ 

This follows easily from the equations of the relevant adjunctions (see also |Ayo07a[ 1.2.5]). Thus, 
according to our abuse of notation for natural transformations, Ex behaves as a contravariant 
functor with respect to the horizontal composition of squares. The same is true for vertical 
composition of commutative squares. 



We can always strictify globally the fibred category structure so that g* f* = (fg)* for any composable 
morphisms / and g, and so that (Is)* = 1 ^r(s) for any object S of ,Y\ moreover, for a morphism h of .9' such that 
a left adjoint of h* exists, and we can choose the left adjoint functor h» which we feel as the most convenient for 
us, depending on the situation we deal with. For instance, if h = lg, we can choose /ij to be l^-(s), and if h = fg, 
with /* and g* having left adjoints, we can choose h* to be f*g* (with the unit and counit naturally induced by 
composition). 
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1.1.8. Under the assumptions of 11.1.61 we will consider the following property: 
(^-BC) IP-base change — For any cartesian square 

q 



Y —^X 
4 A \f 
T ■ 



V 



S 



such that p is a ^-morphism, the exchange transformation 

Ex(A;) : q i9 * - f* Pt 

is an isomorphism. 

Definition 1.1.9. A ^-fibred category over 5? is a pre-^-fibred category 
satisfies the property of ,5^-base change. 



over 5? which 



Example 1.1.10. Consider the notations of example 1 1.1. 41 Then the transitivity property of pull- 
backs of morphisms in & amounts to say that 3? /? satisfies the ^-base change property. Thus, 
& /I is in fact a ^-fibred category, called the canonical & -fibred category. 



Definition 1.1.11. A ^-fibred category jjt over 5? is complete if, for any morphism / : T 
the pullback functor /* : M (S) — » Jt(T) admits a right adjoint /* : Jt(S) — ► J?(T). 



S, 



Remark 1.1.12. In the case where & is the class of isomorphisms a ^-fibred category is what we 
usually call a bifibred category over 5? . 

Example 1.1.13. The pre-Sm-fibred category M', of example ll.l.5l is a complete Sm-fibred category 
according to [MV99j . 



1.1.14. Exchange structures II— Let 
square 



be a ^-fibred ^-category. Consider a commutative 



Y 



T ■ 



X 



A 



We obtain an exchange transformation: 

ad{g* ,g») 



Ex{K)-P*f* 



* * £ 

g*g p j* 



* ,* r Od' (/*,/») * 

5*9 J J* > 9*9 • 



Assume moreover that p and q are ^-morphism. Then we can check that Ex(A*) is the transpose 
of the exchange Ex(A^). Thus, when A is cartesian and p is a ^-morphism, Ex(Al) is an 
isomorphism according to (^-BC). 

We can also define an exchange transformation: 

^(AJ)- 1 ad'(g*,g.) 

" /*9ti.9 .9* > /*9J- 



7-, /a n ad(f*J t ) 

Ex(A^) : p$g* > /*/ pjg* 



Remark 1.1.15. As in remark fl.1.71 we obtain coherence results for these exchange transformations. 
First with respect to the identifications of the kind f*g* — (gf)*, (fg)* = f*g*, (fg)$ — f$9$- 
Secondly when several exchange transformations of different kind are involved. As an example, 

we consider the following commutative diagram in 5?: 







""V-— 


r' 


~^ Y 


e 


\ 




- T 
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Then the following diagram of natural transformations is commutative: 

Ex(Ai) 

%9 P* *- / PdP* 



We left the verification to the reader (it is based on the equations of the relevant adjunctions). 
Definition 1.1.16. Let ^ be a complete ^-fibred category. Consider a commutative square in 

y 

q 

Y -+X 
4 A \f 
T —jf - S. 

We will say that A is -transversal if the exchange transformation 

Ex(Al) : p*/* ->■ 9*Q* 

of II. 1.141 is an isomorphism. 

Given an admissible class of morphisms Q in S^, we say that ^# has the transversality (resp. 
cotransversality) property with respect to Q -morphisms, if, for any cartesian square A as above 
such that / is in Q (resp. p is in Q), A is ^-transversal. 

Remark 1.1.17. Assume y is a sub-category of the category of schemes. When Q is the class of 
smooth morphisms (resp. proper morphisms), 

the cotransversality (resp. transversality) property with respect to Q is usually called the 
smooth base change property 

(resp. proper base change property). 

Note finally that we get the following consequences of the axioms: 

Proposition 1.1.18. Any complete ^-fibred category has the cotransversality property with re- 
spect to . 

See paragraph [TTTTTH 

Proposition 1.1.19. If ^0 is a ^-fibred category, then, for any monomorphism j : U —> S in 
P, the functor is fully faithful. If moreover ^# is complete, then the functor j» is fully faithful 
as well. 

Proof. Because j is a monomorphism, we get a cartesian square in Sf\ 

U = U 

II A \ j 
U—^S. 

3 

Remark that Ex(A^) : 1 — » is the unit of the adjunction (jj, j*). Thus the ^-base change 
property shows that jjj is fully faithful. 

Assume j$ is complete. We remark similarly that Ex(A%) : j*j* — ► 1 is the counit of the 
adjunction Thus, the above proposition shows readily that j* is fully faithful. □ 



1.1. b. Monoidal structures. Let ^av® be the sub-2-category of ^at made of symmetric monoidal 
categories whose 1-morphisms are (strong) symmetric monoidal functors and 2-morphisms are 
symmetric monoidal transformations. 
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Definition 1.1.20. A monoidal pre- 2? -fibred category over £f is a 2-functor 

„<f : .9" <iSat® 

such that ^# is a pre- ^-fibred category. 

In other words, ^# is a pre-^-fibred category such that each of its fibers ~tf(S) is endowed 
with a structure of a monoidal category, and any pullback morphism /* is monoidal, with the 
obvious coherent structures. For an object S of J?, we will usually denote by <g>s (resp. Is) the 
tensor product (resp. unit) of ^{S). 

In particular, we then have the following natural isomorphisms: 

• for a morphism / : T — » S in J?, and objects M, A of ^(S), 

f*(M) ® T f*(N) ^> f*(M ® 5 AO; 

• for a morphism / : T — > 5* in =5^, 

/*(1 S )^1 T . 

Convention 1.1.21. As in convention 11.1.31 we will generally consider that these structural iso- 
morphisms are identities. 

Example 1.1.22. Consider the notations of example 11.1.41 

Using the property (Pb) and (Pc) of s , for two S'-objects X and Y in the cartesian 

product X Xj Y is an object of 3? / S. This defines a symmetric monoidal structure on jS with 
unit the trivial S'-object S. Moreover, the functor /* defined in loc. cit. is monoidal. Thus, the 
pre- ^-fibred category 3? /I is in fact monoidal. 

1.1.23. Monoidal exchange structures I. Let ^# be a monoidal pre- ^-fibred category ^ over 5? . 
Consider a ^-morphism / : T — > S, and M (resp. N) an object of ^(T) (resp. ^K(S)). 
We get a morphism in ^#(S") 

®) : MM ®t f (AQ) — > /»(M) ®s A 

as the composition 

f t (M ® T /*(JV)) -> /„(/*/» (M) «. T f(A)) ~ f t f*(f t (M) ® s A) /j(M) ® s A. 

This map is natural in M and A. It will be called the exchange transformation between /j and 

(g) T . 

Remark also that the functor /j, as a left adjoint of a symmetric monoidal functor, is colax 
symmetric monoidal: for any objects M and A of ./#(T), there is a canonical morphism 

(1.1.23.1) f t (M) ® s f t (N) -» /,(M ® T A) 
natural in M and A, as well as a natural map 

(1.1.23.2) /,(l r )-»ls. 

Remark 1.1.24. As in remark [1.1.71 the preceding exchange transformations satisfy a coherence 
condition for composable morphisms W T — » S 1 . We get in fact a commutative diagram: 

(/fl)tt(M® s (/ 5 )*(A)) ? ((f9)i(M)) ®w A 

f m (M ® s g*f*(N)) ^ /»(<?j(M) ® T /*(A)) (f m {M)) ® w A 

As in remark 11.1.151 there is also a coherence relation when different kind of exchange transfor- 
mations are involved. Consider a commutative square in ,5^ 

Y^X 

9 A / 

T—^S 
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such that p and q are ^-morphisms and put h = f o q — p o g. Then the following diagram is 
commutative: 

qi g*(M ® T P *N) U. f*p$(M ® T P*N) ! f*( Pt M ® 5 N) 

q t (g*M ® Y q*f*N) Ex ^'*\ (q i9 *M) ® x f*N ^'l (/*p«M) ®x /* JV 
We left the verification to the reader. 

I. 1.25. Under the assumptions of 11.1.231 we will consider the following property: 

(^-PF) £P -projection formula.- For any ^-morphism / : T — > S the exchange transformation 

Ex(f h g)r) : /|(M ®t /*(JV)) -» /j(M) ® s TV 
is an isomorphism for all M and JV. 

Definition 1.1.26. A monoidal ^-fibred category over 5f is a monoidal pre- ^-fibred category 
: 5 fi ° v — > over =5^ which satisfies the ^-projection formula. 

Example 1.1.27. Consider the canonical monoidal weak ^-fibred category iJ 2 /? (see example 

II. l.22[) . The transitivity property of pullbacks implies readily that & ft satisfies the property 
(£P-PF). Thus, 2? ft is in fact a monoidal ^-fibred category called canonical. 

Definition 1.1.28. A monoidal J^-fibred category .4% over 5? is complete if it satisfies the fol- 
lowing conditions: 

(1) M is complete as a ^-fibred category. 

(2) For any object 5 of , the monoidal category ^(S) is closed (i.e. has an internal Horn). 

In this case, we will usually denote by Horns the internal Horn in so that we have 

natural bijections 

Rom^ {s) (A ® s B, C) ~ Hom.^ (s) (A, Hom s (B, Cj) . 

Example 1.1.29. The ^-fibred category Jf, of example 11.1.131 is in fact a complete monoidal 
^-fibred category. The tensor product is given by the smash product (see |MV99| 1. 

1.1.30. Monoidal exchange structures II— Let j& be a complete monoidal ^-fibred category. 
Consider a morphism / : T — > S in J?^. Then we obtain an exchange transformation: 

Exift, ®s) ■ (/.AO ®s JV ad(r 'H /*/*((/*M) ® s iV) 

= /.((/7*M) ® T /*/V) arf ' (rj,) > /,(M ® T /*iV). 

Remark 1.1.31. As in remark H. 1.241 these exchange transformations are compatible with the 
identifications (/#)* = and (/<?)* = .9*/*- 

Moreover, there is a coherence relation when composing the exchange transformations of the kind 
Ex(f*, (g>) with exchange transformations of the kind Ex(A%) as in loc. cit. 

Finally, note another kind of coherence relations involving Ex(f*,&>), Ex(A^) (resp. Ex(f?,®)) 
and £Jx(A(j*). 

We left the formulation of these coherence relations to the reader, on the model of the preceding 
ones. 

1.1.32. Monoidal exchange structures III— Let ^ be a complete monoidal ^-fibred category 
and / : T — > S be a morphism in . 

Because /* is monoidal, we get by adjunction a canonical isomorphism 

Homs(M,f*N) -> f*Hom T (f*M,N). 

Assume that / is a ^-morphism. Then from the ^-projection formula, we get by adjunction two 
canonical isomorphisms: 

f*Hom s (M,N) -> Hom T (f*M,f*N), 
Hom a (f t M,N) -» UHom T {MJ*N) 
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l.l.c. Geometric sections. 

1.1.33. Consider a weak ^-fibred category jtft ' . 

Let S be a scheme. For any ^-morphism p : X — > S, we put M$(X) := p$(lx). According 
to our conventions, this object is identified with p$p*(ls)- I n particular, it defines a covariant 
functor M s : P s -> JZ{S). 
Consider a cartesian square in 

A 

T — S 

such that p is a ^-morphism. With the notations of example 11.1.41 Y = f*(X). Then we get a 
natural exchange transformation 

Ex(Mt, /*) : M T (f(X)) = q t (l Y ) = q t g*(l X ) = f*M s (X). 



In other words, M defines a lax natural transformation 3^/1 — > 

Consider ^-morphisms p : X — > 5, q : y — > 5. Let Z = X x s Y be the cartesian product and 
consider the cartesian square: 

Z-^Y 

q'\ e |<? 

X —p+ S. 

Using the exchange transformations of the preceding paragraph, we get a canonical morphism 

Ex(M s , ® s ) : M S (X x s Y) — > M S (X) ® s M s (y) 

as the composition 

M S (X x s y) = W*<Zj(ly) Pj(1a ®x P*«tt(ly)) 

Pt(lx) ®s 9«(ly) = M S (X) ® s M s (y). 

In other words, the functor Ms is symmetric colax monoidal. 

Remark finally that for any ^-morphism p : T — > S, and any ^-object y over T, we obtain 
according to convention an identification p$Mt(Y) = Ms{X). 

Definition 1.1.34. Given a monoidal pre-^-fibred category ^ over ,9* ', the lax natural trans- 
formation M : jl — > ^ constructed above will be called the geometric sections of j& . 

The following lemma is obvious from the definitions above: 

Lemma 1.1.35. let *M he a monoidal ^-fibred category. Let M : /? — > ^ &e £/ie geometric 
sections of ./# . Then: 

(i) For any morphism f : T S in 5?, the exchange Ex{Mt, /*) defined above is an iso- 
morphism. 

(ii) For any scheme S, the exchange Ex(Ms,<S>s) defined above is an isomorphism. 
In other words, M is a cartesian functor and Ms is a (strong) symmetric monoidal functor. 

1.1.36. In the situation of the lemma we thus obtain the following identifications: 

• f*M s (X)~M T (X x s T), 

. Pi M T (Y) ~ M S (X), 

. M S (X x s Y)~ M S {X) ® s M S {Y), 

whenever it makes sense. 
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1.1. d. Twists. 

1.1.37. Let ^ be a pre- ^-fibred category of S^. Recall that a cartesian section of ytt (i.e. a 
cartesian functor A : 5? — > is the data of an object A$ of ^MiS) for each object S oi and 
of isomorphisms 

r(A s )^A T 

for each morphism f :T —> S, subject to coherence identities; see |Gro031 Exp. VI]. 
If ^# is monoidal, the tensor product of two cartesian sections is defined termwise. 

Definition 1.1.38. let ^ be a monoidal pre- ^-fibred category. A set of twists t for ^# is a set 

of cartesian sections of ^# stable by tensor product. For short, we say also that ./# is r-twisted. 

1.1.39. Let be a monoidal pre- ^-fibred category endowed with a set of twists r. 

The tensor product on r induces a monoid structure that we will denote by + (the unit object 
of r will be written 0). 

Consider an object i £ r. For any object S of =5^, we thus obtain an object is in ^K(S) 
associated to i. Given any object M of ^f(S), we simply put: 

M{i} = M ® s i s 

and call this object the twist of M by i. We have, by definition: M{0} = M. 

For any i,j £ r, and any object M of ^#(5), we obtain M{i + j} = (M{i}){j} - using the 
structural associativity isomorphism of the monoidal structure. Given a morphism / : T — ► S, an 
object M of Jt(S) and a twist i e r, we also obtain /*(M{i}) = (f*M){i}. If / is a ^-morphism, 
for any object M of ^#(T), the exchange transformation &(/«*, (8>t) of paragraph 11.1.61 induces 
a canonical morphism 

Ba;(/ l ,,{i}):/|i(M{i})-.(/ lt M){i}. 
We will say that /jj commutes with r-twists (or simply twists when r is clear) if for any i £ I, the 
natural transformation Ex(f$, {i}) is an isomorphism. 

Definition 1.1.40. Let j£ be a monoidal pre- ^-fibred category with a set of twists r and 
M : J 21 /? — > ./# be the geometric sections of 

We say ^# is r-generated if for any object S of J^, the family of functors 

Horn^s) (Ms(X){i}, -) : J((S) -» ^ei 

indexed by a ^-object X/S and an element i s r is conservative. 

Of course, we do not exclude the case where r is trivial , but then, we shall simply say that «4t 
is geometrically generated. 

We shall frequently use the following proposition to characterize complete monoidal ^-fibred 
categories over 5f: 

Proposition 1.1.41. Let jtfi : 5? — > ^at® be a ^-functor such that: 

(1) For any & -morphism f : T — > S , the pullback functor f* : ^(S) — > ^#(T) is monoidal 
and admits a left adjoint /j in ^ . 

(2) For any morphism f : T — > S, the pullback functor f* : ^£(S) — > *#(T) admits a right 
adjoint /* in ^ . 

We consider ^£ as a monoidal weak ^-fibred category and denote by M : jl — ► ^# its associated 
geometric sections. Suppose given a set of twists t such that ^# is r -generated. Then, the following 
assertions are equivalent: 

(3) J£ satisfies properties (@>-BC) and (&-PF) 

(i.e. *M is a complete monoidal -fibred category.) 
(3') (a) M is a cartesian functor. 

(b) For any object S of ', Ms is (strongly) monoidal. 

(c) For any & -morphism f, /j commutes with r-twists. 

Proof, (i) =4> (ii): This is obvious (see lemma IT.1.35|) . 
(ii) (i): We use the following easy lemma: 
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Lemma 1.1.42. Let ^ and Ifo be categories, F, G : — ► ^2 be two left adjoint functors and 
77 : F — > G be a natural transformation. Let Q be a class of objects of ^\ which is generating in 
the sense that the family of functors Hom<^ 1 (X, — ) for X in Q is conservative. 
Then the following conditions are eguivalent: 

(1) 7/ is an isomorphism. 

(2) For all X in Q, r\x is an isomorphism. 

Given this lemma, to prove (&-BC), we are reduced to check that the exchange transformation 
Ex(Aq) is an isomorphism when evaluated on an object Mt(U){i} for an object U of £P/T and 
a twist i € t. Then it follows from (ii). II. 1.391 and example 1 1.1. loR 

To prove (^-PF), we proceed in two steps first proving the case M — Mr(U){i} and N any 
object of ^(S) using the same argument as above with the help of 11.1.271 Then, we can prove 
the general case by another application of the same argument. □ 

Suppose given a complete monoidal ^-fibered category j$ with a set of twists r. Let / : T — > S 
be a morphism of 5? . Then the exchange transformation fl . 1 . 301 induces for any iGran exchange 
transformation 

Ex(f*,{i}) : (f*M){i} ^ f*(M{i}) . 

Definition 1.1.43. In the situation above, we say that /* commutes with t -twists (or simply with 
twists when r is clear) if for any i £ r, the exchange transformation Ex(fs,, {i}) is an isomorphism. 

1.2. Morphisms of ^-fibred categories. 
1.2. a. General case. 

1.2.1. Consider two ^-fibred categories and jtf' over 5?, as well as a cartesian functor 
ip* : ^# —* between the underlying fibred categories: for any object S of 5? , we have a functor 

cp* s : JK{S) -» JK'{S) , 

and for any map / : T — > S in , we have an isomorphism of functors c/ 



Jt{S) JK'{S) 



(1.2.1.1) r 



J({T) ^ JZ'{T) 

Vt 



satisfying some cocycle condition with respect to composition in 5? . 
For any ^-morphism p : T — > 5, we construct an exchange morphism 

ExiPhV*) '-Ptfr — y V*sPt 

as the composition 

„ od(pj,p*) * „ c" 1 ad'(p t ,p*) 
Ptt^T ^Pti^TP Pit y PtP VsPlt *■ VsPtl- 

Definition 1.2.2. Consider the situation above. We say that the cartesian functor 

ip* : Jt — > 

is a morphism of -fibred categories if, for any ^-morphism p, the exchange transformation 
Ex(p$, (p*) is an isomorphism. 

Example 1.2.3. If is a monoidal ^-fibred category, then the geometric sections M 
is a morphism of ^-fibred categories Ql. 1.350 . 



^ The cautious reader will use remark ll.l.7l to check that the corresponding map 

M X (U x T Y){i} - M x ([7 x T Y){i] 

is the identity. 
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Definition 1.2.4. Let j% and be two complete ^-fibred categories. A morphism of complete 
-fibred categories is a morphism of ^-fibred categories 

ip* : M — > 

such that, for any object 5 of 5? ', the functor t^g : j%{S) — » y%'{S) has a right adjoint 

</J*, s : .^'(S) -> .^(5) . 

When we want to indicate a notation for the right adjoint of a morphism as above, we use the 
notation 

ip* : ^ <=^ ./f : ip* 
the left adjoint being in the left hand side. 

1.2.5. Exchange structures III. Consider a morphism tp* : . // — > of complete ^-fibred cate- 
gories. 

Then for any morphism / : T — > S" in J^, we define exchange transformations 
(1.2.5.1) Ex(<p*J m ):<py. — /.^, 

(1-2.5.2) Ex(f*,<p*) : /V*,s — » V*,r/*, 

as the respective compositions 

* , ad(f*J,) ad'(f',f.) t 

VsJ* ► /*/ Vs/* - /* > /*Vti 

«*(/*,/*) „ , „ „ , t od'(/*,/») „ 
/ ¥>*,S ► J l P*,sf*t - f J*<P;Tj ► ^*,TJ ■ 

Remark 1.2.6. We warn the reader that tp* : — > ^ is not a cartesian functor in general, 
meaning that the exchange transformation Ex(f*,cp*) is not necessarily an isomorphism, even 
when / is a ^-morphism. 

1.2.b. Monoidal case. 

Definition 1.2.7. Let j$ and be monoidal ^-fibred categories. 

A morphisms of monoidal @* -fibred categories is a morphism p* : ^# — > ./#' of ^-fibred 
categories such that for any object S of S", the functor : .*#(X) — > ^(S 1 ) has the structure of 
a (strong) symmetric monoidal functor, and such that the structural isomorphisms (| 1 . 2 . 1 . 1[) are 
isomorphisms of symmetric monoidal functors. 

In the case where ^# and ,4%' are complete monoidal ^-fibred categories, we shall say that such 
a morphism ip* is a morphism of complete monoidal & -fibred categories if ip* is also a morphism 
of complete ^-fibred categories. 

Remark 1.2.8. If we denote by M and M(— ,«/#') the geometric sections of ^ and 
respectively, we have a natural identification: 

1.2.9. Monoidal exchange structures IV. Consider a a morphism <£>* : j$ — > ./#' of complete 
monoidal ^-fibred categories. For objects M (resp. A) of jjC{S) (resp. ^'(S)), we define an 
exchange transformation 

®, ¥*) : {<P*,sM) %JV-t ¥>*,s(M ®t ¥?sA), 
natural in M and A, as the following composite 

{<p*, 8 M) ® s A ad[v tp*,s<p* s (('P;sM) ®s A) 

As in remark fl.l.31[ we get coherence relations between the various exchange transformations 
associated with a morphism of monoidal ^-fibred categories. We left the formulation to the 
reader. 

Note also that, because ip* is monoidal, we get by adjunction a canonical isomorphism: 

Hom^( S )(M,(p* yS M') ^ ip* yS Hom^,( S )(ip* s M, M') . 
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1.2.10. Consider two monoidal ^-fibred categories and a cartesian functor tp* : ^ — » 

such that, for any scheme S, <p* s : .^{S) — > .JiC(S) is monoidal. 

Given a cartesian section K = (Ks)se.y of we obtain for any morphism / : T — > 5 in a 
canonical map 

/VsTO = (A' s )) - ^(tf T ) 

which defines a cartesian section of which we denote by ip*(K). 

Definition 1.2.11. Let (^#, r) and t') be twisted monoidal ^-fibred categories. Let ip* : 
^ — > be a cartesian functor as above (resp. a morphism of monoidal ^-fibred categories). 

We say that ip* : (■J?, t) — » r') commutes with twists (resp. is a morphism of twisted 
^-fibred categories) if for any i 6t, the cartesian section <£>*(«) is in r' (up to isomorphism in 

In particular, tp* induces a morphism of monoids r — > r' (if we consider the isomorphism classes 
of objects). Moreover, for any object K of Ji{S) and any twist i G r, we get an identification: 

* (^*0{v*(i)}- 

Moreover, the exchange transformation Ex(tp*, ®) induces an exchange: 

Ezfa., {*}) : ¥>.,s(*Q{*} -» 

When this transformation is an isomorphism for any twist i £ t, we say that yj* commutes with 
twists. 

Remark 1.2.12. In every examples, the morphism r — > t' will be an explicit injection and we will 
cancel it in the notations of twists. 

Note finally that lemma fl. 1.421 allows to prove, as for proposition 1 1 . 1 . 4TI the following useful 
lemma: 

Lemma 1.2.13. Consider two complete monoidal ^-fibred categories jtf 1 and denote by 
M(—,^) and M{—,^£') their respective geometric sections. Let tp* : *M — > be a cartesian 
functor such that 

(1) For any scheme S, tp* s : ~JK(S) — > ^K'{S) is monoidal. 

(2) For any scheme S, ip* s admits a right adjoint tp*.s- 

Assume ^# (resp. is T-generated (resp. T 1 -twisted) and ip* commutes with twists. Then the 

following conditions are equivalent: 

(3) ip* is a morphism of complete monoidal & -fibred categories. 

(3') For any object X of j S , the exchange transformation (cf. \1.2.1\) 

ip*M s (X,^f) -» M S {X,J(') 

is an isomorphism. 
1.3. Structures on ^-fibred categories. 
1.3. a. Abstract definition. 

1.3.1. We fix a sub-2-category V of Vat with the following propertied 

(1) the 2-functor 

Vat -> Vat' , A i-> A op 

sends V to V, where V denotes the 2-category whose objects and maps are those of V 
and whose 2-morphisms are the 2-morphisms of V, put in the reverse direction. 

(2) V is closed under adjunction: for any functor u : A — > B in V, if a functor v : B — > A is a 
right adjoint or a left adjoint to u, then v is in V . 



^See the following sections for examples. 
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(3) the 2-morphisms of ^ are closed by transposition: if 

u : A B : v and v! : A ^ B : v' 

are two adjunctions in %P (with the left adjoints on the left hand side), a natural transfor- 
mation u — » u' is in 'to if and only if the corresponding natural transformation v' — > v is 
in <«f. 

We can then define and manipulate ^-structured ^-fibred categories as follows. 

Definition 1.3.2. A c £- structured ^-fibred category (resp. -structured complete ^-fibred cat- 
egory) ^ over ,5^ is simply a ^-fibred category (resp. a complete ^-fibred category) whose 
underlying 2-functor ./# : y° v — > %f factors through ^ . 

If and are "^-structured fibred categories over a cartesian functor Ji — » is c €- 
structured if the functors Ji{S) — > M'{S) are in ^ for any object S of and if all the structural 
2-morphisms (|1.2.1.1|) are in ^ as well. 

Definition 1.3.3. A morphism of ^-structured ^-fibred categories (resp. "^-structured complete 
^-fibred categories) is a morphism of ^-fibred categories (resp. of complete ^-fibred categories) 
which is "^-structured as a cartesian functor. 

1.3.4. Consider a 2-category as in the paragraph 11.3.11 In order to deal with the monoidal 
case, we will consider also a sub- 2-category c €® of such that: 

(1) The objects of c i§® are objects of ^ equipped with a symmetric monoidal structure; 

(2) the 1-morphisms of < £® are exactly the 1-morphisms of ^ which are symmetric monoidal 
as functors; 

(3) the 2-morphisms of < £® are exactly the 2-morphisms of ^ which are symmetric monoidal 
as natural transformations. 

Note that c €® satisfies condition (1) of 11.3.11 but it does not satisfies conditions (2) and (3) in 
general. Instead, we get the following properties: 

(2') If u : A — > B is a functor in "if®, a right (resp. left) adjoint v is a la^ (resp. colax) 

monoidal functor in c <§ . 
(3') Consider adjunctions 

u : A <=* B : v and u' : A <=* B : v' 

in ( tf (with the left adjoints on the left hand side). If u — > u' (resp. v — ► i/) is a 2-morphism 
in then v — > u' (resp. it — > it') is a 2-morphism in which is a symmetric monoidal 
transformation of lax (resp. colax) monoidal functors. 

We thus adopt the following definition: 

Definition 1.3.5. A \ c <o®) -structured monoidal & -fibred category (resp. a (if, ^f®)- structured 
complete monoidal B^-fibred category) is simply a monoidal ^"-fibred category (resp. a complete 
monoidal ^-fibred category) whose underlying 2-functor ^# : Sf° v — > ^ai® factors through "if®. 
Morphisms of such objects are defined in the same way. 

Note that, with the hypothesis made on ^, all the exchange natural transformations defined in 
the preceding paragraphs lie in ^ and satisfy the appropriate coherence property with respect to 
the monoidal structure. 

1.3.b. The abelian case. 

1.3.6. Let s/b be the sub-2-category of ^at made of the abelian categories, with the additive 
functors as 1-morphisms, and the natural transformations as 2-morphisms. Obviously, it satisfies 
properties of 11.3.11 When we will apply one of the definitions 11.3.21 II. 3. 31 to the case ^ — s/b, we 
will use the simple adjective abelian for jz/6-structured. 



For any object a, a' in A, F is lax if there exists a structural map F(a) ® -F(i') ► F(a ® a') satisfying 

coherence relations (see [Mac98l XL 2]). Colax is defined by reversing the arrow (1). 



TRIANGULATED CATEGORIES OF MIXED MOTIVES 



21 



Let s/b® be the sub-2-category of sfb made of the abelian monoidal categories, with 1-morphisms 
the symmetric monoidal additive functors and 2-morphisms the symmetric monoidal natural trans- 
formations. It satisfies the hypothesis of paragraph 11.3.41 When we will apply definition 11.3.51 to 
the case of {sib, sib®), we will use the simple expression monoidal abelian for (sib, ,s#?>®)-structured 
monoidal. 

Lemma 1.3.7. Consider an abelian & -fibred category si such that for any object S of 5? ' , si{S) 
is a Grothendieck abelian category. Then the following conditions are equivalent: 

(i) si is complete. 

(ii) For any morphism f : T — > S in , f* commutes with sums. 
If in addition, si is monoidal, the following conditions are equivalent: 
(i! ) si is monoidal complete. 

(ii' ) (a) For any morphism f : T — » S in ,5f , f* is right exact, 
(b) For any object S of ', the bifunctor is right exact. 

In view of this lemma, we adopt the following definition: 

Definition 1.3.8. A Grothendieck abelian (resp. Grothendieck abelian monoidal) ^-fibred cat- 
egory si over 5? is an abelian ^-fibred category which is complete (resp. complete monoidal) 
and such that for any scheme S, si (S) is a Grothendieck abelian category. 

Remark 1.3.9. Let si be a Grothendieck abelian monoidal ^"-fibred category. Conventionally, we 
will denote by Ms(—,si) its geometric sections. Note that if sf is r-twisted, then any object of 
s/ is a quotient of a direct sum of objects of shape M$(X, s/){i} for a ^-object X/S and a twist 
i G r. 

1.3.C The triangulated case. 

1.3.10. Let 3?ri be the sub-2-category of ffat made of the triangulated categories, with the trian- 
gulated functors as 1-morphisms, and the triangulated natural transformations as 2-morphisms. 
Then SFri satisfies the properties of 11.3.11 (property (2) can be found for instance in |Ayo07a| 
Lemma 2.1.23], and we leave property (3) as an exercise for the reader). When we will apply one 
of the definitions ll.3.2[ 11.3.31 to the case ^ = SFri, we will use the simple adjective triangulated 
for ^ri-structured. 

Let 3^ri® be the sub-2-category of SFri made of the triangulated monoidal categories, with 1- 
morphisms the symmetric monoidal triangulated functors and 2-morphisms the symmetric monoidal 
natural transformations. It satisfies the hypothesis of paragraph [L3T4J When we will apply def- 
inition [L33] to the case of (3^ri, 3^ri®), we will use the expression monoidal triangulated for 
(3Tri, J 7 ri®)-structured monoidal. 

Convention 1.3.11. The set of twists of a triangulated monoidal ^-fibred category S? will always 
be of the form Z x t where the first factor corresponds to the cartesian sections defined by 
suspensions t[n], n € Z. In the notation, we shall often make the abuse of only indicating r. In 
particular, the expression 3~ is r-generated will mean conventionally that 3~ is (Z x regenerated 
in the sense of definition 11.1.401 

1.3.12. Consider a triangulated category 3~ which admits small sums. Recall the following defi- 
nitions: 

An object X of 3~ is called compact if the functor Hom^(X, — ) commutes with small sums. A 
class Q of objects of ST is called generating if the family of functor Hom^(A[n], — ), X G Q, n e Z, 
is conservative. 

The triangulated category 2? is called compactly generated if there exists a generating set Q of 
compact objects of SF . This property of being compact has been generalized by A. Neeman to 
the property of being a-small for some cardinal a (c/. [NeeOll 4.1.1]) - recall compact=No-small. 
Then the property of being compactly generated has been generalized by Neeman to the property 
of being well generated; see [KraOlj for a convenient characterization of well generated triangulated 
categories. 
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Definition 1.3.13. Let J be a triangulated ^-fibred category over 5? . We say that 2* is 
compactly generated (resp. well generated) if for any object S ol , &{S) admits small sums and 
is compactly generated (resp. well generated). 

Remark 1.3.14. Remember that a monoidal triangulated ^-fibred category is compactly r-generated 
in the sense of definition 11.1.401 if it is compactly generated in the sense of the previous definition 
and for any ^-object X/S, any twist i e r, Ms(X){i} is compact. 

1.3.15. For a triangulated category 5* which has small sums, given a family Q of objects of 5* , we 
denote by (Q) the localizing subcategory of & generated by Q, i.e. (G) is the smallest triangulated 
full subcategory of ST which is stable by small sums and which contains all the objects in Q. 
Recall that, in the case S? is well generated (e.g. if & compactly generated), then the family Q 
generates 2? (in the sense that the family of functors {Hom^(X, — )}xeG is conservative) if and 
only if & = (Q). The following lemma is a consequence of |Nee01j : 

Lemma 1.3.16. Let 3* be a triangulated monoidal 3^-fibred category over ,5? with geometric 
sections M . Assume 2? is T-generated. 

If 2? is well generated, then for any object S of , 

2T(S) = (M s (X){i};X/S a 2*-object,i e r) 

Moreover, there exists a regular cardinal a such that all the objects of shape Ms(X){i} are a- 
compact. 

Note finally that the Brown representability theorem of Neeman (cf. |Nee01| ) gives the following 
lemma (analog of ll.3.7[) : 

Lemma 1.3.17. Consider a well generated triangulated 3? '-fibred category 3* . Then the following 
conditions are equivalent: 

(i) 2? is complete. 

(ii) For any morphism f : T — > S in 5? , f* commutes with sums. 
If in addition, 2^ is monoidal, the following conditions are equivalent: 
(i! ) 2? is monoidal complete. 

(ii' ) (a) For any morphism f :T — > S in 5? , f* is right exact, 
(b) For any object S of 5? , the bifunctor is right exact. 

We finish this section with a proposition which will constitute a useful trick: 

Proposition 1.3.18. Consider an adjunction of triangulated categories 

a: 2T t± 2" : b. 

Assume that 2? admits a set of compact generators Q such that any object in a(Q) in compact in 
2 rl . Then b commutes with direct sums. If in addition 2?' is well generated then b admits a right 
adjoint. 

Proof. The second assertion follows from the first one according to a corollary of the Brown 
representability theorem of Neeman (cf. [Ne eOll 8.4.4]). 

For the first one, we consider a family (X;)j e j of objects of ST 1 and prove that the canonical 
morphism 

®^ib{X t ) -^b{® ieI Xi) 

is an isomorphism in 3*. To prove this, it is sufficient to apply the functor Hom^(G, — ) for any 
object G of Q. Then the result is obvious from the assumptions. □ 

We shall use often the following standard argument to produce equivalences of triangulated 
categories. 

Corollary 1.3.19. Let a : 2? —> 2?' be a triangulated functor between triangulated categories. 
Assume that the functor a preserves small sums, and that 2? admits a small set of compact 
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generators Q, such that a(Q) form a family of compact objects in . Then a is fully faithful if 
and only if, for any couple of objects G and G' in Q , the map 

Hom^ (G,G'[n}) -> Hom.gr' (o(G), a(G')[n}) 

is bijective for any integer n. If a is fully faithful, then a is an equivalence of categories if and 
only if a(G) is a generating family in £?' . 

Proof. Let us prove that this is a sufficient condition. As is in particular well generated, by the 
Brown representability theorem, the functor b admits a right adjoint b : — > ST , By virtue of the 
preceding proposition, the functor b preserves small sums. Let us prove that a is fully faithful. We 
have to check that, for any object M of 3~ , the map M — » b(a(M)) is invertible. As a and b are 
triangulated and preserve small sums, it is sufficient to check this when M runs over a generating 
family of objects of & (e.g. Q). As Q is generating, it is sufficient to prove that the map 

Horner (G,M[n\) -»■ Hom^(a(G), a(M)[n\) = Hom^(a(G), b(a(M))[n]) 

is bijective for any integer n, which hold then by assumption. The functor a thus identifies £f 
with the localizing subcategory of generated by a(Q)\ if moreover a(Q) is a generating family 
in , then = (a(Q)), which also proves the last assertion. □ 

1.3.d. The model category case. 

I. 3.20. We shall use Hovey's book Hov99 for a general reference to the theory of model categories. 
Note that, following loc. cit., all the model categories we shall consider will have small limits and 
small colimits. 

Let ^ be the sub-2-category of ^at made of the model categories, with 1-morphisms the left 
Quillen functors and 2-morphisms the natural transformations. When we will apply definition 

II. 3.21 (resp. II .3.3[) to c £ — ', we will speak of a SP-fibred model category for a ^-structured 
^-fibred category ^ (resp. morphism of ^-fibred model categories). Note that according to the 
definition of left Quillen functors, ^ is then automatically complete. 

Given a property (P) of model categories (like being cofibrantly generated, left and/or right 
proper, combinatorial, stable, etc), we will say that a P- fibred model category ^ over 5? has the 
property (P) if, for any object S of S^, the model category jM{S) has the property (P). 

For the monoidal case, we let be the sub-2-categories of J$ made of the symmetric monoidal 
model categories (see |Hov99[ Definition 4.2.6]), with 1-morphisms the symmetric monoidal left 
Quillen functors and 2-morphisms the symmetric monoidal natural transformations, following 
the conditions of 11.3.41 When we will apply definition 11.3.51 to the case of i^M,^®), we will 
speak simply of a monoidal '-fibred model category for a (^#, ^#®)-structured monoidal 0P- 
fibrcd category ^ . Again, ^ is then monoidal complete. 

Remark 1.3.21. Let be a ^-fibred model category over S?. Then for any ^-morphism p : 
X — > Y, the inverse image functor p* : „<(t (Y) — > ^(X) has very strong exactness properties: 
it preserves small limits and colimits (having both a left and a right adjoint), and it preserves 
weak equivalences, cofibrations, and fibrations. The only non (completely) trivial assertion here 
is about the preservation of weak equivalences. For this, one notices first that it preserves trivial 
cofibrations and trivial fibrations (being both a left Quillen functor and a right Quillen functor). In 
particular, by virtue of Ken Brown Lemma Hov99, Lemma 1.1.12], it preserves weak equivalences 
between cofibrant (resp. fibrant) objects. Given a weak equivalence u : M — ► N in ^(Y), we can 
find a commutative square 

M' — N' 



in which the two vertical maps are trivial fibrations, and where u' is a weak equivalence between 
cofibrant objects, from which we deduce easily that p*(u) is a weak equivalence in M{X\ 
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1.3.22. Consider a ^-fibred model category j% over 5? . By assumption, we get the following 
pairs of adjoint functors: 

(a) For any morphism / : X — > S of 

Lf* : Ho(^(5)) <=* Ho(^(A)) : R/» 

(b) For any P-morphism p : T S, the pullback functor 

Lpfl : Ho(^T(5)) <± H.o{J?{T)) : Lp* = p* = Hp* 

Moreover, the canonical isomorphism of shape (fg)* — g* f* induces a canonical isomorphism 
R(/g)* ~ TLg*TLf*. In the situation of the ^-base change formula [1.1. 81 we obtain also that the 
base change map 

L<7jL.g* -> Lf*Lp t 

is an isomorphism from the equivalent property of Thus, we have defined a complete ^-fibred 
category whose fiber over S is Ho(^#(5)). 

Definition 1.3.23. Given a ^-fibred model category as above, the complete ^-fibred cate- 
gory defined above will be denoted by Ho(^#) and called the homotopy & -fibred category associ- 
ated with jM. 

1.3.24. Assume that ^ is a monoidal ^-fibred model category over 5? . Then, for any object S 
of S* t Ho(^#)(5) has the structure of a symmetric closed monoidal category; see |Hov991 Theorem 
4.3.2]. The (derived) tensor product of Ro(^)(S) will be denoted by M ®g N, and the (derived) 
internal Horn will be written RHoms(M, N), while the unit object will be written lg. 

For any morphism / : T — > S in .y, the derived functor L/* is symmetric monoidal as follows 
from the equivalent property of its homologue /*. 

Moreover, for any P-morphism p : T — > S and for any object M in Ho(^#)(T) and any object 
N in Ho(„#)(S), the exchange map of 11.1.231 

L Pt (M (8 L p*(iV)) -> Lpj(M) ® L 7V 

is an isomorphism. 

Definition 1.3.25. Given a monoidal ^-fibred model category ^ as above, the complete 
monoidal ^-fibred category defined above will be denoted by Ho(^#) and called the monoidal 
homotopy ^-fibred category associated with 

1.4. Premotivic categories. In the present article, we will focus on a particular type of ^-fibred 
category. 

1.4.1. Let S be a scheme. Assume 5? is a full subcategory of the category of 5-schemes. We let 
5?** be the class of morphisms of finite type in y and Sm be the class of smooth morphisms of 
finite type in In practice, the classes Sm and S^' 1 are admissible in in the sense of II. 01 (this 
is automatic, for instance, if 5? is stable by pullbacks). 

Definition 1.4.2. Let & be an admissible class of morphisms in S*. 

A ^-premotivic category over - or simply £fl -premotivic category when is clear - is a 
complete monoidal ^-fibred category over endowed with a small set of twists r such that ^ 
is r-generated. 

We will also say: premotivic for SVn-premotivic and generalized premotivic for J^'-premotivic. 
The sections of a ^-premotivic category will be called premotives. 

Given a 2-category as in ll.3.1[ we define similarly the notion of a ^-structured ^-premotivic 
(resp. premotivic, generalized premotivic) category. This will be particularly applied in the 
abelian and triangulated cases (cf. respectively II .3. Gl and II. 3. 10[) . In partcilular, we shall consider 
compactly r-generated triangulated premotivic categories: these are the triangulated premotivic 
categories such that, for any scheme S in the objects Mg(A){n}, for X/S smooth of finite 
type, and n G t, form a generating family of compact objects (in particular, such a 2? is compactly 
generated as a triangulated ^-fibred category; see 11.3. 12j) . 
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Example 1.4.3. Let £f be the category of noetherian schemes of finite dimension. 

For such a scheme S, recall Jf?,(S) is the pointed homotopy category of Morel and Voevodsky; 
cf. examples 11.1.51 11.1.131 11.1.291 Then, according to the fact recalled in these examples the 
2-functor Jff, is an N-generated premotivic category. 

For such a scheme S, consider the stable homotopy category SH(5) of Morel and Voevodsky (see 
|Jar00|[Ayo07b| ). According to |Ayo07b| , it defines a triangulated premotivic category denoted by 
SH. Moreover, it is compactly (Z x Z)-generated in the sense of definition 1 1 . 1 .401 where the first 
factor refers to the suspension and the second one refers to the Tate twist (i.e. as a triangulated 
premotivic category, it is compactly generated by the Tate twists). 

Definition 1.4.4. Let ^# and be ^-premotivic categories. 

A premotivic morphism from ^# to is a morphism tp* : ^# —* of twisted complete 
monoidal ^-fibred categories. We shall also say that 

ip* : .M ^ : tp* 

is a premotivic adjunction. 

Given a 2-category %f as in 1 1 . 3 . 1 1 we define similarly the notion of a morphism (resp. adjunction) 
of ^-structured ^-premotivic (resp. premotivic, generalized premotivic) category. 

Example 1.4.5. With the hypothesis and notations of 11.4.31 we get a premotivic adjunction 

S°° : Jf, SH : 0°° 

induced by the infinite suspension functor according to [JarOO] . 

1.4.6. Let & (resp. s/) be an triangulated ^-premotivic category with geometric sections M and 
set of twists t. For any scheme S, we let ,%_ gm (S) be the smallest triangulated thick subcategory 
of £F(S) which contains premotives of shape Ms(S){i} (resp. Ms(X, for a ^-scheme X/S 

and a twist i G r. This subcategory is stable by the operations /*, p$ and <S>. In particular, S? c 
defines a not necessarily complete triangulated (resp. abelian) ^-fibred category over 5? . We also 
obtain a morphism of triangulated (resp. abelian) monoidal ^-fibred categories, fully faithful as 
a functor, 

i : & D -> & 

Definition 1.4.7. Consider the notations introduced above. We will call 3~ c the r-constructible 
part of £? . For any scheme S, the objects of 3? C (S) will be called r-constructible, or simply, 
constructible. 

When r is clear from the context, we will not indicate it in the notation or terminology of 
this definition. Note also that if ST is compactly r-generated, then r-geometric premotives over 
S coincide with the compact objects of &{S). Thus, in this case, the ^-fibred sub-category of 
r-constructible premotives does not depend on r so that the preceding abuse of notation is fully 
legitimated (this will be the case in practice). 

Definition 1.4.8. Consider a r-generated premotivic category j$ . 

An enlargement of is the data of a r'-twisted generalized premotivic category together 
with a premotivic adjunction 

Pl : -M — ► j£ '■ P* 

(where ^# is considered as a premotivic category in the obvious way), satisfying the following 
properties: 

(a) For any scheme S in y, the functor p^ s : .*#(S) — » M[S) is fully faithful and its right 
adjoint p* s : jtf(S) — > ^(S) commutes with sums. 

(b) yOjj induces an equivalence r ~ r' . 

Again, this notion is defined similarly for a ^-structured ^-premotivic category. 
Note that for any smooth S'-scheme X, we get in the context of an enlargement as above the 
following identifications: 

p itS (M s (X)) ~ M S (X), 
P*s(Ms(X)) ~ M S (X) 
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where M (resp. M) denote the geometric sections of (resp. 

Remember also that for any morphism of schemes / and any smooth morphism p, pjj commutes 
with /* and pj, while p* commutes with /* and p* . 

2. Triangulated ^-fibred categories in algebraic geometry 

2.0. In this entire section, we fix a base scheme S assumed to be noetherian and a full subcategory 
.y of the category of noetherian 5-schemes satisfying the following properties: 

(a) y is closed under finite sums and pullback along morphisms of finite type. 

(b) For any scheme S in y, any quasi-projective ^-scheme belongs to y. 
In sections 12.21 and \2A\ we will add the following assumption on y-. 

(c) Any separated morphism / : Y — > X in y , admits a compactification in y in the sense 
of [AGV73, 3.2.5], i.e. admits a factorization of the form 

where j is an open immersion, p is proper, and Y belongs to y. Furthermore, if / is 
quasi-projective, then p can be chosen to be projective. 

(d) Chow's lemma holds in y (i.e., for any proper morphism Y — * X in y, there exists a 
projective birational morphism p : Yq — ► Y in y such that fp is projective as well). 

A category y satisfying all these properties will be called adequate for future references^ 

We also fix an admissible class of morphisms in y and a complete triangulated ^-fibred 
category 3? ' . We will add the following assumptions: 

(d) In section |2~21 and [2~3l 9? contains the open immersions. 

(e) In section |2"H1 3? contains the smooth morphisms of y . 
In the case 3? is monoidal, we denote by 

M : -> 3T 

its geometric sections. 

According to the convention of 11.4.21 we will speak of the premotivic case when 3? is the class 
of smooth morphisms in y and 5F is a premotivic triangulated category. 

2.1. Elementary properties. 

Definition 2.1.1. We say that 3* is additive, if for any finite family (5j)j e jr of schemes in y, 
the canonical map 

is an equivalence. 

Recall this property implies in particular that 3^(0) = 0. 

Lemma 2.1.2. Let S be a scheme, p : — > S be the canonical projection. The following 
conditions are equivalent: 

(i) The functor p* : 3?(S) -> ^(A^) is fully faithful, 
(ii) The counit adjunction morphism 1 — > p*p* is an isomorphism. 

In the premotivic case, these conditions are equivalent to the following ones: 
(Hi) The unit adjunction morphism p^p* — > 1 is an isomorphism, 
(iv) The morphism Mg(A^) -^-> I5 induced by p is an isomorphism. 

(iv') For any smooth S-scheme X, the morphism Ms(A^) - x P ' > * > Ms(X) is an isomorphism. 

^ For instance, the scheme S can be the spectrum of a prime field or of a Dedekind domain. The category y 
might be the category of all noetherian <S-schemes of finite dimension or simply the category of quasi-projective 
iS-schemes. In all these cases, property (c) is ensured by Nagata's theorem (see ICon07n and property (d) by Chow's 
lemma (see IGD61I 5.6.1]). 
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The only thing to recall is that in the premotivic case, p$p*(M) = Ms(A<j)®-M andp*p*(M) = 
ffomfif (Af s (A J), AO- 
Definition 2.1.3. The equivalent conditions of the previous lemma will be called the homotopy 
property for denoted by (Htp). 

2.1.4. Consider a scheme S, p : — > S the canonical projection and s : S — ► Pg the oo-section. 
The composite natural transformation 

ad(p*,p,) ad(s*,s„) 

1 > p*p > p*s. t s p = 1 

is an isomorphism. In particular, for any premotive M over S, the map M — > p^p* M admits a 
cokernel in the additive category &(S). The cokernel of this map thus defines a functor which we 
denote by coKer(l — > p*p*). The following lemma is easy: 

Lemma 2.1.5. Consider the notations above and the assumption: 
(i) The functor coKer(l — > p*p*) is an equivalence of categories. 

Assume 3F is premotivic and put 15(1) = Ker (Ms(Pg) 2]. Then the condition (i) 

above is equivalent to the following ones: 

(ii) The counit map p$p* — > 1 is a split epimorphism and its kernel Ker(pjjp* — ► 1) is an 

equivalence of categories. 
(Hi) The premotive ls(l) is ®-invertible in 2T{S). 

Definition 2.1.6. In any case, we call the condition (i) above the stability property for 3? . We 
denote it by (Stab). 

In the premotivic case, we call ls(l) the Tate premotive. Under (Stab), its inverse will be denoted 
by ls(-l). 

Remark 2.1.7. In the premotivic case and under the property (Stab), the Tate inverse premotive 
1(— 1) is a cartesian section and it generates a set of twists (most of the time isomorphic to the 
monoid N). Then, a natural assumption on the triangulated premotivic category 2f is that it is 
1(— l)-generated (equivalently, generated by (negative) Tate twists). 

2.1.8. Recall that a sieve R of a scheme X is a class of morphisms in S^/X which is stable by 
composition on the right by any morphism of schemes (see [AGV731 1.4]). 

Given such a sieve R, we will say that & is R-separated if the class of functors /* for / E R is 
conservative. Given two sieves R, R' of X , the following properties are immediate: 

(a) If R' C R then 5* is -R-separated implies 5* is -R'-separated. 

(b) If ST is i?-separated and is -R'-separated then is (R U i?')-separated. 

A family of morphisms (fi : Xj — » X) ie j of schemes defines a sieve R = (fi,i El) such that / is 
in R if and only if there exists i E I such that / can be factored through /,-. Obviously, 

(c) 3 is i?-separated if and only if the family of functors (f*)iei is conservative. 

Recall that a topology on S" is the data for any scheme X of a set of sieves of X satisfying certain 
stability conditions (cf. }AGV73| II, 1.1]), called ^-covering sieves. A pre-topology to on y is the 
data for any scheme X of a set of families of morphisms of shape (fi : Xj — * X)i^i satisfying 
certain stability conditions (cf. AGV73, II, 1.3]), called £o- cov ers. A pre-topology to generated a 
unique topology t. 

Definition 2.1.9. Let t be a Grothendieck topology on 5? . We say that 2? is t-separated if the 
following property holds: 

(t-sep) For any ^-covering sieve R, 2? is -R-separated in the sense defined above. 

Obviously, given two topologies t and t' on 5? such that t is finer than t', if & is i-separated 
then it is i'-scparated. 

If the topology t on 5? is generated by a pre-topology to then 2T is i-separated if and only if 
for any to-covers (fijizi, the family of functors (fi)iei is conservative - use AGV73, 1.4] and 
l2T5T a)+(c). 
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2.1.10. Recall that a morphism of schemes / : T — > S is radicial if it is injective and for any point 
t of T, the residual extension induced by / at t is radicial (c/. [GD60, 3.5.4, 3.5.8] ^Q. 

Definition 2.1.11. We simply say that 27 is separated (resp. semi-separated) if ^ is separated 
for the topology generated by surjective families of morphisms of finite type (resp. finite radicial 
morphisms) in 5?. We also denote by (Sep) (resp. (sSep)) this property. 

Remark 2.1.12. If 2? is additive, property (Sep) (resp. (sSep)) is equivalent to ask that for any 
surjective morphism of finite type (resp. finite surjective radicial morphism) / : T — > S in S^, the 
functor /* is conservative. 

Note the following interesting result: 

Proposition 2.1.13. Assume 2F is semi-separated and satisfies the transversality property with 
respect to finite surjective radicial morphisms. 

Then for any finite surjective radicial morphism f . Y — > X , the functor 

f* : 3T(X) -» J(Y) 

is an equivalence of categories. 

Proof. We first consider the case when / = i is in addition a closed immersion. In this case, we 
can consider the pullback square bellow. 

i 

Y—^Z 

Using the transversality property with respect to i, we see that the counit — » 1 is an iso- 
morphism. It thus remains to prove that the unit map 1 — * i*i* is an isomorphism. As i* is 
conservative by semi-separability, it is sufficient to check that 

i* -> i*iJ*(M) 

is an isomorphism. But this is a section of the map i* z*i*(M) — > i*(M), which is already known 
to be an isomorphism. 

Consider now the general case of a finite radicial extension /. We introduce the pullback square 

Y x x Y — ^ Y 

9 f 



Consider the diagonal immersion i :Y ^Y x x Y. Because Y is noetherian and p is separable, i is 
finite (cf. [GD611 6.1.5]) thus a closed immersion. As p is a universal homeomorphism, the same 
is true for its section i. The preceding case thus implies that i* is an equivalence of categories. 
Moreover, as pi = qi = 1y, we see that p* and q* are both quasi-inverses to £*, which implies that 
they are isomorphic equivalences of categories. More precisely, we get canonical isomorphisms of 
functors 

i* ~ ~ and i* ~ p* ~ q*. 
We check that the unit map 1 — > /*/* is an isomorphism. Indeed, by semi-separability, it is 
sufficient to prove this after applying the functor /*, and we get, using the transversality property 
for /: 

f * „ i* p *f* ~ qtff* ~ /*/*/*. 

We then check that the counit map /*/* — > 1 is an isomorphism as well. In fact, using again the 
transversality property for /, we have isomorphisms 

f*U{M) ~ q*p*{M) ~ i*U(M) ~ M. 



It is equivalent to ask that / is universally injective. When / is surjective, this is equivalent to ask that / is 
a universal homeomorphism. 
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□ 

2.1.14. Recall from [VocOOa that a cd-structure on 5? is a collection P of commutative squares 
of schemes 

| Q \f 

which is closed under isomorphisms. We will say that a square Q in P is P-distinguishcd. 
Voevodsky associates to P a topology tp, the smallest topology such that: 

• for any distinguished square Q as above, the sieve generated by {/ : A — » X, e : Y — > X} 
is tp-covering on X. 

• the empty sieve covers the empty scheme. 

Example 2.1.15. A Nisnevich distinguished square is a square Q as above such that Q is cartesian, 
/ is etale, e is an open embedding with reduced complement Z and the induced map p~ 1 (Z) —* Z 
is an isomorphism. The corresponding cd-structure is called the upper cd-structure (see section 
2 of [Voe OObj ) . Because we work with noetherian schemes, the corresponding topology is the 
Nisnevich topology (see proposition 2.16 of loc.cit.). 

A proper cdh- distinguished square is a square Q as above such that Q is cartesian, / is proper, 
e is a closed embedding with open complement U and the induced map p _1 (C/) — > U is an 
isomorphism. The corresponding cd-structure is called the lower cd-structure. The topology 
associated to the lower cd-structure is called the proper cdh-topology. 

The topology generated by the lower and upper cd-structures is by definition (according to the 
preceding remark on Nisnevich topology) the cdh-topology. 

All these three examples are complete cd-structures in the sense of |Voe00al 2.3]. 

Lemma 2.1.16. Let P be a complete cd-structure (see }Voe00a| def 2.3]J on and tp be the 
associated topology. The following conditions are equivalent: 
(i) 2? is tp-separated. 

(ii) For any distinguished square Q for P of the above form, the pair of functors (e*,/*) is 
conservative. 

Proof. This follows from the definition of a complete cd-structure and 12.1.81^ ). □ 

Remark 2.1.17. If we assume that 5? is stable by arbitrary pullback then any cd-structure P on 
such that P-distinguished squares are stable by pullback is complete (see [VoeOOal 2.4]). 

2.2. Exceptional functors, following Deligne. 

2.2.1. Consider an open immersion j : U — > S. Applying 11.1 .141 to the cartesian square 

3 



we get a canonical natural transformation 

7j : Jt = n l * >3*M = 3*- 

Recall that the functors jj and are fully faithful (|1.1.19|) . 

Note that according to remark [1.1.71 this natural transformation is compatible with the iden- 
tifications of the kind (jfc)j = jfy and (j'fc)* = j*k*. 

Lemma 2.2.2. Let S be a scheme, U and V be subschemes such that S = UUV . We let h : U — > S 
( resp. k : V — > S) be the canonical open immersions. 

Assume that the functor (h*,k*) : 3?(S) — > 2?{U) x 2?(V) is conservative and that £?(0) = 0. 
Then the natural transformation 7^ (resp. jk) is an isomorphism. Moreover, the functor (h*,k*) 
is then an equivalence of categories. 
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Proof. As h* and are fully faithful, we have h*h* ~ h*h*. By ^-base change, we also get 
k*h$ ~ k*h* ~ 0. It remains to prove the last assertion. The functor R = (h*,k*) has a left 
adjoint L defined by L=h\ © k\: 

L(M,N) = h\{M) © fci(iV). 

The natural transformation Li? — > 1 is an isomorphism: to see this, is it sufficient to evaluate at h* 
and k* , which gives an isomorphism in £T(U) and ^(V) respectively. The natural transformation 
1 — » i?L is also an isomorphism because /ijj and fcj are fully faithful. □ 

Remark 2.2.3. Assume ^ is Zariski separated (definition I2.1.9| . Then, as a corollary of this 
lemma, & is additive ( definition ^. if and only if <5F(0) = 0. 

2.2.4. Exchange structures V— Assume ST is additive. We consider a commutative square of 
schemes 

(2.2.4.1) «J A Jp 

u—^s 

3 

such that j, k are an open immersions and p, q are a proper morphisms. 
This diagram can be factored into the following commutative diagram: 





XsT-j'+T 
\p' e \p 
U j— »- 5. 

Then I is an open and closed immersion so that the previous lemma implies the canonical morphism 
7/ : 2j — > Z» is an isomorphism. As a consequence, we get a natural exchange transformation 

Ex(A$* ) : jjjg, = j$pj* ► P*3f* > P*J$h = P*H 

using the exchange of 11.1.141 Note that, with the notations introduced in 12.2. 1[ the following 
diagram is commutative. 



Ex(A t «) 

JtQ* ^P*k$ 



(2.2.4.2) 



P.7fc 



j*q* ~ > (jg)» = (pfc)* p*/cb 



Indeed one sees first that it is sufficient to treat the case where A is cartesian. Then, as jj is a 
fully faithful left adjoint to j* it is sufficient to check that (|2.2.4.2p commutes after having applied 
j*. Using the cotransversality property with respect to open immersions, one sees then that this 
consists to verify the commutativity of (|2.2.4.2[) when j is the identity, in which case it is trivial. 

Definition 2.2.5. We say that the triangulated ^-fibred category ST satisfies the support prop- 
erty ; denoted by (Supp), if it is additive and for any commutative square of shape (|2.2.4.ip the 
exchange transformation Ex(A^) : j$q* — > defined above is an isomorphism. 

By definition, it is sufficient to check the last property of property (Supp) in the case where A is 
cartesian. 

2.2.6. We denote by y se P (resp. y°P en , ^p^p) the sub-category of the category & with the 
same objects but morphisms are separated morphisms of finite type (resp. open immersions, 
proper morphisms). We denote by 

.^-.y-^ STri® 
resp. ,% : ,y open -» STri® 
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the 2-functor defined respectively by morphisms of type /* and j» (/ any morphism of schemes). 
The proposition below is essentially based on a result of Deligne [AGV731 XVII, 3.3.2]: 

Proposition 2.2.7. Assume the triangulated premotivic category ST satisfies (Supp). 
Then there exists a unique 2-functor 

3{ : S* sep -» STri® 

with the property that 

and for any commutative square A of shape (|2.2.4.1[) the composition of the structural isomor- 
phisms 

m* = m\ - = (p k )\ - p\h = v*h 

is equal to the exchange transformation Ex(A^). 

2.2.8. Under the assumptions of the proposition, for any separated morphism of finite type / : 
Y -> V, we will denote by f\ : &{Y) -» .J{X) the functor 5f(/). The functor f is called the 
direct image functor with compact support (associated with /). 

Proof. We recall the principle of the proof of Deligne. Let / : Y — > X be a separated morphism 
of finite type in S*. 

Let fff be the category of compactifications of / in i.e. of factorizations of / of the form 
(2.2.8.1) Y^Y^X 

where j is an open immersion, p is proper, and Y belongs to 5? . Morphisms of ^/ are given by 
commutative diagrams of the form 

(2-2.8.2) Y 

in 5? . To any compactification of / of shape (|2.2.8.1|) . we associate the functor p*jp 
To any morphism of compactifications (|2.2.8.2[) . we associate a natural isomorphism 

P*3$ =P*K*J i >P*3$1* =P*Jt- 

where A stands for the commutative square made by removing it in the diagram (|2.2.8.2|) , and 
Ex(A^) is the corresponding natural transformation (see 12.2.4")) . The compatibility of Ex(A^) 
with composition of morphisms of schemes shows that we have defined a functor 

Tf : tf° p -> Hom(&{Y), &(X)) 

which sends all the maps of ^/ to isomorphisms (by the support property). 

The category tff is non-empty by the assumption 12.0( c) on S^, and it is in fact left filtering; 
see |AGV73| XVII, 3.2.6(h)]. This defines a canonical functor f\ : 3T{Y) -> ST{X), independent of 
any choice compactification of /, defined in the category of functors Hom(£? (Y) , &(X)) by the 
formula 

f\ = lim L f . 

If / = p is proper, then the compactification 

Y ^ Y ^ X 

is an initial object of which gives a canonical identification p\ — p*. Similarly, if / = j is an 
open immersion, then the compactification 

Y ^ X X 

is a terminal object of so that we get a canonical identification j\ = jp 
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This construction is compatible with composition of morphisms. Let g : Z — > Y and / : Y — > X 
be two separated morphisms of finite type in 5^ , For any a couple of compactifications 

of / and g respectively, we can choose a compactification 

Z \ T L> y 

of jq, and we get a canonical isomorphisms 

f\ 9\ — P* 3i Q* h ~ p* r* h\ h ~ (pr)* ~ . 

The independence of these isomorphic with respect to the choices of compactification follows from 
[AGV731 XVII, 3.2.6 (iii)] . The cocycle conditions (i.e. the associativity) also follows formally from 
[AGV731 XVII, 3.2.6]. The uniqueness statement is obvious. □ 

2.2.9. This construction is functorial in the following sense. 

Define a 2- junctor with support on to be a triple (£>, a, 6), where: 

(i) 3 : S^ sev — > i?ri is a 2-functor (we shall write the structural coherence isomorphisms as 
c g j : &>(gf) — ► S(g)S l {f) for composable arrows / and g in ,^ se P-^ 

(ii) a : ,%\y P ro P — > £^|^pr p and 6:5^^^ are morphisms of 2-functors which agree on 
objects, i.e. such that for any scheme S in J/, we have 

V>s = as = fes : ?(S) -► 3(5) ; 
(iii) for any commutative square of shape (|2.2.4.1[) in which j and k are open immersions, while 
p and q are proper morphisms, the diagram below commutes. 

V's Jtt <?* »- V's P* H 

6g»| jafc, 

@(j)ipuq* &{p)tp T h 

#(j)#(g)^y C ^- #(jg) = &(pk)^ v ' 9{p)9(k)iltv 
Morphisms of 2-functors with support on ^ 

(3, a, 6) -> (@',a',b') 

are defined in the obvious way: these are morphisms of 2-functors S> — > 3' which preserve all the 
structure on the nose. 

Using the arguments of the proof of 12.2.71 one checks easily that the category of 2-functors with 
support has an initial object, which is nothing but the 2-functor ,% together with the identities of 
Sf^y-PTo-p and of 3\ respectively. In particular, for any 2-functor 9 : ^ sep — » &ri, a morphism of 
2-functors 2F\ — > & is completely determined by its restrictions to S fiprop and Sf° ven , and by its 
compatibility with the exchange isomorphisms of type Ex(A^) in the sense described in condition 
(iii) above. 

Proposition 2.2.10. Assume that 3? satisfies the support property. For any separated morphism 
of finite type f in , there exists a canonical natural transformation 

a J ■ f\ -> /* • 

The collection of maps a.} defines a morphism of 2-functors 

whose restrictions to j^P ro P and are respectively the identity and the morphism of 2-functors 

7 : o P e„ defined in [KKJ[ 

Proof. The identities /» = /* for / proper (resp. projective) and the exchange natural transfor- 
mations of type Ex(A^) turns £?l\yse P into a 2-functor with support (resp. restricted support) 
on & (property (iii) of 12. 2. 91 is expressed by the commutative square (|2.2.4.2|) 1. □ 
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Proposition 2.2.11. Let 2?' be another triangulated complete 2? -fibred category over y . Assume 
that 2? and Sf' both have the support property, and consider given a triangulated morphism of 2?- 
fibred categories ip* : 2F — > 3' (recall definition \1.2.2\) . 

Then, there is a canonical family of natural transformations 

Ex((p*,f) :<Pxfi-* fi<Py 
for each separated morphism of finite type f : Y — > X in ,y , which is functorial with respect to 
composition in 5? (i.e. defines a morphism of 2- functors) and such that, the following conditions 
are verified: 

(a) if f is proper, then, under the identification f\ — /*, the map Ex(cp*,f\) is the exchange 
transformation Ex((p* , /») : ip* x /* — > /* ify defined in \1.2.5\ 

(b) if f is an open immersion, then, under the identification f\ — /j, the map Ex((p*,f\) is 
the inverse of the exchange isomorphism Ex{f^, tp*) : /j ify — > <Px h defined in \1.2.1\ 

Proof. The exchange maps of type Ex(ip* , /*) define a morphism of 2-functors 

a • 3*\y>prop > 3^\yprop — 3\ '\yprop 

while the inverse of the exchange isomorphisms of type Ex{f§, ip*) define a morphism of 2-functors 

b : 3% — tf. = ^V-»™ . 
in such a way that the triple (3', a, b) is a 2-functor with support on 3*. □ 

Corollary 2.2.12. Suppose 3 satisfies the support property, 
(i) For any cartesian square 

Y^X, 

such that f is separated of finite type, there exists a natural transformation 

Ex(At) : g*f, - fig'* 

which is natural with respect to the horizontal composition of such squares, and such that, 
in each of the following cases, we have the following identifications in 2?(X') 

(a) f proper: (b) f open immersion: 

Ex(AT) „ ExtA?) 

9*h. f(g'* g*f. fig'* 

J ExjAl) II J! ExjA;)- 1 II „ 

9 f* *" fig , 9 h f$9 ■ 

Moreover, when g is a 2? -morphism, Ex(A*) is an isomorphism, 
(ii) If, furthermore, 3 is a monoidal triangulated 2^-fibred category over 5? , then, for any 
separated morphism of finite type f :Y — > X , there is a natural transformation 

Ex(fr, ®y) : {fxK) ® x L -» f(K ® y f*L) 

which is natural with respect to composition in ' , and such that, in each of the following 
cases, we have the following identifications: 

(a) / proper: (b) f open immersion: 

(fK) ® L ( -^—^ f\(K <8> f*L) (f,K) ® L ^-U f\{K ®) L) 

II Ex(f*®) II II Exif*®)- 1 II 

® L i MK ® y f*L), {UK)® L ? f t (K ®y /*£). 

As in the previous analogous cases, the natural transformations Ex(A*) and Ex{f* , ®y) will 
be called exchanged transformations. 
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Proof. To prove (i), consider a fixed map g : X' — > X in y . We consider the triangulated P/X- 
fibred categories ST' and ST" over ^/X defined by &'(Y) = 3?{Y) and ^"(F) = &(Y') for any 
X-scheme Y (in J/*), with 5' : Y' = Y Xx X' — > F the map obtained from Y — > X by pullback 
along The collection of functors 

$'* : &(Y) -> 3T{Y') 

define an exact morphism of triangulated P/A-fibred categories over 5? /X (by the ^-base change 
formula) : 

Lp* : sr' -> ^" . 

Applying the preceding proposition to the latter gives (i). The fact that we get an isomorphism 
whenever g is a ^-morphism follows from the ^-base change formula and from II. 1.181 

The proof of (ii) is similar: fix a scheme X in S^, as well as an object L in 3?(X). We can 
consider L as a cartesian section of &\&/xi an d by the ^-projection formula, we then have an 
exact morphism of triangulated P/X-fibred categories over S*/X: 

L® (") : P\s>/x &W/X- 
Here again, we can apply the preceding proposition and conclude. □ 

Recall from definition 1 1 . 1 . 1 61 that we say & satisfies the transversality property with respect to 
proper morphisms (in .y) if the exchange transformation Ex(A*) -P*f* ~> 9*Q* defined in ll. 1.141 
is an isomorphism for any cartesian square A as soon as / is a proper morphism (in y). 

Proposition 2.2.13. Assume that 8F satisfies the support property. Then the following conditions 
are equivalent: 

(a) satisfies the transversality property with respect to proper morphisms in S". 

(b ) For any cartesian square of 

f 

3'\ A \ S 



in which f is separated and of finite type, the exchange transformation 

Ex(Af) : g*f, -> fig'* 

is an isomorphism. 

Proof. Property (b) is always verified in the case where / is an open immersion by assumption 
(^-base change formula). As any separated morphism factors as an open immersion followed by 
a proper morphism, this implies the equivalence between (a) and (b). □ 

As a conclusion of this part, we get the following: 

Theorem 2.2.14. Consider the following assumptions: 

(a) 8? satisfies (Supp). 

(b) For any proper morphism f : T — > S in y, /» admits a right adjoint f\ 

(c) 8? satisfies the proper transversality property. 

(d) S? is monoidal. 

Under assumptions (a) and (b), for any separated morphism of finite type f : Y — > X in y , there 
exists an essentially unique pair of adjoint functors 

/, ; <?(Y) +± 3T(X) : f 

such that: 

(1) There exists a natural transformation otf : f\ — ► /* which is an isomorphism when f is 
proper. 

(2) For any open immersion j, j\ = jj and j' = j* . 
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(3) For any cartesian square 

f 

in which f is separated and of finite type, there exists natural transformations 

Ex(Af) : g*fi - fig'*, 
Ex(Al) : g'J' ] - fg* 
which are isomorphisms whenever f is an open immersion or g is a ' -morphism. 
If we assume (a), (b), (c) then the following additional property holds: 

(4c) For any cartesian square A in ,5f ' , the natural transformations Ex(A*) and Ex{A\) are 
isomorphisms. 

If we assume (a), (b), (d) then the following additional property holds: 

(4d) For any separated morphism of finite type f : Y — > X in ,5f , there exists a natural trans- 
formation 

Ex{f?,®) : (fiK) ® X L^ f(K ® Y f*L). 

2.2.15. Recall that an exact functor between well generated triangulated categories admits a right 
adjoint if and only if it commutes with small sums: this is an immediate consequence of the Brown 
representability theorem proved by Neeman (cf. [NeeOli 8.4.4]). We deduce the following useful 
result. 

Proposition 2.2.16. Assume that is a compactly r-generated triangulated premotivic category 
over ,5? . 

Then, for any morphism of schemes f : T — > S, the functor /„ : <5F(T) — > 2?{S) admits a right 
adjoint. 

Proof. This follows directly from proposition 1 1 . 3 . 18l □ 
2.3. The localization property. 

2. 3. a. Definition. 

2.3.1. Consider a closed immersion i : Z — > S in '. Let U = S — Z be the complement open 
subscheme of S and j : U — > S the canonical immersion. We will use the following consequence of 
the triangulated ^-fibred structure on ST: 

(a) The unit 1 — > is an isomorphism. 

(b) The counit j*j* — > 1 is an isomorphism. 

(c) i*j t = 0. 

(d) j*u = 0. 

; i T , ., • •* ad '(h>f ) , ad(i*,i,) . .„ . 

(ej Ine composite map jjj > 1 > is zero. 

In fact, the first four relations all follow from the base change property (^-BC). Relation (e) is a 
consequence of (d) once we have noticed that the following square is commutative 

W* — *- 1 
* I 

For the closed immersion i and the triangulated premotivic category ST, we introduce the 
property (Loc^) made of the following assumptions: 

(a) The pair of functors (J*,i*) is conservative. 

/i \ mi - * ad (i* 

(b) I he counit i i* — > 1 is an isomorphism. 

Definition 2.3.2. We say that & satisfies the localization property, denoted by (Loc), if: 
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(1) 3T{0) = 0. 

(2) For any closed immersion i in S^, (Loc^) is satisfied. 

The main consequence of the localization axiom is that it leads to the situation of the six gluing 
functor (cf. |BBD82[ prop. 1.4.5]): 

Proposition 2.3.3. Let i : Z — > S be a closed immersion such that (Loci) is satisfied. 

(1) The functor i„ admits a right adjoint v . 

(2) For any K in 3?{S), there exists a unique map di t x : i*i*K — > jtjj*AT[l] such that the 
triangle 

■ ad'{jt,D ad{i\i.) . d itK . .*„ ril 

JtiJ K ► K > i*i K > jjj K[l\ 

is distinguished. The map di^K is functorial in K . 

(3) For any K in &{S), there exists a unique map d[ K : j*j*K — » ui'iffl] such that the 
triangle 

i^vK ad ^> K ad ^ J *^> j*j*K ' '' K > i*rif[l] 
is distinguished. The map d[ K is functorial in K. 

Under the property (Loc^), the canonical triangles appearing in 5) and (3) above are called the 
localization triangles associated with i. 



Proof. We first consider point (2). For the existence, we consider a distinguished triangle 

w K — 

Applying 12.3. lf e). we obtain a factorization 



W K * K — ► C — > 



ad(i* 

K -^i*i*K 



c 



We prove w is an isomorphism. According to the above triangle, j*w — 0. From I2.3.1f d). 
j*i*i*K = so that j*w is an isomorphism. Applying i* to the above distinguished triangle, we 
obtain from I2.3.1f c) that i*n is an isomorphism. Thus, applying i* to the above commutative 
diagram together with (Loc^) (a), we obtain that i*w is an isomorphism which concludes. 
Consider a map K A L in &(S) and suppose we have chosen maps a and b in the diagram: 

ad' ( j» , ?* ) ad(i* n _ , 

hi K — k > k 5-— j t j*K[l] 



ad'(j$,j*) 



30* L L - ui*L 2—^ W*L[l] 

such that the horizontal lines are distinguished triangles. Then we can find a map h : K — > 
i*i* L completing the previous diagram into a morphism of triangles. Then the map w — h — u 
satisfy the relation w o a; = 0. Thus it can be lifted to a map in HoTa.(j$j*K[l], i*i*L). But this 
is zero by adjunction and the relation 12.3. lf d). This proves both the naturality of di y K and its 
uniqueness. 

For point (1) and (3), for any object K of ^(S), we consider a distinguished triangle 

D -» A ► j»j K — > 

According to !2. 3.1( b). j*D — 0. Thus according to the triangle of point (2) applied to D, we obtain 
D = i*i*D. Arguing as for point (2), we thus obtain that D is unique and depends functorialy on 
K so that, if we put v K = i*D, point (1) and (3) follows. □ 

Remark 2.3.4. Consider the hypothesis and notations of the previous proposition. 



(1) By transposition from l2.3.T[ d). we deduce that vj* = 0. 
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(2) Assume that i is a ^-morphism. Then the ^-base change formula implies that = 0. 
Dually, we get that r jj = 0. By adjunction, we thus obtain di t K = and d[ K = 
for any object K so that both localization triangles are split. In that case, we get that 

The preceding lemma admits the following reciprocal statement: 

Lemma 2.3.5. Consider a closed immersion i : Z —> S in with complementary open immersion 
j : U —> S, Then the following properties are equivalent: 
(i) 3~ satisfies (Loci), 
(ii) (a) The functor i* is conservative. 

(b) For any object K of 3?(S), there exists a map i*i*(K) — > j$j* (K)[l\ which fits into 
a distinguished triangle 

HJ {K) > K > i** {K) -> UJ {K)[l\ 

Proof. The fact (i) implies (ii) follows from proposition ^. 3. 3l Conversely, (ii) (b) implies that the 
pair is conservative and it remains to prove (Locj) (b). Let K be an object of 3T(S). 

Consider the distinguished triangle given by (ii)(b): 

3tJ ( K ) > K > l * 1 \ K ) 30 

If we apply i* on the left to this triangle, we get using [2~3.1f d) that the morphism 

is an isomorphism. Hence, by the zig-zag equation, the morphism 

i*i*i*(K) i*(K) 
is an isomorphism. Property (ii) (a) thus implies that i*i*(K) ~ K. □ 
2.3.b. First consequences of localization. The following statement is straightforward. 

Proposition 2.3.6. Assume & satisfies the localization property and consider a scheme S in ,5f ' . 

(1) Let Sred be the reduced scheme associated with S. The canonical immersion S re d — > S 
induces an equivalence of categories: 

v* : 3T(S) - ST{S red ). 

(2) For any any partition (Si S)i£i of S by locally closed subset, the family of functors 
(v*)i£i is conservative (Si is considered with its canonical structure of a reduced subscheme 
ofS). 

Lemma 2.3.7. If ST satisfies the localization property (Loc) then it is additive. 

Proof. Note that, by assumption, 2T(0) = 0. Then the assertion follows directly from lemma 
12X21 □ 

Proposition 2.3.8. If S? satisfies the localization property then it satisfies the property of sepa- 
ration with respect to the cdh-topology. 

Proof. Consider a cartesian square of schemes 

\ Q \p 
A-*-X. 

According to lemma [2. 1.161 we have only to check that the pair of functors (e* ,p*) is conservative 
when Q is a Nisnevich (or respectively a proper cdh) distinguished square. Let v : A' — > X be the 

^This remark explains why the localization property is too strong for generalized premotivic categories. 
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complementary closed (resp. open) immersion to e, where A' have the induced reduced subscheme 
(resp. induced subscheme) structure. Consider the cartesian square 

Y ■< — B' 

x^rA 

By assumption on Q, q is an isomorphism. According to (Loc) (ii), (e*,v*) is conservative. This 
concludes. □ 

The following proposition can be found in a slightly less precise and general form in |Ayo07a[ 
2.1.162]0 

Proposition 2.3.9. Assume 2? satisfies the localization property. 
Then the following conditions are equivalent: 

(i) 2? is separated. 

(ii) For a morphism f : T — > S in 5? , f* : 2?(S) — > &(T) is conservative whenever f is: 

(a) a finite etale cover; 

(b ) finite, faithfully flat and radicial. 

Proof. Only (ii) (i) requires a proof. Consider a surjective morphism of finite type / : T — > S 
in 5? '. According to [GD671 17.16.4], there exists a partition (S , j)j 6 j of S by (affine) subschemes 
and a family of maps of the form 

q/I 9i q/ hi „ 
Dj > Dj > Oi 

such that gi (resp. hi) satisfies assumption (a) (resp. (b)) above and such that for any i E I, 
/ Xj S" admits a section. Thus, proposition 12.3.61 concludes. □ 

2.3.C. Localization and the support property. The following lemma is obvious from relations l2.3.11 

Lemma 2.3.10. Consider a closed immersion i : Z —> S such that 2F satisfies the property (Loci). 
Then 2? satisfies the transversality property with respect to i. 

Proposition 2.3.11. Assume that 2? satisfies the localization property. 
Then the following conditions are equivalent: 

(i) For any scheme S and any integer n > 0, 2? satisfies the transversality property with 

respect to the projection Pg — > S. 
(ii) 2? satisfies the proper transversality property. 

Proof. We prove that (i) implies (ii). We have to prove that for any cartesian square 

Y^X, 

such that / is proper, the exchange transformation Ex(Al) : g* /* — > f%g'* is an isomorphism. 

We first treat the case where / is projective. Recall that, from proposition 1 1 . 1 . 18l we know 
that Ex(A*) is an isomorphism as soon as g is an open immersion. In particular, given any open 
immersion j : U — > X, denoting by Ajj the pullback of A along j, we can check that j*Ex(A'*) 
can be identified with Ex((Au)*) through exchange isomorphisms. Thus, according to the Zariski 
separation property (c/. proposition ^. 3. we can assume that X is affine. Then / can be factored 
into a closed immersion Y — > P^- and the projection p : P^- — ► X so that the preceding lemma 
and assumption (i) concludes. 



io A 

warning: the proof in loc. cit. seems to require that the schemes are excellent. 



TRIANGULATED CATEGORIES OF MIXED MOTIVES 



To treat the general case, we argue by noetherian induction on Y, assuming that for any proper 
closed subscheme T of Y, the result is known for the composite square (A0) of the two cartesian 
squares: 

(2.3.11.1) V —*-Y' —>■ X' 

| e \ a j. 

T Y —7- X. 

« / 

In fact, the case Z = is obvious because &{0) = 0. 

According to Chow's lemma |GD61( 5.6.2], there exists a morphism p : Yq — > Y such that: 

(a) p and fop are projective morphisms. 

(b) There exists an open immersion j : V — > Y such that q : p (V) — ► V is an isomorphism. 

If j is the identity, then we are in the case treated above. Thus we can assume that the complement 
T of V in Y is a proper subscheme. Let i : T — > Y" be the closed immersion where T is seen with 
its reduced structure. 

Consider the following cartesian square 

so | n / 
Yo^+Y 

Then the following diagram of exchange transformations 

(2.3.11.2) g*Up* //y^ - J , fftg* 

9*(fp)* (fp'Uo 

is commutative so that (a) and the preceding case implies that -Ea;(A*).p* is an isomorphism. 
But point (b) now implies that Ex(A%).j* is an isomorphism. Consider the diagram (|2.3.11.1| 
for the immersion i introduced above. The case of a closed immersion treated above implies that 
Ex(Ql) is an isomorphism. By the inductive assumption, Ex((AQ)*) is an isomorphism. Thus, 
considering the obvious analog of the commutative diagram (|2.3.11.2p . we conclude that Ex(Al).i* 
is an isomorphism. Thus, the point (3) of proposition 12.3.31 allows to conclude. □ 

Lemma 2.3.12. Consider a closed immersion i : Z — > S such that 3~ satisfies the property (Loci) 
and a cartesian square in ,5^ 

q\ a {p 

3 

where j is the open immersion complementary to i and p satisfies the £7 -transversality property. 
Then the exchange transformation (see \2.2l$ 

Ex(A$*) : j$p* — > g*fc(j 

is an isomorphism. 

Proof. Using property (Loci), we have only to prove that j* Ex(A$*) and i* 'Ex(A^) are invertible. 
This follows from the ^-base change formula and from the ^-transversality assumption on p by 
HOTT a) andlSXHc). □ 

Corollary 2.3.13. Assume SF satisfies the localization property and the the transversality property 
with respect to the projection P§ — > S for any scheme S and any integer n > 0. 
Then 2? satisfies the support property. 

Proof. Lemma 12.3.71 implies & is additive and the preceding lemma concludes. □ 
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2.3.d. Localization and monoidal structures. 

2.3.14. Assume 2T is monoidal and let M denote its geometric sections. Fix a closed immersion 
i : Z — > S in 5? with complementary open immersion j : U — > S. We fix an object M$(S/S — Z) 
of &{S) and a distinguished triangle 

(2.3.14.1) M S (S -Z)i^l s ^ M S (S/S - Z) ^ M S (S - Z)[l). 

Remark that according to I2.3.1l fc ). the map i*(j>i) : l z — > i*M$(S/S — Z) is an isomorphism. 
Given any object K in 3?(S), we thus obtain an isomorphism 

i*(M s (S/S - Z) ® s K) = i*(M s (S/S - Z)) ® z i*{K) ^' Pi) ~\ \ z ® z i*(K) = i*(K) 
which is natural in K. It induces by adjunction a map 

(2.3.14.2) iP hK : M S (S/S -Z)® S K -> iJ*(K) 
which is natural in K. 

For any ^-scheme X/S, we put M S (X/X - X z ) = M S (S/S - Z) ® s M S (X) so that we get from 
(12.3. 14. 1[) a canonical distinguished triangle: 

M S (X - X z ) ^ M S (X) - M S (X/X - X z ) -» M S (X - X z )[l]. 
The map (|2.3.14.2[) for K = M$(X) gives a canonical map 

(2.3.14.3) : M S (X/X - X z ) -> t,(M z (X z )). 

Proposition 2.3.15. Consider the previous hypothesis and notations. Then the following condi- 
tions are equivalent: 

(i) satisfies the property (L0C4). 
(ii) (a) The functor i* is conservative. 

(b) The morphism ipi^s '■ Ms{S/S — Z) — > is an isomorphism. 

(c) For any object K of ^"(S), the exchange transformation 

Ex(it,&) : (i*l z ) ®s K ^ ui*K 

is an isomorphism. 
(Hi) (a) The functor z» is conservative. 

(b) The morphism ip^g ■ M$(S/S — Z) — > is an isomorphism. 

(c) For any objects K and L of £T(S), the exchange transformation 

Ex(il,®) : (uK) ® s L-> u{K ® z i*L) 
is an isomorphism. 

Assume in addition that 2? is well generated and r-twisted as a triangulated ^-fibred category. 
Then the above conditions are equivalent to the following one: 

(iv) (a) The functor i* is conservative, commutes with direct sums and with T-twists. 

(b) The morphism tpi t x '■ M$(X/X — X z ) — > i*(M z (X z )) is an isomorphism for any 
^-scheme X/S. 

In particular, (LoCj) implies that for any object K of ^(S), the localization triangle of 12.3.31 

n f(K) -^K^ ui*(K) ^ 3V*{K){1] 

is canonically isomorphic (through exchange transformations) to the triangle (|2.3.14.ip tensored 
with K . 

Proof, (i) =>• (Hi) : According to (Loc^) (a), we need only to check that the maps in (iii)(b) and 
(iii)(c) are isomorphisms after applying i* and j*. This follows easily from (Loc^) (b). 
(Hi) => (ii) : Obvious 

(ii) =>■ (i) : According to (ii) (b), the distinguished triangle (|2.3.14.ip is isomorphic to a triangle 
of the form 

MJ (Is) > Is > (lz) -> 30 (Is)- 
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According to (ii)(c), this latter triangle tensored with K is isomorphic through exchange transfor- 
mations to a triangle of the form 

3%3 {K) > K > 1*1 (K) -> j$j {K). 

Thus lemma [2.3.51 allows to conclude. 

To end the proof, we remark by using the equations for the adjunction (i*,z») that for any 
object M of SF(S), the following diagram is commutative: 




M S (S/S - Z)®K 



Note that (i) implies that z* is conservative and commutes with direct sums (see !2.3.3"|) and (ii) (c) 
implies it commutes with twists. According to the above diagram, (ii) (b) implies (iv)(b). 
We prove that reciprocally that (iv) implies (ii). Because (ii) (b) (resp. (ii)(a)) is a particular case 
of (iv)(b) (resp. (iv)(a)), we have only to prove (ii)(b). In view of the previous diagram, we are 
reduced to prove that for any object K of £?(S), the map ipi,K is an isomorphism. Consider the 
full subcategory ^ of ^(S) made of the objects K such that tpi,K is an isomorphism. Then ^ is 
triangulated. Using (iv)(a), % is stable by small sums and T-twists. By assumption, it contains 
the objects of the form M$(X) for a ^-scheme X/S. Thus, because 2T is well generated by 
assumption, lemma H . 3 . 1 61 concludes . □ 

Lemma 2.3.16. Consider a closed immersion i : Z — » S ' . We assume the following assumption 
(in addition to that of \2.0\) : 

• SF is well generated, T-twisted and satisfies the Zariski separation property. 

• For any & -scheme Xq/Z and any point Xq of Xq, there exists an open neighbourhood Uq 
of xq in Xq and a & -scheme U/S such that Uq = U Xj zF^ 

Then the functor i* is conservative. 

Proof. Consider an object K of £T(Z,) such that i*(K) = 0. We prove that K = 0. 

Because & is r-generated, it is sufficient to prove that for a ^-morphism pq : Xq — > Z and a 

twist (n, i) G Z x r, 

Hom 3r(z) (M z (X ){i}[n],K) = 0, 

Because M Z (X ) = Po$(lx )i this equivalent to prove that 

Hom nXo) (l Xo {i}[n],p* (K)) = 0. 

Using the Zariski separation property on & ', this latter assumption is local in Xq. Thus, according 
to the assumption on the class J 2 , we can assume there exists a ^-scheme X/S such that Xq = 
X x s Z. Thus Mz(X ){i}[n] = i*(Ms(X){i}[n]) and the initial assumption on K allows to 
conclude. □ 

Note for future applications the following interesting corollaries: 

Corollary 2.3.17. Assume 3~ is a premotivic triangulated category which is compactly r-generated 
for a group of twists r (i.e. any twists in t admits a tensor inverse) and which satisfies the Zariski 
separation property. 

Then, for any closed immersion i, the functor i* is conservative, commutes with sums and with 
twists. 

This is a consequence of lcmmas l2.3.16l and l2.2.1o1 In fact, under these conditions, i* commutes 
with arbitrary r- twists because it is true for its (left) adjoint i*. 



11 This property is trivial when is the class of open immersions or the class of morphisms of finite type in 
S*. It is also true when 3? is the class of etale morphism or & = Sm (c/. |GD67I 18.1.1]). 
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Corollary 2.3.18. Assume 2? satisfies the assumptions of the preceding corollary. Then the 
following conditions on a closed immersion i are equivalent: 

(i) SF satisfies the property (Loci). 

(ii) For any scheme S in and any smooth S -scheme X, the map (|2.3.14.3|) 

1> it x : M S (X/X -X z )^ uM z (X z ) 

is an isomorphism. 
2.3.e. Localization and morphisms. 

Lemma 2.3.19. Let 2?' be another complete triangulated 2^ -fibred category over 5? , and consider 
a morphism of triangulated & -fibred categories over ,5f 

v * ; <=> 3" : ^ . 

Let i : Z —t S be a closed immersion with complementary open immersion j : U — » S . If 2? and 
2?' satisfies the property (Loci), then the following exchange transformation is an isomorphism 

Ex(ip*,i*) : tp*i* — ► i*ip. 

Proof. We use the facts that (i*,j*) is conservative and ip* commutes with i* , j* . Then relations 
12.3.1( d) and (LoCj) (b) concludes. □ 

2.3.20. Recall that to any morphism 

ip* : 2T -> 2" 

of complete triangulated ^-fibred categories satisfying the support property, and to any separable 
morphism of finite type / : T — > S in 5^, we have associated in 12.2.111 a canonical exchange 
transformation 

Ex(tp*,f,) :p*f, ->/ l¥ >\ 

Proposition 2.3.21. Let 2?' be another complete triangulated 3^-fibred category over 5? , and 
consider a morphism of triangulated 2 s -fibred categories over 2^ 

^ ; & +± 2? : tp„ . 

Assume 2? and 2?' satisfy the localization and the support properties. Then the following conditions 
are equivalent: 

(i) For any scheme S and any integer n > 0, given the projection p : — > S, the exchange 
transformation 

Ex((p*,p*) : ip*p* —* p*tp* 

is an isomorphism. 

(ii) For any separated morphism of finite type f : T — > S, the exchange transformation 

Ex{<p*,f\) : ip*f\ — > f\cp* 

is an isomorphism. 

Proof. The only thing to prove is that, assuming (i), condition (ii) holds. We consider a morphism 
of finite type / : T — > S and we prove that Ex(ip* , f) is an isomorphism. 
This holds when / is an immersion according to lemma 12.3.191 

Suppose that / is affine. Then there exists an integer n > such that it admits a factorization 
into an immersion and the projection P^ — > S so that condition (i) allows to conclude. 

To finish the proof, we use a noetherian induction on T. Indeed, as 2?(0) = and 3?'(0) = 0, 
the proposition holds trivially when T = (or is a consequence of the case of an immersion). 
Thus, by noetherian induction, we can assume that for any closed immersion i : Z — > T of a proper 
closed subscheme Z in T, the exchange transformation Ex(p>* , (fi)\) is an isomorphism. 
Consider an open immersion j : U — > T of some non empty affine scheme. Then, according to the 
case treated above, Ex(tp*, {fj)\) is an isomorphism. Let i : Z — > T be the complementary open 
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immersion to j. By induction, Ex(ip* , (fi)t) is invertible. Let k be one of the immersions i, j. 
Then the following diagram is commutative: 

Ex^'JO.h f,.Ex(^M) 

(f i j\k\ >■ j\(p ' k\ s- j]k\(p 

Ex{ v ' ,{fk),) J 

¥ ' (fk)i ^ (fk)\tp*. 

Thus, according to the case treated above, Ex(ip* , f\).k\ is an isomorphism and we can conclude 
using the localization triangle for i (see 12. 3.51 2)). □ 

Remark 2.3.22. When the equivalent conditions of this proposition will be satisfied, we will simply 
say that ip* commutes with f\ . 

We finish this section with the following useful result: 

Proposition 2.3.23. Assume 2? is r-twisted and consider a t 1 -twisted triangulated B^-fibred 
category ST' and a morphism 

ip* : (^,r)^(^ / ) r / ):^ 
compatible with twists. We assume the following assumption: 

(a) The map r — > r' induced by ip* is (essentially) surjective. 

(b) £?' is well generated. 

We consider a closed immersion i : Z — > S and assume the following: 

(c) 2? satisfies the property (Loci). 

(d) The exchange transformation Ex((p* : (p*i* — > i*(p* is an isomorphism. 

(e) The functor «» : 3?'{Z) — > 3?'{S) commutes with t 1 -twistsW^ 

Then 3T 1 satisfies the property (Loci). 

Proof. Note that, under the above assumptions, ip* is conservative (in fact, for any ^-scheme X/S 
and any twists i E r', M' s (X){i} is in the essential image of ip*). Thus, if : 3?(Z) — > 3^(S) is 
conservative (resp. commute with sums), then i» : 3^'(S) — > ^'(S) is conservative (resp. commute 
with sums) using the isomorphism ip^i^ ~ 

Let M (resp. M 1 ) be the geometric sections of 3* (resp. 3 r '). As in !2. 3.141 we fix a distinguished 
triangle 

M S (S -Z)±*l 8 *+ M S (S/S -Z)±* M S (S - Z)[l}. 

and we put M' S (S/S — Z) = (p*Ms(S/S—Z). According to loc. cit., we thus get for any ^-scheme 
X/S canonical maps 

1>i,x ■ M S (X/X - X z ) -» uMz{X z ), 
ip' ix : M' S (X/X - X z ) -> uM'z(X z ). 



By construction, the following diagram is commutative: 

<p*M s (X/X - Xz) ip*uM z (X z ) Ex{lp "' u K uip *Mz(X z ) 

M' S (X/X - X z ) — M' Z (X Z ) 

Thus, proposition 12.3.151 allows to conclude. □ 



2 This will be satisfied if any r'-twists is invertible because the left adjoint of i* commutes with r'-twists. 
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2.4. The theorem of Ayoub. 

2.4.1. Recall that in this part, according to assumption 12. 01 & is a complete triangulated Sm- 
fibred category. In the next definition, we give a redundant terminology for some crucial properties 

of sr. 

Definition 2.4.2. A pregeometric category over 5? is a triangulated complete SWi-fibred category 
over ,5^ which satisfies the homotopy, stability and localization properties. 

A geometric category over 5? is a pregeometric category 2? over ,5^ such that, for any proper 
morphism / in 5? , the functor /* has a right adjoint. 

A motivic category over 5? is a premotivic triangulated category over 5? which is also geometric. 

Remark 2.4.3. Assume 2? is a premotivic triangulated category such that: 

(1) & is compactly r-generated. 

(2) 3? satisfies the homotopy and stability properties. 

(3) & satisfies the localization property. 

Then 5* is a motivic triangulated category in the above sense (see lemma l2.2.16|) 3 More generally, 
we will see below that, if 5* is pregeometric and well generated, then it is geometric; see 12.4.181 

Example 2.4.4. The premotivic category SH of example ll.4.3l is a motivic category (applying the 
above remark). 

Following Ayo07a, section 1.5], we define: 

Definition 2.4.5. Let p : E — + S be a vector bundle over a scheme in y, and s its zero-section. 
We define the Thorn transformation associated with E/X as the composite 

Th{E) =p t s* : ST{S) -» 3T{S). 

2.4.6. Let us recall an important construction about Thorn transformations from |Ayo07a[ p. 97]. 
Consider an exact sequence of vector bundles over a scheme X in ,5f: 

(a) -> E' ^ E ^ E" -> 0. 

Note that tt is smooth and v is a closed immersion. Let (p, s), (p' , s'), (p", s") be the pair of natural 
projection/section of the respective vector bundles. We can derive from this exact sequence a 
commutative diagram in J5^: 

X 

4\ 

E'^E 

x e" x 

s p 

where A is cartesian. Then we can define an exchange transformation: 

Ex(a) : Th{E) = Pi s* = p'Jn^s'* = Th{E") o Th(E'). 

Let S be a scheme. We denote by p and s (resp. q and t) the projection and zero section of 
~P\/S (resp. A.g/S). The unit map 1 — > p*p* is a split monomorphism. Thus, by adjunction, the 
counit map p$p* — ^ 1 is a split epimorphism. 

Proposition 2.4.7. Assume satisfies properties (Loc) and (Htp). 
Then using the notations above, there exists a canonical isomorphism 

Ker(p iP * ^ 1) ~ Th(Al). 



^In our examples, (1) will always be satisfied, (2) will be obtained by construction and (3) will be the hard 
point. 
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Proof. Let j (resp. k) be the complementary open immersion to s (resp. t). We obtain a cartesian 
square 

G m — *■ Ag. 

Al A. pi 

where it is the complementary immersion to the oo-section. Let h — u o k. According to the 
^-base change formula, we get an exchange isomorphism h$h* ~ j$j*u$u* so that we obtain a 
commutative diagram made of counit morphisms: 

jjj*u$u* = fifth* — uftu* 
^ \ « J 

m* >■ i 

From the localization property, we thus obtain the following morphism of split (because s and 
t are split monomorphisms) distinguished squares: 

hfth* s~ UftU* — Uft*t*u* s- hfth*[l] 

w I (1) J 1 £ I 
hi* 1 s *s* j t j*[i]. 

But e is an isomorphism: because (J, u) defines an open cover and 2F is Zariski separated according 
to !2.3.81 it is sufficient to check that j*e and u*e are isomorphisms and this follows from the previous 
diagram and relation [2.3.1( a). 

We thus obtain a canonical isomorphism 

q$t* = p t u t tj*u*p* A p t s*s*p* = pjs* . 

From the bottom line of diagram Q, we get a distinguished triangle 

so that q$t* is the cokernel of the split monomorphism a'j. But the following triangle, made of 
counit morphisms, is commutative 

m — *-p$p 
1 

so that property (Htp) allows to conclude. □ 

2.4.8. We introduce a useful terminology in order to simplify the next statements: 

A morphism of schemes / : Y — * X is strictly quasi-projective ( resp. strictly projective ) if it can be 

factored over X through an immersion (resp. a closed immersion) Y P^- for an integer n > 0. 
We let S^o be the subcategory of 5? made of strictly quasi-projective <S-schem.es which are in 
As a corollary of the preceding lemma, we get the following comparison of our axioms with that 
of J. Ayoub (see |Ayo07a| ). 

Corollary 2.4.9. The following conditions on a 2-functor 3?$ : S^o° p — > Sfri are equivalent: 
(i) is a pregeometric Sm-fibred category over S^q. 
(H) SFq is a stable homotopy 2-functor in the sense of |Ayo07a[ 1.4.1]. 

Proof. Indeed, all the axioms of loc. cit. are clear, except axiom 6 which follows from the preceding 
proposition. □ 

Theorem 2.4.10 (Ayoub). If 2? is pregeometric, then, for any scheme S in and any integer 
11 > 1) if P '■ P§ ~~ * S denotes the structural map, there is a canonical isomorphism of functors 
Pj(— n)[— 2n] ~ p* in 2? . 

Proof. Thanks to corollarv l2.4.9l we can refer to |Ayo07aj thm. 1.7.9]. □ 
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Corollary 2.4.11. Consider a morphism of triangulated Sm-fibred categories ip* : £? — > ST 1 over 
& '. Assume that 3? and 3?' are pregeometric. Let S be a scheme in ,5? , n > 1 an integer, and 
p : — > S be the canonical projection. Then the exchange transformation ip* p* — > p* ip* is an 
isomorphism. 

Proof. By virtue of the preceding theorem, as ip* commutes with pj (by definition of morphisms 
of Sm-fibred categories), it is now sufficient to prove that ip* commutes with Thorn equivalences 
Th(—E) for any vector bundle E over some scheme X in S^, or, equivalently, that ip* commutes 
with Th(E), the quasi-inverse of Th{—E). By definition, we have Th(E) = gjs*, where q : E — > X 
is the projection, and s : X — > S is the zero section. As commutes with q$, it is sufficient 
to prove that ^* commutes with i* for any closed immersion i. This latter property is given by 
lemma [2XH □ 

Theorem 2.4.12. issume ^ is pregeometric. Then the following properties hold: 

(a) 3? satisfies the proper transversality property; 

(b) 3? satisfies the support property. 

Proof. By virtue of proposition 12.3. If I and corollary 12.3. f 31 it is sufficient to prove that 3? has 
the transversality property with respect to the projection p : Pg — > S for any scheme S in .y 
and any integer n > 0. But this is a particular case of the preceding corollary (see the proof of 
12.2.121 (i)). □ 

Remark 2.4.13. This holds in particular for the motivic category SH of examplc l2.4.41 by Ayoub's 
results |Ayo07b| . 

2.4.14. When 2F is pregeometric, according to the previous theorem, we can apply the construc- 
tion of 12.2.71 so that, for any separated morphism of finite type / : T — > S, we get a well defined 
functor f\ : 3?(T) — * 3?(S). Recall also that the localization property shows that for any closed 
immersion i, the functor i* admits a right adjoint which we denote by i . 
We obtain from |Ayo07a| the following result: 

Theorem 2.4.15 (Ayoub). Assume 3? is pregeometric and consider the above notations. Then 
the following conditions hold. 

(i) For any vector bundle E over a scheme S in ,5f , the Thorn transformation Th(E) : 
3?(S) — > 3~(S) is an equivalence of category with quasi-inverse Th(—E) = s p*, where p 
is the projection of E onto X, while s denotes the zero section of E). 
(ii) For any short exact sequence of vector bundles 

O^E' ^E^E" ^0 

over a scheme X in S^, the map 

Th{E) —> Th{E") o Th(E') 

is an isomorphism. 

(Hi) For any smooth strictly quasi-projective morphism f : Y — » X with tangent bundle Tf, 
there exists a canonical isomorphism 

/, ^ f t Th(-T f ) . 

Proof. In fact, point (i) is easy from the homotopy and stability properties (see |Ayo07a| 1.5.7]) 
Point (ii) is proved in [Ayo07a[ 1.5.18]. Point (iii) is a consequence of the theorem 1.4.2 of op. cit. 
once we have noticed that the functor f\ constructed by Ayoub agrees with that of proposition 
12.2.71 (which we can apply, for any scheme Y in over the category of strictly quasi-projective 
y-schemes by 12.4.91) , according to the uniqueness statement of this proposition. □ 

Remark 2.4.16. The isomorphism of point (iii) is usually called the purity isomorphism associated 
to /. Note that this isomorphism is compatible with composition in a suitable sense E 

Using 



^ The interested reader is referred to |Ayo 07a p. 105]. We will state this compatibility in the monoidal case 
below. 
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descent theory we will show that one can construct this isomorphism without the assumption that 
/ is strictly quasi-projective. 

Proposition 2.4.17. Consider a morphism of triangulated Sm-fibred categories over 5? 

ip* : & -> &' . 

Assume that 3? and 2F 1 are pregeometric. For any separated morphism of finite type f : T — > S 
in <5f , the exchange transformation 

V* fl - fl 

is an isomorphism. 

Proof. This is a direct consequence of proposition 12 . 3 . 2T1 lemma 12.4. Ill and theorem l2.4.12t □ 

Corollary 2.4.18. If is pregeometric and well generated, then it is geometric. 

Proof. By the Brown representability theorem jNeeOli 8.4.4], it is sufficient to prove that, for 
any separated morphism of finite type / : T — > S, the functor ft preserves small sums. Let I 
be small set. For a scheme X in J?, we write 2F 1 (X) for the category of families of objects of 
3~{X) indexed by /. This defines a pregeometric category over (the adjunctions in 2? 1 are 
just computed termwise in For any smooth morphism of finite type / in ,5f , the functor /jj 
preserves small sums, and, for any morphism / in J^, the functor /* preserves smalls sums. In 
other words, we have a morphism of (complete) triangulated .SVci-fibred categories 

J l ^ST, (M) ieI ^®Mi. 

iei 

We conclude by applying proposition 12.4. 171 to the latter. □ 

Corollary 2.4.19. Assume that ST is geometric. Then, for any separated morphism of finite type 
f : Y — > X , we have an adjunction 

fl ■■ *(Y) <=> &(X) : f , 

and a natural tranformation f\ — > /*, which is an isomorphism whenever f is proper. Moreover, 
for any cartesian square 

Y'^+X' 



in which f is separated and of finite type, the exchange maps 

9*fl -> fig'* and g'J n -> fg* 

are isomorphisms. 

Proof. The existence of f\ and /' follows from theorems 12.2.141 and 12.4.121 Consider a pullback 
square A as above. The isomorphism g*f\ ~ fig'* follows from proposition 12.4.171 and the 
isomorphism g'^f' ~ fg* is obtained from the preceding one by transposition. □ 

2.4.20. We assume now that & is a geometric and monoidal (i.e. symmetric monoidal as a 
complete triangulated S'm-fibred category over with geometric section M. 

Let p : E — > S be a vector bundle with zero section s : S — > E. We define the Thorn motive 
associated with E/S as the object MTh(E) = p$s*(lx) m ^(S). Note that the localization 
axiom implies that this motive is defined uniquely (cf. I2.3.3f 2)) by the distinguished triangle 

M S (E -S)^ M S (E) -» MTh(E) -> M S {E - S)[l]. 
Also, by proposition I2.4.7| we have MTh(A\) ~ l s (l)[2]. 

Moreover, according to !2. 3.151 for any object K of £?{X), we can compute the Thorn transforma- 
tion: 



(2.4.20.1) 



Th(E){K) ~ K O MTh(E). 
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Thus the premotive MTh(E) is £g>-invertible. We denote by MTh(-E) — s'(1e) its <g>-inverse. 
Finally, the construction of Ayoub recalled in 1 2. 4. 61 allows to associate to any short exact sequence 
a as in loc. cit. an isomorphism in 3T{S): 

e a : MTh(E) MTh(E') ® MTh(E"). 

Theorem 1.4.2 of |Ayo07a| then implies: 

Theorem 2.4.21. Under the assumptions of \2.4-20\ for any separated morphism of finite type 
f : Y — > X in 5f ' , there exists a pair of adjoint functors 

/> : 3T{Y) v± 3T{X) : f 

such that: 

(i) There exists a structure of a covariant (resp. contravariant) 2-functor on f i— ► f\ (resp. 
f ~ f)- 

(ii) There exists a natural transformation ctf : f\ — > /* which is an isomorphism when f is 

proper. Moreover, a is a morphism of 2- functors, 
(in) For any smooth strictly projective morphism f in 5? with cotangent bundle Qf, there are 
canonical natural isomorphisms 

pf.f' ^ MTh(Q f ) <g> /* and q f : /„ <g> MTh(-Clf) f\ 

which are dual to each other. Moreover, for any smooth strictly quasi-projective morphisms 
Z Y — » X in ,5f ' , considering the exact sequence of cotangent bundles 

(a) o^ g *n f -n ff/ ->o, 

the following diagram is commutative: 

(/g) ! gf 

\p s -pf 

MTh(Cl g ) ® MTh{g- l £lf) ® g* f* 
\(*) 

MTh(g*n f ) ® MTh(Q g ) <g> g* f* 

\- 

MTh{(l lf ) S (fg)" = MTh{Sl„) g'f 

where (*) denotes the natural symmetry isomorphism, 
(iv) For any cartesian square: 

Y'-^X' 
Y^X, 

such that f is separated of finite type, there exist natural isomorphisms 

9 f< —> f\9 , 
9*1 — > J 9* ■ 

(v) For any separated morphism of finite type f : Y — > X in .y, there exist natural isomor- 
phisms 

{f,K) ® x L^f,{K ® x f*L), 
Hom x (L,f,{K)) ^ f m Hom Y (f\L),K) , 
fHom x (L,M) ^ Hom Y (f(L)J*(M)). 
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Proof. Given theorem l2.4.121 everything except point (iii) are consequences of theorem l2.2.14l (the 
first isomorphism of property (v) is a special instance of proposition 12.4.171 while the other ones 
are obtained from the first by transposition). Point (iii) follows from 12.4. 151 applied to 3T\y . □ 

Remark 2.4.22. In fact, the main step in the proof of |Ayo0 7a, 1.4.1] is to construct the morphism 
/ ! by choosing a factorization: 

(2.4.22.1) Y^P^X 

where i is a closed immersion and p is a smooth morphism and defining: 

f = (MTh(-Ni) ® i')(MTh(T f ) ® /*). 

By virtue of a result of Ayoub |Ayo07a[ 1.3.1], this construction is independent of the factorization. 
Note also that the two possible definitions of the pair of functors (ft, f ) was already evoked by 
Deligne in AGV73, XVII] (the other one being credited to Grothendieck). 

3. Descent in ^-fibred model categories 

3.0. In this section, is an abstract category and 2? an admissible class of morphisms in 5? . 
In section [3~3l however . we will consider as in l2.0l a noetherian base scheme S and we will assume 

that 5? is an adequate category of 5-schemes satisfying the following condition on 5?: 

(a) Any scheme in is finite dimensional. 
Moreover, in sections I3.3.cl and I3.3.dl we will even assume: 

(a') Any scheme in 5? is quasi-excellent and finite dimensional. 

We fix an admissible class 2? of morphisms in ,5f which contains the class of etale morphisms 
in 5? and a stable combinatorial P-fibred model category j$ over 5? . 
In section f3. 3 .dl we will assume furthermore that: 

(b) The stable model ^-fibred category is Q-linear (see 13.2.14")) . 

3.1. Extension of ^-fibred categories to diagrams. 

3.1. a. The general case. 

3.1.1. Assume given a ^-fibered category ^ over S " . Then j$ can be extended to J^-diagrams 
(i.e. functors from a small category to 5?) as follows. Let J be a small category, and X a functor 
from / to '. For an object i of /, we will denote by 3&i the fiber of JT at i (i.e. the evaluation of 
3£ at i), and, for a map u : i — ► j in J, we will still denote by u : — > 3£j the morphism induced 
by u. We define the category ^((3£ , I) as follows. 

An object of ^t(5£ , I) is a couple (M, a), where M is the data of an object M, in ^(^1) for 
any object i of /, and a is the data of a morphism a u : u*(Mj) —> Mi for any morphism u : i — > j 
in I, such that, for any object i of /, the map ai i is the identity of Mi (we will always assume 
that 1* is the identity functor), and, for any composable morphisms u : i — > j and v : j — ► k in I, 
the following diagram commutes. 

u*v*(M k ) (vu)*(M k ) 

U*(a nj ) "mi 

u*(M 3 ) — ^ Mi 

A morphism p : (M, a) — ► (N, b) is a collection of morphisms 

Pi : Mi -» Ni 



of) 
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in j^({3Ci), for each object i in /, such that, for any morphism u : i — ► j in /, the following diagram 
commutes. 



Mi >~ Ni 

Pi 

In the case where ^# is a monoidal ^-fibred category, the category ^#(^T, J) is naturally endowed 
with a symmetric monoidal structure. Given two objects (M, a) and (N,b) of jjl^X , I), their 
tensor product 

(M, a) <g (N, b) = (M®N,a®b) 
is defined as follows. For any object i of I, 

(M eg) JVOi = Mi eg jV< , 

and for any map w : i — > j in /, the map (a fg b) u is the composition of the isomorphism u*(Mj fg 
Nj) ~ u*(Mj) eg) u*(Nj) with the morphism 

a u (g &„ : u*(Mj) Cg u*(JV» -> M l ^N i . 

Note finally that if ^# is complete monoidal ^-fibred category, then ^#(^T, 7) admits an internal 
Horn. 

3.1.2. Evaluation functors. Assume now that for any 5, j%(S) admits small sums. 
For each object i of I, we have a functor 

{/>AJA] (M,a)^Mi 
This functor i* has a left adjoint 

(3.1.2.2) i, : JTi) -> .#(^f, I) 

defined as follows. If M is an object of .# (^i), then ij(M) is the data (M', a') such that for any 
object j of I, 

(3.1.2.3) (i„(M)).=Mj= [] u*(M), 

and, for any morphism v : k — ► j in I, the map a^, is the canonical map induced by the collection 
of maps 

(3.1.2.4) v*u*(M) ~ (uv)*(M) -> J J w*(M) 
for u £ Hom/(j, i). 

If we assume that ~# is a complete ^-fibred category and that j${S) admits small products 
for any S, then i* has a right adjoint 

(3.1.2.5) i t :Jt(%i)^Jf{%,l) 
given, for any object M of ^#(<^i) by the formula 

(3.1.2.6) (**(M)).= u»(M), 

with transition map given by the dual formula of 13.1.2.41 

3.1.3. Functor iality. Assume that j& if a ^-fibred category suth that for any object S of JS^, 
(5) has small colimits. 

Remember that, if X and 9 are ^-diagrams, indexed respectively by small categories I and 
J, a morphism y> : (X" , I) — > J) is a couple if = (a,f), where / : I — > J is a functor, and 
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a : S£ — > is a natural transformation (where f*{&~) = *3f of). In particular, for any object 

i of 7, we have a morphism 

a, : 2T< - 

in J^. This turns ^-diagrams into a strict 2-category: the identity of (3£ ,T) is the couple 
(1^,1/), and, if ip = {a J) : {S£ ,1) -> J) and ^> = (j3,g) : [W , J) -> [3T,K) are two 
composable morphisms, the morphism ip o ip : («$2T, 7) — > (JT, JC) is the couple (5/, 7), where for 
each object i of 7, the map 

7i : ^ -> 

is the composition 

%i ^g(/(i)) ■ 

There is also a notion of natural transformation between morphisms of ^-diagrams: if ip = (a, f) 
and ip' = (a', /') are two morphisms from 7) to (£9^, J), a natural transformation t from ip to 
<// is a natural transformation t : / — > /' such that the following diagram of functors commutes. 



W o / ^ ^ o /' 

This makes the category of ^-diagrams a (strict) 2-category. 

To a morphism of diagrams ip — (a, f) : (.ST, I) — -> {W , J), we associate a functor 

ip* : J({&,J) -» Jl{X, I) 

as follows. For an object (A7, a) of J({W), p*(M,a) = (<p*(M), <p*{a)) is the object of J({3C) 
defined by ip*(M)i = Mf^ for i in 7, and by the formula ip*(a) u = : f{u)*{Mftj\) — > Mfu\ 
for u : i — > j in 7. 

We will say that a morphism ip : ( JT, 7) — > (^, J) is a & -morphism if, for any object i in 7, 
the morphism on : — > ^f!i) i s a ^-morphism. For such a morphism the functor ip* has a 
left adjoint which we denote by 

tp, :J[{X,T) — J) . 

For instance, given a J^-diagram 2£ indexed by a small category 7, each object i of 7 defines a 
^-morphism of diagrams i : SCi — > (j?T,7) (where J£j is indexed by the terminal category), so 
that the corresponding the functor ij corresponds precisely to (13.1. 2. 2p . 

Assume that ^ is a complete ^-fibred category such that j$(S) has small limits for any 
object X of 5? . Then the functor p* has a right adjoint which we denote by 

ip* :^(jr,7) -+je{or, j). 

In the case where ip is the morphism i : S£i — > (.2T, 7) defined by an object i of 7, i» corresponds 
precisely to (|3.1.2.5|) . 

Remark 3.1.4. This construction can be applied in particular to any Grothendieck abelian (monoidal) 
^-fibred category (c/. definition II. 3. 8|) . The triangulated case cannot be treated in general with- 
out assuming a thorough structure - this is the purpose of the next section. 

3.1.b. The model category case. 

3.1.5. Let ^ffl be a J^-fibred model category over (cf. 11.3. 20[) . Given a ^-diagram S£ indexed 
by a small category 7, we will say that a morphism of ■/#(<$£", 7) is a termwise weak equivalence 
(resp. a termwise fibration, resp. a termwise cofibration) if, for any object i of 7, its image by the 
functor i* is a weak equivalence (resp. a fibration, resp. a cofibration) in .4V(3t~i). 

Proposition 3.1.6. If is a cofibrantly generated & -fibred model category over .y, then, for 
any -diagram X indexed by a small category I, the category ^(3fc ,1) is a cofibrantly generated 
model category whose weak equivalences (resp. fibrations) are the termwise weak equivalences (resp. 
the termwise fibrations). This model category structure on ^£(X ,7) will be called the projective 
model structure. 
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Moreover, any cofibration of.^(X,I) is a termwise cofibration, and the family of functors 
i* : H.o(j£)(X,I) — Ho(^T)( X,) , i 6 Ob(7) , 

is conservative. 

If is left proper (resp. right proper, resp. combinatorial, resp. stable), then so is the 
projective model category structure on ^{X). 

Proof. Let X s be the j?-d iagram indexed by the set of objects of I (seen as a discrete category), 
whose fiber at i is X{. Let ip : (X s , Obi) — * (X, 7) be the inclusion (i.e. the map which is the 
identity on objects and which is the identity on each fiber). As ip is clearly a ^-morphism, we 
have an adjunction 

ipt ■ Jt(X s , Obi) ~\[jZ(Xi) i=t J?(X,I) : if* . 

i 

The functor tp» can be made explicit: it sends a family of objects (Mj)j (with M, in .# (^i)) 
to the sum of the i»(Mi)'s indexed by the set of objects of I. Note also that this proposition is 
trivially verified whenever X s = X . Using the explicit formula for given in l3~L2l it is then 
straightforward to check that the adjunction (ip$, ip*) satisfies the assumptions of |Cra95| Theorem 
3.3], which proves the existence of the projective model structure on ^(X, I). Furthermore, the 
generating cofibrations (resp. trivial cofibrations of ^(X ,1)) can be described as follows. For 
each object i of I, let Ai (resp. Bi) be a generating set of cofibrations (resp. of trivial cofibrations 
in ./tf(Xi). The class of termwise trivial fibrations (resp. of termwise fibrations) of j$(X ', I) is the 
class of maps which have the right lifting property with respect to the set A — Uj e ji<j(Aj) (resp. 
to the set B = Uj e j i^(BA). Hence, the set A (resp. B) generates the class of cofibrations (resp. 
of trivial cofibrations). In particular, as any element of A is a termwise cofibration (which follows 
immediately from the explicit formula for ig given in l3.1.2|l . and as termwise cofibrations are stable 
by pushouts, transfinite compositions and retracts, any cofibration is a termwise cofibration (by 
the small object argument). 

As any fibration (resp. cofibration) of ^((X,I) is a termwise fibration (resp. a termwise 
cofibration), it is clear that, whenever the model categories ^(Xi) are right (resp. left) proper, 
the model category ^K(X , I) has the same property. 

The functor ip* preserves fibrations and cofibrations, while it also preserves and detects weak 
equivalences (by definition). This implies that the induced functor 

<p* : Ro(^){X,I) -» Eo(^)(X s , Obi) ~ J[ Ho(^T)( X£) 

i 

is conservative (using the facts that the set of maps from a cofibrant object to a fibrant object in 
the homotopy category of a model category is the set of homotopy classes of maps, and that a 
morphism of a model category is a weak equivalence if and only if it induces an isomorphism in 
the homotopy category). As ip* commutes to limits and colimits, this implies that it commutes 
to homotopy limits and to homotopy colimits (up to weak equivalences). Using the conservativity 
property, this implies that a commutative square of ^#(<^T, I) is a homotopy pushout (resp. a 
homotopy pullback) if and only if it is so in ^{X & , Ob I). Remember that stable model categories 
are characterized as those in which a commutative square is a homotopy pullback square if and 
only if it is a homotopy pushout square. As a consequence, if all the model categories ^(X) are 
stable, as ^{X s , Obi) is then obviously stable as well, the model category , I) has the 

same property. 

It remains to prove that, if j$(X,I) is a combinatorial model category for any object X of 
then .4t {X , I) is combinatorial as well. For each object i in I, let Gi be a set of accessible 
generators of .M (Xi). Note that, for any object i of I, the functor has a left adjoint i* which 
commutes to colimits (having itself a right adjoint z*). It is then easy to check that the set of 
objects of shape ij(M), for M in Gi and i in I, is a small set of accessible generators of , I). 

This implies that (X, I) is accessible and ends the proof. □ 

Proposition 3.1.7. Let ^ be a combinatorial ^-fibred model category over . Then, for any 
5f -diagram X indexed by a small category I, the category ^{X,I) is a combinatorial model 
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category whose weak equivalences (resp. cofibrations) are the termwise weak equivalences (resp. 
the termwise cofibrations). This model category structure on ^#(<^T, I) will be called the injective 
model structure 15 !. Moreover, any fibration of the injective model structure on is a 

termwise fibration. 

If ^ is left proper (resp. right proper, resp. stable), then so is the injective model category 
structure on ,1). 

Proof. See |Bar09[ Theorem 2.28] for the existence of such a model structure (if, for any object X 
in 5? ', all the cofibrations of ^Z(X) are monomorphisms, this can also be done following mutatis 
mutandis the proof of |Ayo07a| Proposition 4.5.9]). Any trivial cofibration of the projective model 
structure being a termwise trivial cofibration, any fibration of the injective model structure is a 
fibration of the projective model structure, hence a termwise fibration. 

The assertions about properness follows from their analogs for the projective model structure 
and from [Cis061 Corollary 1.5.21] (or can be proved directly; see [Bar09[ Proposition 2.31]). 
Similarly, the assertion on stability follows from their analogs for the projective model structure. 

□ 

3.1.8. From now on, we assume that a combinatorial ^-fibred model category ^ over 5? is 
given. Then, for any ^-diagram (<$£",/), we have two model category structures on 

and the identity defines a left Quillcn equivalence from the projective model structure to the 
injective model structure. These will be used for the understanding of the functorialities coming 
from morphisms of diagrams of 5-schemes. 

3.1.9. The category of ^-diagrams admits small sums. If Ij)}jeJ is a small family of 
^-diagrams, then their sum is the ^-diagram {3£ , I), where 

'=11^' 

and 3> is the functor from I to J? defined by 

2£i = whenever i £ Ij. 

Proposition 3.1.10. For any small family of 5f -diagrams the canonical functor 

Ho(.#)(]J 0j) - Yl Ho(..#)(^) 
je,/ jeJ 



is an equivalence of categories. 
Proof. The functor 



is an equivalence of categories. It thus remains an equivalence after localization. To conclude, it 
is sufficient to see that the homotopy category of a product of model categories is the product of 
their homotopy categories, which follows rather easily from the explicit description of the homotopy 
category of a model category; see e.g. |Hov991 Theorem 1.2.10]. □ 

Proposition 3.1.11. Let p = (a, f ) : (3£ ,1) — > [W ^ J) be a morphism of 5? '-diagrams. 

(i) The adjunction tp* : j$(W,J) <=^ : ip* is a Quillen adjunction with respect to 

the injective model structures. In particular, it induces a derived adjunction 

Lip* : no{JK){&, J) Ho(^)( 3C, I) : R<p* . 

(ii) If p is a £P -morphism, then the adjunction p$ : ,1) ^#(^, J) : p* is a Quillen 

adjunction with respect to the projective model structures, and the functor tp* preserves 
weak equivalences. In particular, we get a derived adjunction 

Lip t : Eo(Jf)(&, I) <=* Hopf)(^, J) : Lip* = p* = Rtp* . 



Quite unfortunately, this corresponds to the 'semi-projective' model structure introduced in |Ayo07al Def. 
4.5.8]. 
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Proof. The functor <p* obviously preserves termwise cofibrations and termwise trivial cofibrations 
(we reduce to the case of a morphism of using the explicit description of if* given in I3.1.3|) , 
which proves the first assertion. Similarly, the second assertion follows from the fact that, under 
the assumption that ip is a ^-morphism, the functor f* preserves termwise weak equivalences 
(see Remark ll.3.21|) . as well as termwise fibrations. □ 

3.1.12. The computation of the (derived) functors R^* (and whenever it makes sense) given 
by Proposition 13.1.111 has to do with homotopy limits (and colimits) . It is easier to understand 
this first in the non derived version as follows. 

Consider first the trivial case of a constant ^-diagram: let X be an object of =5^, and I a small 
category. Then, seeing X as the constant functor / — > with value X, we have a projection 
map pj : (X,I) — > X. ^From the very definition, the category ^{X, I) is simply the category of 
presheaves on / with values in ^#(X), so that the inverse image functor 

(3.1.12.1) p} : JK(X) -► JK(X, I) = JHjCf 
is the 'constant diagram functor', while its right adjoint 

(3.1.12.2) lim = p lt : J[(X, I) J({X) 

l OP 

is the limit functor, and its left adjoint, 

(3.1.12.3) lim = p IA : M{X, I) Jg{X) 

J op 

is the colimit functor. 

Let S be an object of 5^. A 5? -diagram over S is the data of a ^-diagram («$£", I), together 
with a morphism of ^-diagrams p : , I) — > S (i.e. its a J? 7 / ^-diagram) . Such a map p factors 
as 

(3.1.12.4) ($r,I)^(S,I)^S, 

where ir — (p, 1/). Then one checks easily that, for any object M of I), and for any object 

i of /, one has 

(3.1.12.5) n^My-p^Mi), 

where p i : 3C% — > S is the structural map, from which we deduce the formula 

(3.1.12.6) P*{M) ~ lim 7T*(M)i ~ lim p^M,) , 

iei op iei°p 

Remark that, if I is a small category with a terminal object to, then any ^-diagram S£ indexed by 
I is a J^-diag we deduce from the computations above that, if p : {3> , I) — » SC U 

denotes the canonical map, then, for any object M of I), 

(3.1.12.7) p*(M)~M u . 

Consider now a morphism of ^-diagrams ip = (a, f) : (3£ ', I) — > (^, J). For each object j, we 
can form the following pullback square of categories. 

Uj 

I/j-^I 

(3.1.12.8) f/j f 

J/J -5^ J 



in which J/j is the category of objects of J over j (which has a terminal object, namely (J, lj), 
and Vj is the canonical projection; the category I/j is thus the category of pairs (i, a), where i is 
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an object of /, and a : f(i) — ► j a morphism in J. From this, we can form the following pullback 
of ^-diagrams 

(3.1.12.9) ip/j 

in which 3£ / j — 3£ o Uj, /j = W o Vj, and the maps [ij and Vj are the one induced by Uj and 
Vj respectively. For an object M of M{3€ , I) (resp. an object TV of ^(^V, J)), we define M/j 
(resp. N/j) as the object of .4K{3£/j, I/j) (resp. of Jt{<¥ / j, J / j)) obtained as M/j = /x*(M) 
(resp. N/j — Uj(N)). With these conventions, for any object M of J(((3£ , I) and any object j of 
the indexing category J, one gets the formula 

(3.1.12.10) ip*(M)j ~ (tp/j)*(M/j)(j jl:j )) ~ lim a 4 ,,(Mi). 
This implies that the natural map 

(3.1.12.11) V.(Af)/j - i/; p,(AT) -> (p/j), /i*(M) = (cp/j)*(M/j) 

is an isomorphism: to prove this, it is sufficient to obtain an isomorphism from (|3. 1.12. lip after 
evaluating by any object (j',a : j' — > j) of J/j, which follows readily from (|3.1.12.10[) and from 
the obvious fact that (I/j)/(j',a) is canonically isomorphic to I/j'. 

In order to deduce from the computations above their derived versions, we need two lemmata. 

Lemma 3.1.13. Let be a ,y -diagram indexed by a small category I, and i an object of I . 
Then the evaluation functor 

i* : Jt{S£,I) -+JC{3£i) 

is a right Quillen functor with respect to the injective model structure, and it preserves weak 
equivalences. 

Proof. Proving that the functor i* is a right Quillen functor is equivalent to proving that its left 
adjoint (|3.1.2.2|) is a left Quillen functor with respect to the injective model structure, which 
follows immediately from its computation (|3. 1 .2.3(1 . as, in any model category, cofibrations and 
trivial cofibrations are stable by small sums. The last assertion is obvious from the very definition 
of the weak equivalences in {5£ , I). □ 

Lemma 3.1.14. For any pullback square of 5^ -diagrams of shape (|3. 1 . 12.8|) . the functors 

H* ■ I) - I/j) , M ~ M/j 

v* : JZ{W, I) J?{W/j, J/j) , N » N/j 

are right Quillen functors with respect to the injective model structure, and they preserve weak 
equivalences. 

Proof. It is sufficient to prove this for the functor fj,* (as v* is simply the special case where I = J 
and / is the identity). The fact that fj,* preserves weak equivalences is obvious, so that it remains 
to prove that it is a right Quillen functor. We thus have to prove that left adjoint of /it*, 

m :^($r/j,I/j)^^(%-,I), 

is a left Quillen functor. In other words, we have to prove that, for any object i of /, the functor 

i*H jA : JZ{3£,I) J[{X) 

is a left Quillen functor. For any object M of I), we have a natural isomorphism 

**Af,Mt(M)~ ]± (ha^Mi). 

o6Homj(/(i),j) 
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But we know that the functors (i, a)jj are left Quillen functors, so that the stability of cofibrations 
and trivial cofibrations by small sums and this description of the functor i*/J,j,$ achieves the 
proof. □ 

Proposition 3.1.15. Let S be an object of £f ', and p : (3t>,F) — > S a £f -diagram over S, and 
consider the canonical factorization (|3.1. 12.4[) . For any object M of Ho I), there are 
canonical isomorphisms and Ho(./#)(5): 

R7r*(M) i ~Rp ii „(M i ) and Rp*(M) ~ Rlim Rp^jMj) , 

In particular, if furthermore the category I has a terminal object u>, then 

Rp*(M) ~Rp^(M u ). 

Proof. This follows immediately from (|3.1.12.5p and (|3.1.12.6[) and from the fact that deriving 
(right) Quillen functors is compatible with composition. □ 

Proposition 3.1.16. We consider the pullback square of .^-diagrams (|3.1.12.8|) (as well as the 
notations thereof). For any object M of Ho(^#)(<$?T, /), and any object j of J, we have natural 
isomorphisms 

Rv?»(M)j ~ Rlim Ra ij »(M i ) and Rtp*(M)/j~R(cp/j)*(M/j) 
(i,a)el/j°> 

in Ho(^)(tyj) and in Ho(^#)(^ /j, J/j) respectively. 

Proof. Using again the fact that deriving right Quillen functors is compatible with composition, 
by virtue of Lemma 13.1.131 and Lemma I3.1.14( this is a direct translation of (|3.1.12.10p and 
(13.1.12.1111 . □ 

Proposition 3.1.17. Let u : T — > S be a £P -morphism of S 9 , and p : (3£ ,1) — > S a ,5^ -diagram 
over S. Consider the pullback square of - diagrams 



T — 



•S 



(i.e. — T Xs 3£% for any object i of I). Then, for any object M o/Ho(^#)(<^, /), the canonical 
map 

Lu* Rp*(M) -> R<?* Lv*(M) 

is an isomorphism in Ho(^#)(T). 

Proof. By Remark ll.3.21| the functor v* is both a left and a right Quillen functor which preserves 
weak equivalences, so that the functor Lis* = v* = Ris* preserves homotopy limits. Hence, 
by Proposition 13.1.151 one reduces to the case where / is the terminal category, i.e. to the 
transposition of the isomorphism given by the ^-base change formula (^-BC) for the homotopy 
^-fibred category Ho(^) (see [TXTS]). □ 

3.1.18. A morphism of ^-diagrams v = (a, /) : {W , J') 
i — > j in J 7 , the induced commutative square 



(&~, J), is cartesian if, for any arrow 



f(i) 



fU) 



is cartesian. 

A morphism of ^-diagrams v = (a, f) : {W' , J 1 ) —* J) is reduced if J = J' and / = lj. 
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Proposition 3.1.19. Let v : (W,J) — > (*3f , J) be a reduced cartesian ^-morphism of 5?- 
diagrams, and ip — (a,/) : (<^,I) — » {ty , J) a morphism of 5?- diagrams. Consider the pullback 
square of 5^ -diagrams 

(i.e. = ^j'(j) x ^)(;) ^ / or ari J/ object i of I). Then, for any object M of Ho(^#)(<i2T, I), the 
canonical map 

\,v* R</?*(M) -> RV>* L^*(Af) 
is an isomorphism in Ho(^#)(^', J). 

Proof. By virtue of Proposition 13.1.61 it is sufficient to prove that the map 

j* L^* R</?*(M) -> j*RV>» L/x*(M) 

is an isomorphism for any object j of J. Let p : (SP/j, I/j) — » &j and q : {3>' /j, J,j) — > 2^' be 
the canonical maps. As f is cartesian, we have a pullback square of J^-diagrams 



&! 05 

But ^ being a ^-morphism, by virtue of Proposition 13. 1.171 we thus have an isomorphism 

Li/; Rp.(M/j) ~ R<z* L(n/j)*(M/j) = R?*(L M *(M)/j) . 

Applying Proposition ^ . 1 . 161 and the last assertion of Proposition l3~l .151 twice . we also have canon- 
ical isomorphisms 

j*TLcp*(M) ~ Rp*(M/j) and j*R^ L//(M) ~ Hq*(Lfi*(M)/j) . 

The obvious identity j*~Lv* = Lv*j* achieves the proof. □ 

Corollary 3.1.20. Under the assumptions of Provosition W7l.l9[ for any object N o/Ho(^#)(^', j), 
the canonical map 

L/ifl Li/;*(N) -> L^* Li/)t(iV) 
is an isomorphism in Wo{^£)(3£ , J). 

Remark 3.1.21. The class of cartesian ^-morphisms form an admissible class of morphisms in 
the category of ^-diagrams, which we denote by & C art- Proposition 13.1. Ill and the preceding 
corollary thus asserts that Ho(^#) is a ^cart-fibred category over the category of ^-diagrams. 

3.1.22. We shall deal sometimes with diagrams of ^-diagrams. Let / be a small category, and 
& a functor from / to the category of ^-diagrams. For each object i of /, we have a 5?- 
diagram (J^"(i), Jj), and, for each map u : i — > i' , we have a functor f u : Ji — > Jii as well as a 
natural transformation a u : ^{i) — > o /„, subject to coherence identities. In particular, 

the correspondance i t— ► defines a functor from I to the category of small categories. Let 
Ig: be the cofibred category over I associated to it; see [Gro031 Exp. VI]. Explicitely, Zjr is 
described as follows. The objects are the couples (i,x), where i is an object of /, and x is an 
object of Ji. A morphism (i,x) — » (i',x') is a couple (u,v), where u : i — > i' is a morphism of 
/, and u : f u (x) — > a;' is a morphism of J^. The identity of (i,x) is the couple (lj, l x ), and, 
for two morphisms (u,v) : («,x) — ► (i',x') and (u',v') : (i',x') — > (i",x"), their composition 
(w", w") : (i, x) — > (i", a;") is defined by u" = u 1 o u, while v" is the composition of the map 

fw(x) = f U '(fu(x)) fu ' (t,) > fu'{x) — > x" . 



58 
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The functor p : Igc — > / is simply the projection (i,x) i— > i. For each object i of /, we get a 
canonical pullback square of categories 



(3.1.22.1) 



in which i is the functor from the terminal category e which corresponds to the object i, and £i is 
the functor defined by £i(x) = {i,x). 

The functor & defines a ^-diagram (f&, ijr): for an object (i, x) of ijr, (J*^)(i,x) = -^Wx) 
and for a morphism (it, w) : (i, — > (i', a;'), the map 

is simply the morphism induced by a u and v. For each object i of /, there is a natural morphism 
of ^-diagrams 

(3.1.22.2) Aii^O.Ji)-*^,/^), 
given by A l = (l^ (j) ,^) 

Proposition 3.1.23. Let X 6e cm object of 5? ', and f : & — > X a morphism of functors (where 
X is considered as the constant functor from I to .y -diagrams with value the functor from e to y 
defined by X). Then, for each object i of I , we have a canonical pullback square of S"- diagrams 

(3?(i),Ji)^+{j&,ij?) 



x ~^( x ^) 

in which (p and tpi are the obvious morphisms induced by f (where, this time, (X,I) is seen as the 
constant functor from I to 5? with value X). 

Moreover, for any object M ofHo(^)(J^ r ,I^), the natural map 

i* B.<p*(M) = -» R<^,* \*{M) 

is an isomorphism. In particular, if we also write by abuse f for the induced map of -diagrams 
from (J^", Jjr) to X, we have a natural isomorphism 

R/*(M) ~ Rfim By*,* X*(M) . 

Proof. This pullback square is the one induced by (|3.1.22.1[) . We shall prove first that the map 

i* Htp*(M) = %,(M), -> Rp (f „ A*(M) 

is an isomorphism in the particular case where / has a terminal object to and i = u). By virtue of 
Propositions 13.1.151 and 13.1.161 we have isomorphisms 

(3.1.23.1) w*%,(M)~ RHm%,(M)j~ Rlim R^,* (M^ x) ) , 

where ip^ x : ,^P(i) x — > X denotes the map induced by /. We are thus reduced to prove that the 
canonical map 

(3.1.23.2) Rlim R^, X) * {M {i>x) ) Rlim R^,* (M ((I)>x) ) si R^,* A* (M) 

is an isomorphim. As /jr is cofibred over I, and as to is a terminal object of /, the inclusion 
functor & u : J u — > Ig; has a left adjoint, whence is coaspherical in any weak basic localizer 
(i.e. is homotopy cofinal); see |Mal051 1.1.9, 1.1.16 and 1.1.25]. As any model category defines 
a Grothendieck derivator ( |Cis03[ Thm. 6.11]), it follows from |Cis03i Cor. 1.15] that the map 
(13.1. 23. 2p is an isomorphism. 
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To prove the general case, we proceed as follows. Let & /i be the functor obtained by composing 
& with the canonical functor v\ : I/i — > I. Then, keeping track of the conventions adopted in 
I3.1.121 we check easily that (I/ijjfU = (I&)/i and that f(&/i) = (f&)/i. Moreover, the pullback 
square (|3.1.22.1|) is the composition of the following pullback squares of categories. 



Ji 



p/i 
■I/i- 



The pullback square of the proposition is thus the composition of the following pullback squares. 

(J^(z), Ji) — ^ (JJ?/i, (J^, 
ip/i V 



X 



The natural transformations 

(i, 1,)* R(^/i), 



(i,l<) 



(X,J/i) 



and Ryj* — > R(y>/z)» /x* 



are both isomorphisms: the first one comes from the fact that (i, 1{) is a terminal object of I/i, 
and the second one from Proposition 13. 1 .161 We thus get: 

i* R<p*(M) ~ (i, h)* v* Ry>.(Af) 

^(i,l j )*R(¥>/i).A*i(M) 

~R^,*A*(M). 

The last assertion of the proposition is then a straightforward application of Proposition l3 . 1.151 □ 

Proposition 3.1.24. If is a monoidal & -fibred combinatorial model category over , then, for 
any 5? -diagram 3£ indexed by a small category I, the injective model structure turns *d({3£ , I) into 
a symmetric monoidal model category. In particular, the categories Ho(^#)(<^, I) are canonically 
endowed with a closed symmetric monoidal structure, in such a way that, for any morphism of 
^-diagrams tp : [3K ,1) — > (W , J), the functor Lip* : Ho(^#)(^, J) — > Ho(^#)( t £", I) is symmetric 
monoidal. 

Proof. This is obvious from the definition of a symmetric monoidal model category, as the tensor 
product of j$(3£ , /) is defined termwise, as well as the cofibrations and the trivial cofibrations. □ 

Proposition 3.1.25. Assume that ^# is a monoidal HP-fibred combinatorial model category over 
', and consider a reduced cartesian -morphism ip = (a, f) : J) — > (&,I). Then, for any 
object M in Ho(^)(£^ , I) and any object N in Ho(.#)(^, /), the canonical map 

L(p$(M ® L (p*(N)) -> Lipi(M) ® L N 

is an isomorphism. 

Proof. Let i be an object of I. It is sufficient to prove that the map 

i*Ltpt(M ® L ip*(N)) -> i*Lip^M) ® L N 

is an isomorphism in Ho(^#)(<^i). Using Corollary 13. 1.201 we see that this map can be identified 
with the map 

L(p iiiS {Mi ® L ip*i{Ni)) L^ it j(Mi) ® L Ni , 

which is an isomorphism according to the ^-projection formula for the homotopy ^-fibred cate- 
gory Ho(^#). □ 



(if) 
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3.1.26. Let (i8T, 7) be a ^-diagram. An object M of ^#(i£", 7) is homotopy cartesian if, for any 
map u : i — ► J in 7, the structural map u*(Mj) — > Mj induces an isomorphism 

W(M,-) ~ Mj 

in YLo{y$){3£ , 7) (i.e. if there exists a weak equivalence Mj — > Mj with Mj cofibrant in 
such that the map u*(Mj) — » Mj is a weak equivalence in ^#(^)). 

We denote by Ho(^#)(^T, I) heart the full subcategory of Ho(^#)(^T,7) spanned by homotopy 
cartesian sections. 

An homotopy cartesian resolution of an object M of ^#(i?T, 7) is a weak equivalence M' — » M 
in ^#(^",7) with M' cofibrant (for the injective model structure) and homotopy cartesian. 

Definition 3.1.27. A cofibrantly generated model category y is tractable is there exist sets 7 
and J of cofibrations between cofibrant objects which generate the class of cofibrations and the 
class of trivial cofibrations respectively. 

Remark 3.1.28. If j$ is a combinatorial and tractable ^-fibred model category over J/", then so 
are the projective and the injective model structures on „4K(3£ , I); see [Bar09| Thm. 2.28 and 
2.30]. 

Proposition 3.1.29. If jM is tractable, then any object of j^i^SC , 7) admits an homotopy carte- 
sian resolution (and there even exists a functorial homotopy cartesian resolution in ^(3s,I)). 
In particular, the inclusion functor 

Ho{^)(%-,I) htMrt -> HoM0(.r,7) 

admits a left adjoint. 

Proof. This follows from the fact that the cofibrant homotopy cartesian sections are the cofibrant 
object of a right Bousfield localization of the injective model structure on see [Bar09, 

Theorem 5.25]. □ 

Definition 3.1.30. Let j$ and two ^-fibred model categories over '. A Quillen morphism 7 
from jtft to ./#' is a morphism of ^-fibred categories 7 : M — ► such that 7* : j$(X) — » j$'{X) 
is a left Quillen functor for any object X of Ji^. 

Remark 3.1.31. If 7 : —> jfC is a Quillen morphism between ^-fibred combinatorial model 
categories, then, for any ^-diagram (J?T,7), we get a Quillen adjunction 

7* \Jl(X,T) T±JC{X,T) 17* 
(with the injective model structures as well as with the projective model structures). 
Proposition 3.1.32. For any Quillen morphism 7 : ./# — » ./#', the derived adjunctions 

L 7 * : HoMOpsT) «=> Ho(^')W : R-7* 
define a morphism of ^-fibred categories Ho(^) — ► Ho( t /#') over J^. 7/ moreover and ./#' 
are combinatorial, then the morphism Ho(^) — ► Ho(^#') extends to a morphism of ZP car t -fibred 
categories over the category of S"- diagrams. 

Proof. This follows immediately from [Hov99, Theorem 1.4.3]. □ 
3.2. Hypercoverings, descent, and derived global sections. 

3.2.1. Let be an essentially small category, and an admissible class of morphisms in $ 9 . We 
assume that a Grothendieck topology t on 5? is given. We shall write S^ 11 for the full subcategory 
of the category of ^-diagrams whose objects are the small families X = {Xi]i e j of objects of 
(seen as functors from a discrete category to S^). The category is equivalent to the 
full subcategory of the category of presheaves of sets on spanned by sums of representable 
presheaves. In particular, small sums are representable in J^ u (but note that the functor from 
5? to ^ u does not preserve sums). Finally, we remark that the topology t extends naturally to 
a Grothendieck topology on ^ u such that the topology t on 5? is the topology induced from 
the inclusion J9" C y u .The covering maps for this topology on y u will be called t-coverings 
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(note that the inclusion 5^ C J?* 11 is continuous and induces an equivalence between the topos of 
i-sheaves on 5? and the topos of i-sheaves on y u ). 

Let A be the category of non-empty finite ordinals. Remember that a simplicial object of 
is a presheaf on A with values in y n . For a simplicial set K and an object A of S^ u , we denote 
by K x X the simplicial object of defined by 



(K x X) 



II* 



n > 0. 



x£K n 



dA r 



A™ for its 



We write A™ for the standard combinatorial simplex of dimension n, and i r 
boundary inclusion. 

A morphism p : 36 — > between simplicial objects of J? 711 is a t-hypercovering if, locally for 
the i-topology, it has the right lifting property with respect to boundary inclusions of standard 
simplices, which, in a more precise way, means that, for any integer n > 0, any object U of ■i' 911 , 
and any commutative square 



dA n x U ■ 
;„ x i 
A" x U • 



36 



there exists a t-covering q : V — ► U, and a morphism of simplicial objects z : A" x V — > JT, such 
that the diagram bellow commutes. 

l(lxn) 



A 71 xV 




2/(1 xq) 



A t-hypercovering of an object X of is a a t-hypercovering p : 36 — » X (where A is considered 
as a constant simplicial object). 

Remark 3.2.2. This definition of t-hypercovering is equivalent to the one given in [AGV73, Exp. V, 
7.3.1.4]. 

3.2.3. Let 36 be a simplicial object of S^ 1 . It is in particular a functor from the category A op 
to the category of ^-diagrams, so that the constructions and considerations of 13. 1.221 apply to 
S£ . In particular, there is a ^-diagram 36 associated to 36 ', namely 36 = (J 36, (A op )^r). More 
explicitely, for each integer n > 0, there is a family {X n ,x}xeK n of objects of =5^, such that 



(3.2.3.1) 



xeK„ 



In fact, the sets K n form a simplicial set K, and the category (A op )x) can be identified over A op 
to the category (A/K) op , where A/K is the fibred category over A whose fiber over n is the set K n 
(seen as a discrete category), i.e. the category of simplices of K . We shall call K the underlying 
simplicial set of 36 , while the decomposition (|3.2.3.1|) will be called the local presentation of 36 ' . 
The construction 36 i— > 36 is functorial. If p : 36 — > <W is a morphism of simplicial objects of 
we shall denote by p : 36 — > & the induced morphism of J^-diagrams. However, for a morphism 
of p : 36 — > X, where A is an object of -Y u , we shall still denote by p : 36 — > A the corresponding 
morphism of ^-diagrams. 

Let j$ be a ^-fibred combinatorial model category over 5? . Given a simplicial object 36 of 
^ u , we define the category Ho{^){36) by the formula: 

(3.2.3.2) YLo{JZ){36) = Ho(.#)(]'^", (A op )jr) . 

Given an object A of ,5^ u and a morphism p : 36 — > A, we have a derived adjunction 

(3.2.3.3) Lp* : Ho(„#)(A) «=► Ho(.^)(JT) : Rp t . 



(>2 
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Proposition 3.2.4. Consider an object X of 5? , a simplicial object 3£ of , as well as a 
morphism p : 9£ — > X . Denote by K the underlying simplicial set of 3£ , and for each integer 
n ^ and each simplex x £ i^n? write Pn.x '■ 3£n,x —* X for the morphism of .y u induced by 
the local presentation of X (|3.2.3. 1|) . Then, for any object M of Ho(.#)(X), there are canonical 
isomorphisms 

Rp*Rp*(M) ~ RhmRp„,*L<(M) ~ Rlim( J] H^.LpJ^M)) . 

Proof. The first isomorphism is a direct application of the last assertion of Proposition 13.1.231 for 
= SK", while the second follows from the first by Proposition 13 . 1 . 1 Ol □ 

Definition 3.2.5. Given an object Y of S^ u , an object M of Ho(^)(Y) will be said to satisfy 
t-descent if it has the following property: for any morphism / : X — > Y and any t-hypercovering 
p : X — > X, the map 

R/» L/*(M) -» R/„ Rp* Lp* Lf (M) 

is an isomorphism in Ho(^#)(y). 

We shall say that M (or by abuse, that Ho(^#)) satisfies t-descent if, for any object Y of ^ u , 
any object of Ho(^#)(F) satisfies t-descent. 

Proposition 3.2.6. IfY = {Yj}j e / is a small family of objects of 5? (seen as an object of S* 11 ), 
then an object M o/Ho(^#)(Y) satisfies t-descent if and only if, for any i G I, any morphism 
f : X — > Yi of 5? , and any t-hypercovering p : 3£ — ► X, f/ie map 

R/» L/*(M<) -» R/* Rp* Lp* L/*(Mi) 

is an isomorphism in Ho(^#)(li). 

Proof. This follows from the definition and from Proposition 13.1. 101 □ 

Corollary 3.2.7. The 2? -fibred model category ^# satisfies t-descent if and only if, for any object 
X of 5? , and any t-hypercovering p : 2£ — ► X, the functor 

Lp* : Ho(Jt)(X) — Ho(„#)(Jf) 

is faithful. 

Proposition 3.2.8. If ^ satisfies t-descent, then, for any t-covering f : Y — > X, tfte functor 

Lf : Ho(uT)P0 — Ho(^)(y) 

is conservative. 

Proof. Let / : V — > X be a t-covering, and u : M — > M' a morphism of Ho(.#)(X) whose image 
by L/* is an isomorphism. We can consider the Cech t-hypercovering associated to /, that is the 
simplicial object *¥ over X defined by 

& n = Y x x Y x x ---x x Y. 

S v ' 

n + 1 times 

Let p : W — » X be the canonical map. For each n > 0, the map p n : <3f n — > X factor through /, 
from wich we deduce that the functor 

Lp* : Ho(^)(X) Ho(^)(^„) 

sends u to an isomorphism. This implies that the functor 

Lp* : Ho(^f)(X) - Ho(^)(^) 

sends u to an isomorphism as well. But, as 9 is a t-hypercovering of X, the functor Lp* is fully 
faithful, from which we deduce that u is an isomorphism by the Yoneda Lemma. □ 
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3.2.9. Let ~Y be a complete and cocomplete category. For an object X of y, define Pr(y /X, Y) 
as the category of presheaves on y '/X with values in "f. Then Pr(C/—, "f) is a ^-fibred category 
(where, by abuse of notations, denotes also the class of all maps in y): this is a special case 
of the constructions explained in 13.1.21 applied to 'f, seen as a fibred category over the terminal 
category. To be more explicit, for each object X of y n , we have a ^-enriched Yoneda embedding 

(3.2.9.1) ,Y U /X x f -v Pr{,Y/X, f) , (E/,M) h-> f7<g>M, 
where, if U = {Ui}i^i is a small family of objects of y, U ® M is the presheaf 

(3.2.9.2) ^^11 II M - 

ieJ aeHoniy/sfy.t/i) 

For a morphism / : X — > V in J^, the functor 

/* : Pr(y/Y, V) Pr(y/X, f) 

is the functor defined by composition with the corresponding functor y / X — > y /Y . The functor 
/* has always a left adjoint 

,f t :Pr(y/X, V)^Pr(y/Y,V) 7 
which is the unique colimit preserving functor defined by 

f$(U ® M) =U®M, 

where, on the left hand side U is considered as an object over X , while, on the right hand side, 
U is considered as an object over Y by composition with /. Similary, if all the pullbacks by / are 
representable in y (e.g. if / is a ^-morphism), the functor /* can be described as the colimit 
preserving functor defined by the formula 

f*(U ®M) = (X x Y U) ® M . 

If Y is a cofibrantly generated model category, then, for each object X of the category 
Pr(y /X,Y) is naturally endowed with the projective model category structure, i.e. with the 
cofibrantly generated model category structure whose weak equivalences and fibrations are defined 
termwise (this is Proposition 13.1.61 applied to seen as a fibred category over the terminal 
category). The cofibrations of the projective model category structure on Pr(y / X^Y) will be 
called the projective cofibrations. If moreover "¥ is combinatorial (resp. left proper, resp. right 
proper, resp. stable), so is Pr(y /X,'V). In particular, if 'f is a combinatorial model category, 
then Pr(y /— , Y) is a ^-fibred combinatorial model category over y. 

According to Definition 13. 2. 51 it thus makes sense to speak of ^-descent in Pr(y /—, Y). 

If U = {Ui}i(zi is a small family of objects of y over X, and if F is a presheaf over y /X, we 
define 

(3.2.9.3) F(U) = ]jF{U i ). 

the functor F i— » F(U) is a right adjoint to the functor E ^> U ® E. 

We remark that a termwise fibrant presheaf F on y jX satisfies ^-descent if and only if, for 
any object Y of y u , and any i-hypercovering — > Y over X, the map 

F(Y) -> RlimF(^) 

is an isomorphism in Ho(7 / ). 

Proposition 3.2.10. J/ "¥ is combinatorial and left proper, then the category of presheaves 
Pr(.y / X, admits a combinatorial model category structure whose cofibrations are the projective 
cofibrations, and whose fibrant objects are the termwise fibrant objects which satisfy t-descent. This 
model category structure will be called the t-local model category structure, and the corresponding 
homotopy category will be denoted by Kot(Pr(y /X, "f)). 
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Moreover, any termwise weak equivalence is a weak equivalence for the t-local model structure, 
and the induced functor 

a* : Ro(Pr(y/X, f)) -> Ro t (Pr(y/X, f)) 

admits a fully faithful right adjoint 

a* : Ro t (Pr(y/X,Y)) -» Ro(Pr(y / X,Y)) 

whose essential image consists precisely of the full subcategory ofHo(Pr(y/X, 'f)) spanned by the 
presheaves which satisfy t-descent. 

Proof. Let H be the class of maps of shape 

(3.2.10.1) hoco\iuY<3/ n ® E -> Y ® E , 

where Y is an object of y u over X,& — > Y is a i-hypercovering, and E is a cofibrant replacement 
of an object which is either a source or a target of a generating cofibration of f . Define the t- 
local model category structure as the left Bousfield localization of Pr(y/X, Y) by H; see [BarOQ, 
Theorem 4.7]. We shall call t-local weak equivalences the weak equivalences of the i-local model 
category structure. For each object Y over X, the functor Y <£> (— ) is a left Quillen functor from 
y to Pr(,y/X, f). We thus get a total left derived functor 

Y ® L (-) : Ho(r) -> Ro t (Pr(y/X, Y)) 

whose right adjoint is the evaluation at Y. For any object E of Y and any t-local fibrant presheaf 
F on y/X with values in "V, we thus have natural bijections 

(3.2.10.2) Hom(£, F{Y)) ~ Hom(F ® L E, F) , 
and, for any simplicial object & of y/X, identifications 

(3.2.10.3) Hom(E, RlimF(^ l )) ~ Hom( L lim W n (g> L E, F) , 

neA neA 

One sees easily that, for any t-hypercovering — » F and any cofibrant object of the map 

(3.2.10.4) Llim^(g) L £ -> Y ® L £ 

nGA 

is an isomorphism in the i-local homotopy category Hot(Pr(y /X, Y)): by the small object ar- 
gument, the smallest full subcategory of Ho (Pr (y/X, Y)) which is stable by homotopy colimits 
and which contains the source and the targets of the generating cofibrations is Hot(Pr(y /X, 'V)) 
itself, and the class of objects E of "V such that the map ()3.2. 10.4|) is an isomorphism in Yio{Y) 
is sable by homotopy colimits. Similarly, we see that, for any object E, the functor (— ) <g> L E 
preserves sums. As a consequence, we get from (|3.2.10.2[) and p.2.10.3p that the fibrant objects of 
the t-local model category structure are precisely the termwise fibrant objects F of the projective 
model structure which satisfy t-descent. The last part of the proposition follows from the general 
yoga of left Bousfield localizations. □ 

3.2.11. Let ./# be a ^-fibred combinatorial model category over y, and S an object of y . 
Denote by 

y-.y/s^y 

the canonical forgetful functor. Then there is a canonical morphism of ^-diagrams 

(3.2.11.1) a ■ (y, y/s) -» (s,y/s) 

(where (S,y /S) stands for the constant diagram with value S). This defines a functor 

(3.2.11.2) Rcr, : Ro(^)(y, y/S) -» Bo(Jt)(S, y/S) = Ko(Pr{y/S, Jt(S))) . 

For an object M of Ho(^#)(5), one defines the presheaf of geometric derived global sections of M 
over S by the formula 

(3.2.11.3) Rr geom (— ,M) = Ro% La*(M) . 
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This is a presheaf on 5? jS with values in j$(S) whose evaluation on a morphism / : X — > S is, 
by virtue of Propositions 13.1.151 and 13.1.161 

(3.2.11.4) RT georn (X, M) ~ R/, L/*(M) . 

Proposition 3.2.12. For an object M ofHo(^)(S), the following conditions are equivalent. 

(a) The object M satisfies t-descent. 

(b) The presheaf Rr geom (— , M) satisfies t-descent. 

Proof. For any morphism / : X — > S and any i-hypercovering p : X — > X over 5, we have, by 
Proposition 13 . 2 .41 and formula ||3.2.11.4)) . an isomorphism 

R/,Rp. Lp* L/*(M) ~ RlimRr 9eom (,r il , M) . 

From there, we see easily that conditions (a) and (b) are equivalent. □ 

3.2.13. The preceding proposition allows to reduce descent problems in a fibred model category 
to descent problems in a category of presheaves with values in a model category. On can even 
go further and reduce the problem to category of presheaves with values in an 'elementary model 
category' as follows. 

Consider a model category "f . Then one can associate to Y its corresponding prederivator 
Ho(f ), that is the strict 2-functor from the 2-category of small categories to the 2-category of 
categories, defined by 

(3.2.13.1) Ho(r)(7) = Ro(y 10 ") = Ho(Pr(7, f)) 

for any small category /. More explicitly: for any functor u : I — > J, one gets a functor 

u* : Ho(r)(J) Ho(r)(J) 
(induced by the composition with it), and for any morphism of functors 



u 




V 



one has a morphism of functors 

Ho(r)(7)"^ir~~~Ho(r)(J) . 
■ 

V* 

Moreover, the prederivator Ho(7 / ) is then a Grothendieck derivator; see |Cis03, Thm. 6.11]. This 
means in particular that, for any functor between small categories u : I — > J, the functor u* has 
a left adjoint 

(3.2.13.2) Luj : Ho(r)(7) -> Ho(r)(J) 
as well as a right adjoint 

(3.2.13.3) R«» : Ho(r)(J) ^ Ho(r)(J) 

(in the case where J = e is the terminal category, then Luj is the homotopy colimit functor, while 
Rit* is the homotopy limit functor). 

If V and are two model categories, a morphism of derivators 

<P : Ho(r) Ho(r') 

is simply a morphism of 2-functors, that is the data of functors 

$i : Ho(r)(/) -» Ho(r')(/) 

together with coherent isomorphisms 



Mi 
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for any functor u : I — > J and any presheaf F on J with values in Y (see CisOS, p. 210] for a 
precise definition). 

Such a morphism is said to be continuous if, for any functor u : I — > J, and any object F of 
Ho(7 / )(7), the canonical map 

(3.2.13.4) <Pj Ru*(F) -> Rm» <?/(F) 

is an isomorphism. One can check that a morphism of derivators # is continuous if and only if 
it commutes with homotopy limits (i.e. if and only if the maps (|3.2.13.4|) are isomorphisms in 
the case where J = e is the terminal category); see |Cis081 Prop. 2.6]. For instance, the total 
right derived functor of any right Quillen functor defines a continuous morphism of derivators; see 
[Uis03l Prop. 6.12]. 

Dually a morphism <P of derivators is cocontinuous if, for any functor u : I — > J, and any object 
F of Ho(^)(J), the canonical map 

(3.2.13.5) Lw.$i(F) ^$jLu\(F) 
is an isomorphism. 

3.2.14. We shall say that a stable model category "V is Q-linear if all the objects of the triangu- 
lated category Ho(^) are uniquely divisible. 

Theorem 3.2.15. Let "V be a model category (resp. a stable model category, resp. a Q-linear 
stable model category), and denote by S the model category of simplicial sets (resp. the stable 
model category of S 1 - spectra, resp. the Q-linear stable model category of complexes of Q-vector 
spaces). Denote by 1 the unit object of the closed symmetric monoidal category Ho(iS). 

Then, for each object E o/Ho('^ / ), there exists a unique continuous morphism of derivators 

RHom(£, -) : Ho(f ) -> Ho(5) 

such that, for any object F o/Ho('^ / ), there is a functorial bijection 

Hom H o(5)(l,RHom(£,F)) ~ Rom Uo{r) {E, F)) . 

Proof. Note that the stable Q-linear case follows from the stable case and from the fact that the 
derivator of complexes of Q-vector spaces is (equivalent to) the full subderivator of the derivator 
of 5' 1 -spectra spanned by uniquely divisible objects. 

It thus remains to prove the theorem in the case where "V be a model category (resp. a stable 
model category) and S is the model category of simplicial sets (resp. the stable model category 
of 5' 1 -spectra). The existence of RHom(£', — ) follows then from (Cis03, Prop. 6.13] (resp. [CT09, 
Lemma A.6]). 

For the unicity, as we don't really need it here, we shall only sketch the proof (the case of 
simplicial sets is done in |Cis03| Rem. 6.14]). One uses the universal property of the derivator 
Ho(5): by virtue of |Cis081 Cor. 3.26] (resp. of [CT091 Thm. A.5]), for any model category (resp. 
stable model category) ~f' there is a canonical equivalence of categories between the category 
of cocontinous morphisms from Ho(«S) to Ho(^') and the homotopy category Ho('^ / ). As a 
consequence, the derivator Ho(<S) admits a unique closed symmetric monoidal structure, and any 
derivator (resp. triangulated derivator) is naturally and uniquely enriched in Ho(<S); see [Cis08, 
Thm. 5.22]. More concretely, this universal property gives, for any object E in Ho(T'), a unique 
cocontinuous morphism of derivators 

Ho(5) -> Ho(r') , K ^ K®E 

such that 1 <E> E — E. For a fixed K in Ho(5)(J), this defines a cocontinuous morphism of 
derivators 

Ho(f') -> Ho(r' /op ) , E^K®E 

which has a right adjoint 

Ho(r' /op ) -> Ho(r') , F i— > F K . 

Let 

RHom(£, -) : Ho(r) -> Ho(S) 



TRIANGULATED CATEGORIES OF MIXED MOTIVES 



67 



be a continuous morphism such that, for any object F of ~f, there is a functorial bijection 

i F : Hom H o(S)(l,RHom(#,F)) ~ HoniHo,^^^)). 

Then, for any object K of Ho(5)(I), and any object F of Ho(Y)(I) a canonical isomorphism 

RHom(£, F K ) ~ RHom(_E, F) K 

which is completely determined by being the identity for K = 1 (this requires the full universal 
property of Ho(5) given by by [Cis08| Thm. 3.24] (resp. by the dual version of |CT09| Thm. A.5])). 
We thus get from the functorial bijections if the natural bijections: 

Hom Ho (5)(/) (K, RHom(£, F)) -Hom Ho(s) (1, RHom(£, F) K ) 

~Hom Ho (5)(l,RHom(£;,F K )) 

~Hom Ho(y) (£ ) F Jr ) 
~Hom Ho(r)w (ir(8>E, F) . 

In other words, RHom(£', — ) has to be a right adjoint to (— ) ® E. □ 

Remark 3.2.16. The preceding theorem mostly holds for abstract derivators. The only problem 
is for the existence of the morphism RHom(_E, — ) (the unicity is always clear). However, this 
problem disapears for derivators which have a Quillen model (as we have seen above), as well as 
for triangulated derivators (see |CT09[ Lemma A.6]). Hence Theorem 13.2. 151 holds in fact for any 
triangulated Grothcndieck derivator. 

In the case when "f is a combinatorial model category (which, in practice, will essentially always 
be the case), the enrichment over simplicial sets (resp, in the stable case, over spectra) can be 
constructed via Quillen functors by Dugger's presentation theorems |Dug01| (resp. Du g06| ). 

Corollary 3.2.17. Let ^# be a ^-fibred combinatorial model category (resp. a stable ^-fibred 
combinatorial model category, resp. a Q-linear stable -fibred combinatorial model category) over 
5f ', and S the model category of simplicial sets (resp. the stable model category of S 1 -spectra, resp. 
the Q-linear stable model category of complexes of Q- vector spaces). 

Consider an object S of S", a morphism f : X — > S , and a morphism of ,5f ' -diagrams p : 
(3£ ', I) —>■ X over S . Then, for an object M ofHo(^)(S), the following conditions are equivalent. 

(a) The map 

R/» Lf*{M) -> R/» Rp* Lp* Lf*(M) 

is an isomorphism in Ho(.-#)(S'). 

(b) The map 

Rr com 

(X, M) — > R lim RT ffeom (&i,M) 

is an isomorphism in Ho(^#)(5). 

(c) For any object E of Ho(^#)(S'), the map 

RHom( J B, RT geom {X, A/)) -> Rlim RHom(£, RT geom (^ u M)) 

is an isomorphism in Ho(5). 

Proof. The equivalence between (a) and (b) follows from Propositions 13.1.151 and 13 . 1 . 1 61 which 
give the formula 

R/* Rp* Lp* Lf* (M) ~ R lim RT geom (%l, M) . 

The identification 

HomH o(< s)(l,RHom(i;,F)) ~ Hom Ho (^)(5) (E, F) 

and the Yoneda Lemma show that a map in Ho(^#)(S') is an isomorphism if and only its image 
by RHom(i?, — ) is an isomorphism for any object E of Ho(.#)(S). Moreover, as RHom(_E, — ) 
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is continuous, for any small category / and any presheaf F on I with values in ^(S\ there is a 
canonical isomorphism 

RHom(£;, Rlim F t )) ~ Rlim RHom(£, F t )) . 

i£l°P 

This proves the equivalence between contitions (b) and (c). □ 

Corollary 3.2.18. Under the assumptions of Corollary \3. 2. l7\ given an object S of ,5f , an ob- 
ject M o/Ho(^#)(S*) satisfies t-descent if and only if , for any object E ofHo(^)(S) the presheaf of 
simplicial sets (resp. of S 1 -spectra, resp. of complexes of Q-vector spaces) RHom(i?, Rr se om(~, M)) 
satisfies t-descent over 5^ / S. 

Proof. This follows from the preceding corollary, using the formula given by Proposition l3.2.31 □ 

Remark 3.2.19. We need the category to be small in some sense to apply the two preceding 
corollaries because we need to make sense of the model projective category structure of Proposition 
13.2.101 However, we can use these corollaries even if the site 5? is not small as well: we can either 
use the theory of universes, or apply these corollaries to all the adequate small subsites of 5? . As 
a consequence, we shall feel free to use Corollaries 13.2.171 and 13.2.181 for non necessarily small sites 
S^, leaving to the reader the task to avoid set-theoretic difficulties according to her/his taste. 

Definition 3.2.20. For an S^-spectrum E and an integer n, we define its nth cohomology group 
H n (E) by the formula 

H n (E)=7T. n (E), 

where 7Tj stands for the ith stable homotopy group functor. 

Let ^ be a monoidal ^-fibred stable combinatorial model category over 5? . Given an object 
S of .y as well as an object M of Ho(^#)(5), we define the presheaf of absolute derived global 
sections of M over S by the formula 

RT(- M) = RHom(l 5 , Rr 9eom (- M )) . 

For a map X — > S of J? ', we thus have the absolute cohomology of X with coefficients in M, 
Rr(X, M), as well as the cohomology groups of X with coefficients in M: 

H n (X, M) = H n (RT(X, M)) . 

We have canonical isomorphisms of abelian groups 

H n (X,M) ~ Hom Ho (^) ( s)(l5,R/*L/*(M)) 

~Hom H o(^)(x)(lx,L/*(M)). 

Note that, if moreover ^ is Q-linear, the presheaf RT(— , M) can be considered as a presheaf 
of complexes of Q-vector spaces on y/S. 

3.3. Descent over schemes. The aim of this section is to give natural sufficient conditions for 
M to satisfy descent with respect to various Grothendieck topologiet0. 

3. 3. a. localization and Nisnevich descent. 

3.3.1. Recall from example 12 . 1 . 1 51 that a Nisnevich distinguished square is a pullback square of 
schemes 



(3.3.1.1) 




^ In fact, using remark [3,2.16l all of this section (results and proofs) holds for an abstract algebraic prederivator 
in the sense of Ayoub |Ayo07a| Def. 2.4.13] without any changes (note that the results of 13.1. bl are in fact a proof 
that (stable) combinatorial fibred model categories over y give rise to algebraic prederivators). The only interest 
of considering a fibred model category over y is that it allows to formulate things in a little more naive way. 
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in which / is etale, j is an open immersion with reduced complement Z and the induced morphism 
f~ 1 (Z) — > Z is an isomorphism. 

For any scheme X in J/^, we denote by Xni S the small Nisnevich site of X. 

Theorem 3.3.2 (Morel- Voevodsky). Let Y be a (combinatorial) model category andT a scheme 
in ,5^ . For a presheaf F on T^- ls with values in the following conditions are equivalent. 

(i) F(0) is a terminal object in Ko(Y), and for any Nisnevich distinguished square (|3 . 3 . 1 . 1 [1 
in TNis 7 the square 

F(X) *FpT) 



F(V) 



F(U)- 

is a homotopy pullback square in 'V . 
(ii) The presheaf F satisfies Nisnevich descent on Tm. 



Proof. By virtue of corollaries l3 . 2.171 and 13.2.181 it is sufficient to prove this in the case where is 
the usual model category of simplicial sets, in which case this is precisely Morel and Voevodsky's 
theorem; see [MV991 IVoeOOal IVoeOObj . □ 



3.3.3. Consider a Nisnevich distinguished square (|3.3.1.1[) and put a = jg = fl. According to 
our general assumption 13. 01 the maps a, j and / are ^-morphisms. For any object M of ^{X), 
we obtain a commutative square in ^ (which is well defined as an object in the homotopy of 
commutative squares in ^(X)): 



La s a*M. 



■W(M) 



(3.3.3.1) 



M. 



We also obtain another commutative square in by appyling the functor RHomx(—, tx)' 

M -R/„/*(M) 

(3.3.3.2) 

R-i* j*(M) ^ R-a* a*(M). 

Proposition 3.3.4. // the category Ho(^#) has the localization property, then for any Nisnevich 
distinguished square (|3.3.1.1|) and any object M o/Ho(jf)(X), the squares (|3.3.3. 1|) and (|3.3.3.2p 
are homotopy cartesians. 

Proof. Let i : Z — > X be the complement of the open immersion j (Z being endowed with the 
reduced structure) and p : f^ 1 (Z) — » Z the map induced by /. 

We have only to prove that one of the squares (|3.3.3.1[) , (|3.3.3.2|) are cartesian. We choose the 
square (|3.3.3.ip . 

Because the pair of functor (Li*, j*) is conservative on Ho(^)(X), we have only to check that 
the pullback of (|3.3.3.ip along j* or hi* is homotopy cartesian. 

But, using the J^-base change property we see that the image of (|3.3.3.1| by j* is (canonically 
isomorphic to) the commutative square 



L 9i a*(M) 



:Lg t a*(M) 



j*(M) - f{M) 
which is obviously homotopy cartesian. 
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Using again the ^-base change property, we obtain that the image of (|3.3.3. 1[) by hi* 
isomorphic in Ho(^) to the square 



is 



0- 



■p iP *Li*(M) 



>■ Li*(M) 

which is again obviously homotopy cartesian because p is an isomorphism (note for this last reason, 
Ptj=Lptj). □ 

Corollary 3.3.5. //Ho(^#) has the localization property, then it satisfies Nisnevich descent. 
Proof. This corollary thus follows immediately from corollary |3.2.171 theorem !3 . 3 . 2l and proposition 

El □ 

3.3.b. Proper base change isomorphism and descent by blow-ups. 

3.3.6. Recall from example 12 . 1 . 151 that a cdh- distinguished square is a pullback square of schemes 
(3.3.6.1) 




in which / is proper surjective, i a closed immersion and the induced map f (X — Z) — > X — Z 
is an isomorphism. 

The cdh-topology is the Grothendieck topology on the category of schemes generated by Nis- 
nevich coverings and by coverings of shape {Z — > X, Y — > X} for any cdh-distinguishcd square 
(13.3. 6. ID . 

Theorem 3.3.7 (Voevodsky). Let 'f be a (combinatorial) model category. For a presheaf F on 
,5? with values in "V , the following conditions are equivalent. 

(i) The presheaf F satisfies cdh-descent on S*. 

(ii) The presheaf F satisfies Nisnevich descent and, for any cdh- distinguished square (13.3.6. 1|) 
of £f ', the square 

F(X) *FQO 



F(Z) **F(T) 

is a homotopy pullback square in "V . 

Proof. It is sufficient to prove this in the case where "f is the usual model category of simplicial 
sets; see corollaries 13.2.171 and 13 . 2 . 18l As the distinguished cdh-squares define a bounded regular 
and reduced cc?-structure on ', the equivalence between (i) and (ii) follows from Voevodsky's 
theorems on descent with respect to topologies defined by cd-structures [VocOOa, VocOOb . □ 



3.3.8. Consider a cdh-distinguished square (|3.3.6.ip and put a = ig = fk. For any object M of 
^(X), we obtain a commutative square in ./# (which is well defined as an object in the homotopy 
of commutative squares in ^£{X)): 



M ■ 



•R/*L/*(M) 



(3.3.8.1) 



Ri*Li*(M) 



Ra* La*(M) 
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Proposition 3.3.9. Assume Ho(^#) satisfies the localization property and the transversality prop- 
erty with respect to proper morphisms^\ Then the following conditions hold: 

(i) For any cdh- distinguished square (|3.3.6.1|) . and any object M of Ho(^)(X) the commu- 
tative square (|3.3.8.ip is homotopy cartesian, 
(ii) The & -fibred model category Ho(^#) satisfies cdh-descent. 

Proof. We first prove (i). Consider a cdh-distinguished square (13.3.6. ip and let j : U — ► X be the 
complement open immersion of i. As the pair of functor (Li*, j*) is conservative on Ho(^#)(X), 
we have only to check that the image of (|3.3.8.1[) under Li* and j* is homotopy cartesian. 

Using projective transversality, we see that the image of (|3.3.8.ip by the functor Li* is (isomor- 
phic to) the homotopy pullback square 

Li* (M) ^ R 5 » Lg* Li*(M) 



Li* (M) R.9* Lg* Li*(M) 

Let h : / _1 (J7) — > U be the pullback of / over U. As j is an open immersion, it is by 
assumption a ^-morphism and the ^-base change formula implies that the image of (|3 . 3 .8 . 1[) by 
j* is (isomorphic to) the commutative square 

Lj*(M) ^ Rh*Lh*Lj*(M) 



0- 







which is obviously homotopy cartesian because h is an isomorphism. 

We then prove (ii). We already know that jK satisfies Nisnevich descent fcorollary |3.3.5p . Thus, 
by virtue of the equivalence between conditions (i) and (ii) of theorem 13.3.71 the computation 
above, together with corollaries 13 . 2 . 1 7l and 13.2 ,T81 imply that ^# satisfies cdh-descent. □ 



3.3.10. To any cdh-distinguished square (|3.3.6.ip , one associates a diagram of schemes & over X 
as follows. Let V be the category freely generated by the oriented graph 



(3.3.10.1) 



Then *3f is the functor from V to J?/X defined by the following diagram. 



T ■ 



Y 



(3.3.10.2) 



We then have a canonical map ip : & — > X , and the second assertion of theorem 13.3.91 can be 
reformulated by saying that the adjunction map 

M -> Lip*(M) 



Recall from proposition ^, 3. TTl it is sufficient that Ho(^#) satisfies transversality with respect to the projections 
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is an isomorphism for any object M of Ho(^#)(A): indeed, by virtue of proposition 13.1.151 
R</7* Lip*(M) is the homotopy limit of the diagram 

R/*L/*(M) 

R«* Li* (M ) Ra* La* (M) 

in Ho(^#)(A). In other words, if ./# has the properties of localization and of projective transver- 
sality, then the functor 

Lip* : Ho(>f)(X) -» Ho(^T)(^,r) 

is fully faithful. 

3.3.C. Proper descent with rational coefficients I: Galois excision. From now on, we assume that 
any scheme in & is quasi-excellent (we shall use several times the fact that the normalization of a 
quasi-excellent schemes gives rise to a finite surjective morphism). We fix a scheme S in and 
we shall work with 5-schemes in (assuming these form an essentially small category). 

3.3.11. The h-topology (resp. the qfh-topology) is the Grothendieck topology on the category of 
schemes associated to the pretopology whose coverings are the universal topological epimorphisms 
(resp. the quasi- finite universal topological epimorphisms). This topology has been introduced 
and studied by Voevodsky in [Voe96j . 

The h-topology is finer than the cdh-topology and, of course, finer than the qfh-topology. The 
qfh-topology is in turn finer than the etale topology. An interesting feature of the h-topology (resp. 
of the qfh-topology) is that any proper (resp. finite) surjective map is an h-covering. In fact, the 
h-topology (resp. the qfh-topology) can be described as the topology generated by the Nisnevich 
coverings and by the proper (resp. finite) surjective maps; see lemma 15.3.271 (resp. lemma 13". 3.26P 
below for a precise statement. 

3.3.12. Consider a morphism of schemes / : Y — > A. Consider the group of automorphisms 
G = Aut y (A) of the A-scheme Y. 

Assuming X is connected, we say according to [Gro03| exp. V] that / is a Galois cover if it is 
finite etale (thus surjective) and G operates transitively and faithfully on any (or simply one) of 
the geometric fibers of Y/X. Then G is called the Galois group of Yj X 

When X is not connected, we will still say that / is a Galois cover if it is so over any connected 
component of X . Then G will be called the Galois group of A. If (Xi)igj is the family connected 
components of A, then G is the product of the Galois groups Gi of / Xx Xi for each i £ I. The 
group Gi is equal to the Galois group of any residual extension over a generic point of A^. 

The following definition is an extension of the definition 5.5 of |S VOObj : 

Definition 3.3.13. A pseudo-Galois cover is a finite surjective morphism of schemes / : Y — > A 
which can be factored as 

Y A X' ^ X 

where /' is a Galois cover and p is radicia0 (such a p is automatically finite and surjective). 

Note that the group G defined by the Galois cover /' is independent of the choice of the 
factorization. In fact, if A denotes the semi-localization of A at its generic points, considering the 
cartesian squares 

Y A' *- A 

I f \ \ 
Y X' A 

then G = Aut x (Y) - for any point y 6 Y, x' = f'(y), x — f(y), K X '/k x is the maximal radicial 
sub-extension of the normal extension k v /k x . It will be called the Galois group of Y/X. 

The map / induces a one to one correspondence between the generic points of Y and that of X. For any 
generic point y £ Y, x = f(y), the residual extension k v /k x is a Galois extension with Galois group G. 
" See l2,l.T0l for a reminder on radicial morphisms. 
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Remark also that Y is a G-torsor over X locally for the qfh-topology (i.e. it is a Galois object 
of group G in the qfh-topos of X): this comes from the fact that finite radicial epimorphisms are 
isomorphisms locally for the qfh-topology (any universal homeomorphism has this property by 
[Voe96l prop. 3.2.5]). 

Let / : Y — > X be a finite morphism, and G a finite group acting on Y over X. Note that, as 
Y is affine on X, the scheme theoretic quotient Y/G exists; see |Gro03| Exp. V, Cor. 1.8]. Such 
scheme-theoretic quotients are stable by flat pullbacks; see Gro03, Exp. V, Prop. 1.9]. 

Definition 3.3.14. Let G be finite group. A qfh- distinguished square of group G is a pullback 
square of S'-schemes of shape 



(3.3.14.1) 



in which Y is endowed with an action of G over X , and satisfying the following three conditions. 

(a) The morphism / is finite and surjective. 

(b) The induced morphism f~ l {X - Z) -> f~\X - Z)/G is flat. 

(c) The morphism f- x (X - Z)/G -> X - Z is radicial. 

Immediate examples of qfh-distinguished squares of trivial group are the following. The scheme 
Y might be the normalization of X, and Z is a nowhere dense closed subscheme out of which / is 
an isomorphism; or Y is dense open subscheme of X which is the disjoint union of its irreducible 
components; or Y is a closed subscheme of X inducing an isomorphism Y re ^ ~ X^. 

A qfh-distinguished square of group G (|3.3.14.ip will be said to be pseudo-Galois if Z is nowhere 
dense in X and if the map f~ 1 {X — Z) — » X — Z is a pseudo-Galois cover of group G. 

The main examples of pseudo-Galois qfh-distinguished squares will come from the following 
situation. 

Proposition 3.3.15. Consider an irreducible normal scheme X , and a finite extension L of its 
field of functions k(X). Let K be the inseparable closure of k{X) in L, and assume that L/K is 
a Galois extension of group G. Denote by Y the normalization of X in L. Then the action of 
G on k{Y) = L extends naturally to an action on Y over X . Furthermore, there exists a closed 
subscheme Z of X , such that the pullback square 




is a pseudo-Galois qfh-distinguished square of group G. 

Proof. The action of G on L extends naturally to an action on Y over X by functoriality. Fur- 
thermore, Y/G is the normalization of X in K, so that Y/G — •» X is finite radicial and surjective 
(see |Voe96| Lemma 3.1.7] or }Bou98| V, §2, n° 3, lem. 4]). By construction, Y is generically a 
Galois cover over Y/G, which implies the result (see |GD67[ Cor. 18.2.4]). □ 

3.3.16. For a given S'-scheme T, we shall denote by L(T) the corresponding representable qfh-sheaf 
of sets (remember that the qfh-topology is not subcanonical, so that L(T) has to be distinguished 
from T itself). Beware that, in general, there is no reason that, given a finite group G acting on 
T, the scheme-theoretic quotient L(T/G) (whenever defined) and the qfh-sheaf-theoretic quotient 
L(T)/G would coincide. 

Lemma 3.3.17. Let f : Y — > X be a separated morphism, G a finite group acting on Y over X , 
and Z a closed subscheme of X such that f is finite and surjective over X — Z , and such that the 
quotient map f~ l {X — Z) — > f (X — Z)/G is flat, while the map f~ l {X — Z)/G — > X — Z is 
radicial. For g € G, write g :Y — > Y for the corresponding automorphism of Y , and define Y g as 
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the image of the diagonal Y — » Y x x Y composed with the automorphism Xy Xx 9 '■ Y XjY -> 

Y XxY. Then, if T = Z XxY , we get a qfh-covering ofYxxY by closed subschemes: 

Y x x Y — (T x z T)U [J Y g . 

gee 

Proof. Note that, as / is separated, the diagonal Y — > Y Xx Y is a closed embedding, so that 
the Yg's are closed subschemes of Y xx Y. As the map Y Xy/a Y — > Y xx Y is a universal 
homcomorphism, we may assume that Y/G = X. It is sufficient to prove that, if y and y' are two 
geometric points of Y whose images coincide in X and do not belong to Z, there exists an element 
g of G such that y 1 = gy (which means that the pair (y,y') belongs to Y g ). For this purpose, 
we may assume, without loss of generality, that Z = 0. Then, by assumption, Y is flat over X , 
from which we get the identification (Y x x Y) / G ~ Y x x (Y/G) ~ Y (where the action of G on 

Y x x Y is trivial on the first factor and is induced by the action on Y on the second factor) . This 
achieves the proof. □ 

Proposition 3.3.18. For any qfh- distinguished square of group G (|3.3.14.ip . the commutative 
square 

L{T)/G *L(Y)/G 



L(Z) >L{X) 

is a pullback and a pushout in the category of qfh-sheaves. Moreover, if X is normal and if Z is 
nowhere dense in X, then the canonical map L(Y)/G — > L(Y/G) ~ L(X) is an isomorphism of 
qfh-sheaves (which implies that L(T)/G — > L(Z) is an isomorphism as well). 

Proof. Note that this commutative square is a pullback because it was so before taking the quo- 
tients by G (as colimits are universal in any topos). As / is an qfh-covering, it is sufficient to 
prove that 

L{T) x L(Z) L(T)/G L(Y) x L[x) L(Y)/G 

L(T) L(Y) 

is a pushout square. This latter square fits into the following commutative diagram 

L(T) L(Y) 

L(T) x L(z) L(T)/G ^ L(Y) x L(x) L(Y)/G 



L(T) L{Y) 

in which the two vertical composed maps are identities (the vertical maps of the upper commutative 
square are obtained from the diagonals by taking the quotients under the natural action of G on 
the right component). It is thus sufficient to prove that the upper square is a pushout. As the 
lower square is a pullback, the upper one shares the same property; moreover, all the maps in the 
upper commutative square are monomorphisms of qfh-sheaves, so that it is sufficient to prove that 
the map (L(T) x L ( Z ) L(T)/G) II L(Y) — » L(Y) x L ( X ) L(Y)/G is an epimorphism of qfh-sheaves. 
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According to lemma 13.3.171 this follows from the commutativity of the diagram 
L(T x z T) II ( JJ 9eG L{Y a )) L(Y x x Y) 

(L(T) x L(z) L{T)/G) II L(Y) ^ L(Y) x L(x) L{Y)/G 

in which the vertical maps are obviously epimorphic. 

Assume now that X is normal and that Z is nowhere dense in X, and let us prove that the 
canonical map L(Y)/G — > L(X) is an isomorphism of qfh-sheaves. This is equivalent to prove 
that, for any qfh-shcaf of sets F, the map /* : F(X) —* F(Y) induces a bijection 

F(X) ~ F(Y) G . 

Let F be a qfh-sheaf. The map /* : F(X) — > F(Y) is injective because / is a qfh-covering, and it 
is clear that the image of /* lies in F(Y) . 

Let a be a section of F over Y which is invariant under the action of G. Denote by pr 1: pr 2 : 
Y x x Y — > Y the two canonical projections. With the notations introduced in lemma [3". 3. 171 we 
have 

Prt{a)\ Yg =a = a.g = pr*(a)\ Yg 

for every element g in G. As Z does not contain any generic point of X, the scheme T x z T does 
not contain any generic point of Y x x Y neither: as any irreducible component of Y dominates 
an irreducible component of X, and, as X is normal, the finite map Y — > X is universally open; in 
particular, the projection pr 1 : Y x x Y — > Y is universally open, which implies that any generic 
point of Y x x Y lies over a generic point of Y. By virtue of |Voe96[ prop. 3.1.4], lemma [3.3.171 
thus gives a qfh-covering of Y x x Y by closed subschemes of shape 

Yx x Y= |J Y g . 
gee 

This implies that 

pr\{a) = pr* 2 {a) . 

The morphism Y — > X being a qfh-covering and F a qfh-sheaf, we deduce that the section a lies 
in the image of /*. □ 

Corollary 3.3.19. For any qfh- distinguished square of group G (|3.3.14.1[) . we get a bicartesian 
square of qfh-sheaves of abelian groups 

Z q fh(T)G ^ Z q fh(Y)c 



Zqfh(Z) 5- Z q fh(A) 

(where the subscript G stands for the coinvariants under the action of G). In other words, there 
is a canonical short exact sequence of sheaves of abelian groups 

o -> z qfh (T) G -> z qfh (z) © z qfh (r) G -» z qfh po -» o . 

Proof. As the abelianization functor preserves colimits and monomorphisms, the preceding propo- 
sition implies formally that we have a short exact sequence of shape 

z qftl (T) G -» z qfh (z) © z qfh (r) G -» z qfh (x) -> o , 

while the left exactness follows from the fact that Z — > X being a monomorphism, the map 
obtained by pullback, L(T)/G — > L(Y)/G, is a monomorphism as well. □ 
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3.3.20. Let Y be a Q-linear stable model category (see 13.2.11)) . 

Consider a finite group G, and an object E of Y, endowed with an action of G. By viewing G 
as a category with one object we can see E as functor from G to Y and take its homotopy limit 
in Ho^), which we denote by E hG (in the literature, E hG is called the object of homotopy fixed 
points under the action of G on E). One the other hand, the category Ho(7 / ) is, by assumption, 
a Q-linear triangulated category with small sums, and, in particular, a Q-linear pseudo-abelian 
category so that we can define E° as the object of Ho(Y) defined by 

(3.3.20.1) E G = Imp, 

where p : E — ► E is the projector defined in Ho(Y) by the formula 

(3.3.20.2) ?W = ^E^' 

* sec 

The inclusion E G — > E induces a canonical isomorphism 

(3.3.20.3) E G ^ E hG 

in Ho(^ / ): to see this, by virtue of theorem 13.2. 151 we can assume that Y is the model category 
of complexes of Q- vector spaces, in which case it is obvious. 

Corollary 3.3.21. Let C be a presheaf of complexes of Q-vector spaces on the category of S- 
schemes. Then, for any qfh- distinguished square of group G ()3. 3. 14. Ill , the commutative square 

Rr qfh (x, Cqfh) — - Rr qfh (y, c qfh ) G 



R.r q fh(Z, C q fh) 5- Rr q fh(T, Cqfh) 

is a homotopy pullback square in the derived category of Q-vector spaces. In particular, we get a 
long exact sequence of shape 

Hqfh( x > Cqfh) H™ & (Z, Cqfh) © Hqfh(y, C qfh ) G -> ifqfhCT) C qfh ) G — > H™£ (X, C qfh ) 
If furthermore X is normal and Z is nowhere dense in X , then the maps 

^qfllP^J Cqfh) ► #qftiC^J C q fh) G and H™ fh (Z, Cqfh) — > ffqf h (T, C q fh) G 

are isomorphisms for any integer n. 

Proof. Let C q fh — > C be a fibrant resolution in the qfh-local injective model category structure on 
the category of qfh-sheaves of complexes of Q-vector spaces; see for instance |Ayo07a[ Cor. 4.4.42]. 
Then for U — Y,T, we have a natural isomorphism of complexes 

Hom(Qqfh(lO G ,C') = C'(lO G 

which gives an isomorphism 

RHom(Qqf h (C/) G , Cqfh) ~ RT qfh (U, C qfh ) G 

in the derived category of the abelian category of Q-vector spaces. This corollary thus follows 
formally from corollary 13 . 3 . 1 91 by evaluating at the derived functor RHom(— , C q fh). 

If furthermore X is normal, then one deduces the isomorphism H™ fh (X, Cqfh) — Hqfh{Y, C q fh) 
from the fact that L(Y)/G ~ L(Y/G) ~ X (proposition 13. 3. 18]) . which implies that Z q fh(F)G — 
Zqfh(^). The isomorphism H^^Z, C q fh) — H^^T, C q fh) G then comes as a byproduct of the long 
exact sequence above. □ 

Theorem 3.3.22. Let X be a scheme, and C be a presheaf of complexes of Q-vector spaces on the 
small Stale site of X. Then C satisfies Stale descent if and only if it has the following properties. 

(a) The complex C satisfies Nisnevich descent. 

(b) For any Stale X -scheme U and any Galois cover V — > U of group G, the map C(U) — > 
C(V) is a quasi-isomorphism. 
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Proof. These are certainly necessary conditions. To prove that they are sufficient, note that the 
Nisnevich cohomological dimension and the rational etale cohomological dimension of a noetherian 
scheme are bounded by the Krull dimension; see [MV99I proposition 1.8, page 98] and [Vbc96, 
Lemma 3.4.7]. By virtue of SVOOaJ Theorem 0.3], for r = Nis,et, we have strongly convergent 
spectral sequences 

E%' q = H*(U, H q (C) T ) HP +q (U, C T ) . 

Condition (a) gives isomorphisms H p+q {C(U)) ~ H^f s q (U,C'ms), so that it is sufficient to prove 
that, for each of the cohomology presheaves F — H q (C), we have 

H^(U,F Nis )^Hl(U,F & ). 

As the rational etale cohomology of any henselian scheme is trivial in non-zero degrees, it is 
sufficient to prove that, for any local henselian scheme U (obtained as the hcnsclisation of an etale 
X-scheme at some point), Fn- 1s (U) ~ F^(U). Let G be the absolute Galois group of the closed 
point of U. Then we have 

F Nis (U) = F(U) and F 6t (U) = lim F(U a f° , 

a 

where the U a 's run over all the Galois covers of U corresponding to the finite quotients G —> G a . 
But it follows from (b) that F(U) ~ F(U a ) G " for any a, so that F Nis (U) ~ F 6t (U). □ 

Lemma 3.3.23. Any qfh-covering admits a refinement of the form Z — > Y — > X , where Z — > Y 
is a finite surjective morphism, and Y — > X is an etale covering. 

Proof. This property being clearly local on X with respect to the etale topology, we can assume 
that X is strictly henselian, in which case this follows from [Voc96 ( Lemma 3.4.2]. □ 

Theorem 3.3.24. A presheaf of complexes of Q-vector spaces C on the category of S-schemes 
satisfies qfh-descent if and only if it has the following two properties: 

(a) the complex C satisfies Nisnevich descent; 

(b) for any pseudo-Galois qfh- distinguished square of group G (|3.3.14.1[) . the commutative 
square 

C{X) ^C(Y) G 

C{Z) ^C(T) G 

is a homotopy pullback square in the derived category of Q-vector spaces. 

Proof. Any complex of presheaves of Q-vector spaces satisfying qfh-descent satisfies properties (a) 
and (b): property (a) follows from the fact that the qfh-topology is finer than the etale topology; 
property (b) is corollary |3. 3.211 

Assume now that C satisfies these two properties. Let tp : C — ► C 1 be a morphism of presheaves 
of complexes of Q-vector spaces which is a quasi-isomorphism locally for the qfh-topology, and 
such that C" satisfies qfh-descent (such a morphism exists thanks to the qfh-local model category 
structure on the category of presheaves of complexes of Q-vector spaces; see proposition 13.2. 10|) . 
Then the cone of (p also satisfies conditions (a) and (b). Hence it is sufficient to prove the theorem 
in the case where C is acyclic locally for the qfh-topology. 

Assume from now on that C q fh is an acyclic complex of qfh-sheaves, and denote by H n (C) the 
nth cohomology presheaf associated to C. We know that the associated qfh-sheaves vanish, and 
we want to deduce that H n {C) = 0. 

We shall prove by induction on d that, for any S'-scheme X of dimension d and for any integer 
n, the group H n {C)(X) — H n (C(X)) vanishes. The case where d < follows from the fact, 
that by (a), the presheaves H n {C) send finite sums to finite direct sums, so that, in particular, 
H n (C)(0) = 0. Before going further, notice that condition (b) implies H n {C){X red ) = H n (C)(X) 
for any S'-scheme X (consider the case where, in the diagram (|3.3.14.1|l . Z = Y = T = X re d), so 
that it is always harmless to replace X by its reduction. Assume now that d > 0, and that the 
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vanishing of H n (C)(X) is known whenever X is of Krull dimension < d and for any integer n. 
Under this inductive assumption, we have the following reduction principle. 

Consider a pseudo-Galois qfh-distinguished square of group G (|3.3.14.1|) . If Z and T are of 
dimension < d, then by condition (b), the map H n (C)(X) — > H n (C)(Y) G is an isomorphism: 
indeed, we have an exact sequence of shape 

H n - l {C){T) G -> H n {C){X) H n {C)(Z) © H n {C){Y) G -» H n (C)(T) G , 

which implies our assertion by induction on d 

We shall prove now the vanishing of H n (C)(T) for normal S'-schemes T of dimension d. Let a 
be a section of H n (C) over such a T. As -ff n (C) q fh(T) = 0, there exists a qfh-covering 5 : Y — > T 
such that 3* (a) = 0. But, by virtue of lemma l3. 3.231 we can assume g is the composition of a finite 
surjective morphism / : Y — > X and of an etale covering e : X — > T. We claim that e*(o) = 0. 
To prove it, as, by (a), the presheaf H n (C) sends finite sums to finite direct sums, we can assume 
that X is normal and connected. Refining / further, we can assume that Y is the normalization 
of X in a finite extension of k(X), and that k(Y) is a Galois extension of group G over the 
inseparable closure of k(X) in k(Y). By virtue of proposition 13.3.151 we get by the reduction 
principle the identification H n (C)(X) = H n (C)(Y) G , whence e*(o) = 0. As a consequence, the 
restriction of the presheaf of complexes C to the category of normal S'-schemes of dimension < d is 
acyclic locally for the etale topology (note that this is quite meaningful, as any etale scheme over 
a normal scheme is normal; see [GD671 Prop. 18.10.7]). But C satisfies etale descent (by virtue of 
theorem 13.3.221 this follows formally from property (a) and from property (b) for Z = 0), so that 
H n (C)(T) — _ff" t (T, C<5t) = for any normal S-scheme T of dimension < d and any integer n. 

Consider now a reduced S-scheme X of dimension < d. Let p : T — ► X be the normalization of 
X. Asp is birational (see |GD61[ Cor. 6.3.8]) and finite surjective (because X is quasi-excellent), we 
can apply the reduction principle and see that the pullback map p* : H n (C)(X) — > H n (C){T) = 
is an isomorphism for any integer n, which achieves the induction and the proof. □ 

Lemma 3.3.25. Etale coverings are finite etale coverings locally for the Nisnevich topology: any 
etale covering admits a refinement of the form Z — > Y — > X , where Z — » Y is a finite Stale 
covering and Y — > X is a Nisnevich covering. 

Proof. This property being local on X for the Nisnevich topology, it is sufficient to prove this in 
the case where X is local henselian. Then, by virtue of GD67, Cor. 18.5.12 and Prop. 18.5.15], 
we can even assume that X is the spectrum of field, in which case this is obvious. □ 

Lemma 3.3.26. Any qfh-covering admits a refinement of the form Z — > Y — > X , where Z —*Y 
is a finite surjective morphism, and Y — > X is a Nisnevich covering. 

Proof. As finite surjective morphisms are stable by pullback and composition, this follows imme- 
diately from lemmata 13.3.231 and 13.3.251 □ 

Lemma 3.3.27. Any h-covering of an integral scheme X admits a refinement of the form 

U -> Z ->Y -> X , 

where U —> Z is a finite surjective morphism, Z — > Y is a Nisnevich covering, Y — > X is a proper 
surjective birational map, and Y is normal. 

Proof. By virtue of [Voc96, Theorem 3.1.9], any h-covering admits a refinement of shape 

W -> V X, 

where W — > V is a qfh-covering, and V — > X is a proper surjective birational map. By replacing 
V by its normalization Y , we get a refinement of shape 

W x v Y -> Y -> X 



where W Xy Y — > Y is a qfh-covering, and Y — > X is proper surjective birational map. We 
conclude by lemma l3~.3. 261 □ 
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Lemma 3.3.28. Let C be a presheaf of complexes of Q-vector spaces on the category of S -schemes 
satisfying qfh- descent. Then, for any finite surjective morphism f : Y — > X with X normal, the 
map f* : H n (C)(X) — > H n (C)(Y) is a monomorphism. 

Proof. It is clearly sufficient to prove this when X is connected. Then, up to refinement, we can 
assume that / is a map as in proposition 13 . 3 . 1 5l In this case, by virtue of corollary I3.3.2H the 
Q-vector space H n (C)(X) ~ H n (C)(Y) G is a direct factor of H n (C)(Y). □ 

Theorem 3.3.29. A presheaf of complexes of Q-vector spaces on the category of S-schemes 
satisfies h-descent if and only if it satisfies qfh-descent and cdh-descent. 

Proof. This is certainly a necessary condition, as the h-topology is finer than the qfh-topology 
and the cdh-topology. For the converse, as in the proof of theorem 13.3.241 it is sufficient to prove 
that any presheaf of complexes of Q-vector spaces C on the category of S'-schemes satisfying qfh- 
descent and cdh-descent, and which is acyclic locally for the h-topology, is acyclic. We shall prove 
by noetherian induction that, given such a complex C, for any integer n, and any ^-scheme X, for 
any section a of H n (C) over X, there exists a cdh-covering X' — > X on which a vanishes. In other 
words, we shall get that C is acyclic locally for the cdh-topology, and, as C satisfies cdh-descent, 
this will imply that H n (C)(X) = H™ dh (X, C c dh) = for any integer n and any 5-scheme X. Note 
that the presheaves H n (C) send finite sums to finite direct sums (which follows, for instance, from 
the fact that C satisfies Nisnevich descent). In particular, H n (C)(0) — for any integer n. 

Let X be an S'-scheme, and a G H n (C){X). We have a cdh-covering of X of shape X'MX" — > X, 
where X 1 is the sum of the irreducible components of X re d and X" is a nowhere dense closed 
subscheme of X, so that we can assume X is integral. Let a be a section of the presheaf H n (C) 
over X. As H n (C)h = 0, by virtue of lemma [3.3. 271 there exists a proper surjective birationnal 
map p : Y — * X with Y normal, a Nisnevich covering q : Z — > Y, and a surjective finite morphism 
r :U -> Z such that r* {q*(p* (a))) = in H n {C)(U). But then, Z is normal as well (see |GD671 
Prop. 18.10.7]), so that, by lemmaEXH we have g*(p*(a)) = in H n (C){Z). Let T be a nowhere 
dense closed subscheme of X such that p is an isomorphism over X — T. By noetherian induction, 
there exists a cdh-covering T" — > T such that a\x> vanishes. Hence the section a vanishes on the 
cdh-covering T II Z -> X. □ 

3.3.d. Proper descent with rational coefficients II: separation. From now on, we assume that 
Ho(^) is Q-linear. 

Proposition 3.3.30. Let f : Y — > X be a morphism of schemes in ', and G a finite group 
acting on Y over X . Denote by <3f the scheme Y considered a functor from G to the category of 
S-schemes, and denote by ip : ", G) — > X the morphism induced by f . Then, for any object M 
o/Ho(^#)(X), there are canonical isomorphisms 

(R/*L/*(M)) G ~ (R/*L/*(M))' lG ~ R(p* L<p*(M) . 

Proof. The second isomorphism comes from proposition 13 . 1 . 151 and the first, from (|3.3.20.3|) . □ 

Theorem 3.3.31. //Ho(^) satisfies Nisnevich descent, the following conditions are equivalent: 
(i) Ho(^#) satisfies etale descent, 
(ii) for any finite etale cover f : Y — > X , the functor 

Lf* : Ho(^)pf) — Eo(j?)(Y) 

is conservative; 

(Hi) for any finite Galois cover f : Y — > X of group G, and for any object M o/Ho(^#)(X), 
the canonical map 

M^(R/*L/*(M)) G 

is an isomorphism. 

Proof. The equivalence between (i) and (iii) follows from theorem 13.3.221 by corollaries 13 . 2 . 1 7l and 
13.2. 18( and proposition 13.2.81 shows that (i) implies (ii). It is thus sufficient to prove that (ii) 
implies (iii). Let / : Y — > X be a finite Galois cover of group G. As the functor /* = L/* is 
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conservative by assumption, it is sufficient to check that the map M — > (R/* L/*(M)) G becomes 
an isomorphism after applying /*. By virtue of proposition 13. 1 .T7t this just means that it is 
sufficient to prove (iii) when / has a section, i.e. when Y is isomorphic to the trivial G-torsor over 
X. In this case, we have the (equivariant) identification (J) geG M ~ R/»L/*(M), where G acts 
on the left term by permuting the factors. Hence M ~ (R/* L/*(M)) G . □ 

Proposition 3.3.32. Assume that Ho(^) has the localization property. The following conditions 
are equivalent: 

(i) Ho(./#) is separated. 

(ii) Ho(./#) is semi-separated and satisfies etale descent. 

Proof. This follows from proposition 1 2. 3.1)1 and theorem |3~.3.31I □ 

Corollary 3.3.33. Assume that all the residue fields of S are of characteristic zero, and that ^# 
has the property of localization. Then the following conditions are equivalent: 

(i) Ho(.<#) is separated, 
(ii) Ho(^#) satisfies etale descent. 

Proof. In this case, a finite surjective morphism / : Y — > X is radicial if and only if it induces 
an isomorphism after reduction Y rec i ~ X rec i. But it is clear that, by the localization property, 
such a morphism / induces an equivalence of categories L/*, so that Ho(^) is automatically 
semi-separated. We conclude by proposition 13.3.321 □ 

Proposition 3.3.34. Assume that Ho(^) is separated, satisfies the localization property the 
proper transversality property. Then, for any pseudo-Galois cover f :Y — > X of group G, and for 
any object M o/Ho(^#)(A), the canonical map 

M^(R/,L/*(M)) G 

is an isomorphism. 

Proof. By proposition I3.3.32( this is an easy consequence of proposition 12.1.131 and of condition 
(iii) of theorem 13.3.311 □ 

3.3.35. From now on, we assume furthermore that any scheme in ,5f is quasi-excellent. 

Theorem 3.3.36. Assume that Ho(^#) satisfies the localization and proper transversality prop- 
erties. Then the following conditions are equivalent: 
(i) Ho(./#) is separated; 
(ii) Ho(./#) satisfies h-descent; 

(iii) Ho(^#) satisfies qfh-descent; 

(iv) for any qfh- distinguished square (|3.3.14. 1[) of group G, if we write a = fh = ig:T^X 
for the composed map, then, for any object M o/Ho(^#)(X), the commutative square 

M ^(R/*L/*(M)) G 

(3.3.36.1) 

R«, Li*(M) ^ (Ra* La*(M)) G 

is homotopy cartesian; 

(v) the same as condition (iv), but only for pseudo-Galois qfh- distinguished squares. 

Proof. As ^ satisfies cdh-descent (theorem 13.3.91) , the equivalence between conditions (ii) and 
(iii) follows from theorem 13.3.291 by corollary 13.2.181 Similarly, theorem 13.3.241 and corollaries 
13.3.211 l3.2.17l and l3.2.18l show that conditions (iii), (iv) and (v) are equivalent. As etale surjective 
morphisms as well as finite radicial epimorphisms are qfh-coverings, it follows from proposition 
13.2.81 theorem 13.3.311 and proposition 13.3.321 that condition (iii) implies condition (i) . It thus 
remains to prove that condition (i) implies condition (v). So let us consider a pseudo-Galois qfh- 
distinguished square (I3.3.14.1j) of group G, and prove that (13.3.36. 1|) is homotopy cartesian. Using 
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proper transversality, we see that the image of (|3.3.36.1|) by the functor Li* is (isomorphic to) the 
homotopy pullback square 

Li* (M) > (R 5 » Lg* Li*(M)) G 



Li* (M) 



(Kg* Lg*Li*{M)) 



G 



Write j : U — > X for the complement open immersion of i, and b : / _1 ({7) — > {/ for the map 
induced by /. As j is etale, we see, using proposition 13.1.171 that the image of Q3.3.8.1|) by 
j* = Lj* is (isomorphic to) the square 



j*(M) 



(R6* Lb* j*{M)) 



G 



: 







in which the upper horizontal map is an isomorphism by proposition ^ . 3 .341 Hence it is a homotopy 
pullback square. Thus, because the pair of functors (Li*,j*) is conservative on Ho(^#)(X), the 
square (13.3.36. 1|) is homotopy cartesian. □ 

Corollary 3.3.37. Assume that all the residue fields of S are of characteristic zero, and that 
Ho(^#) has the localization and proper transversality properties. Then Ho(^#) satisfies h-descent 
if and only if it satisfies etale descent. 



Proof. This follows from corollary 13.3.331 and theorem 13.3.361 



□ 



Corollary 3.3.38. Assume that Ho(^#) is separated and has the localization and proper transver- 
sality properties. Let f : Y —> X be a finite surjective morphism, with X normal, and G a group 
acting on Y over X , such that the map Y/G —> X is generically radicial (i.e. radicial over a dense 
open subscheme of X). Consider at last a pullback square of the following shape. 




X' ^X 

Then, for any object M of Ho(~#)(X'), the natural map 

M — » (Rf* Lf'*(M)) G 

is an isomorphism. 

Proof. For any presheaf C of complexes of Q-vector spaces on S"/X, one has an isomorphism 

RTqfh(A', Cqfh) — Rr q fh(F', C q fh) G • 

This follows from the fact that we have an isomorphism of qfh-sheaves of sets L(Y)/G ~ L(X) 
(the map Y — > Y/G being generically flat, this is proposition 13 . 3 . l5| . which implies that the map 
L(Y')/G — > L(X') is an isomorphism of qfh-sheaves (by the universality of colimits in topoi), and 
implies this assertion (as in the proof of 13.3.21]) . 

By virtue of theorem 13.3.361 Ho(^) satisfies qfh-descent, so that the preceding computations 
imply the result by corollaries 13 . 2 . 1 7l and 13.2 .TBI □ 

Corollary 3.3.39. Assume thatHo(^) is separated and has the localization and proper transver- 
sality properties. Then for any finite surjective morphism f : Y —> X with X normal, the morphism 

M — > R/* Lf*(M) 

is a monomorphism and admits a functorial splitting in Ho(./#)(X). Furthermore, this remains 
true after base change by any map X' — * X. 
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Proof. It is sufficient to treat the case where X is connected. We may replace Y by a normalization 
of X in a suitable finite extension of its field of function, and assume that a finite group G acts on 
Y over X, so that the properties described in the preceding corollary are fulfilled (see 13.3. 15)) . □ 

Remark 3.3.40. The condition (iv) of theorem 13.3.361 can be reformulated in a more global way 
as follows (this won't be used in these notes, but this might be useful for the reader who might 
want to formulate all this in terms of (pre-)algebraic derivators |Ayo07a[ Def. 2.4.13]). Given a 
qfh-distinguished square (|3.3.14.ip of group G, we can form a functor & from category I = V 
(|3.3.10.1[) to the category of diagrams of S'-schemes corresponding to the diagram of diagrams of 
S'-schemes 

9 

z 

in which 3" and & correspond to T anf Y respectively, seen as functor from G to /X . The 
construction of 13. 1.221 gives a diagram of X-schemes (J J?, ijr) which can be described explicitely 
as follows. The category 2j? is the cofibred category over r associated to the functor from r to 
the category of small categories defined by the diagram 

1g 

G *-G 

e 

in which e stands for the terminal category, and G for the category with one object associated to 
G. It has thus three objects a, b, c (see (13.3. 10. 1|) ) . and the morphisms are determined by 

f* if y = c; 
Homj^ (x, y) — < xix^y and x = b,c; 
[G otherwise. 

The functor & sends a, b, c to T, Y, Z respectively, and simply encodes the fact that the diagram 

T^+Y 

9 

z 

is G-equi variant, the action on Z being trivial. Now, by propositions 13.1.231 and 13.3.301 if 
ip : — > (X, I - ) denotes the canonical map, for any object M of Ho(^#)(X), the ob- 
ject R^5* \jip*{M) is the functor from J = r op to ^#(X) corresponding to the diagram below (of 
course, this is well defined only in the homotopy category of the category of functors from _| to 
J((X)). 

(R/*L/*(M)) G 



Ri* hi* (M) ^ (Ra* La*(M)) G 

As a consequence, if ip : (J — » X denotes the structural map, the object Rip^litp* (M) is 
simply the homotopy homotopy limit of the diagram of JK(X) above, so that condition (iv) of 
theorem 13.3.361 can now be reformulated by saying that the map 

M — * TLi/j* 14* {M) 

is an isomorphism, i.e. that the functor 

Ltjj* : Ro(^)(X) -> Ho(.#)(/.^,/^) 
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is fully faithful. 

4. Basic homotopy commutative algebra 

4.1. Rings. 

Definition 4.1.1. A symmetric monoidal model category "f satisfies the monoid axiom if, for 
any trivial cofibration A — > B and any object X, the smallest class of maps of "V which contains 
the map X ® A — > X <£> B and is stable by pushouts and transfinite compositions is contained in 
the class of weak equivalences. 

4.1.2. Let y be a symmetric monoidal category. We denote by Monty) the category of monoids 
in 'f. liy has small colimits, the forgetful functor 

U : Monty) -► r 

has a left adjoint 

F : 'f —> Monty) . 

Theorem 4.1.3. Let Y a symmetric monoidal combinatorial model category which satisfies the 
monoid axiom. The category of monoids Monty) is endowed with the structure of a combinatorial 
model category whose weak equivalences (resp. fibrations) are the morphisms of commutative 
monoids which are weak equivalences (resp. fibrations) in 'V . In particular, the forgetful functor 
U : Monty) — > "V is a right Quillen functor. Moreover, if the unit object of V is cofibrant, then 
any cofibrant object of Monty) is cofibrant as an object of "f. 

Proof. This is very a particular case of the third assertion of [SSOOj Theorem 4.1] (the fact that 
Monty) is combinatorial whenever "V is so comes for instance from |BekOO| Proposition 2.3]). □ 

Definition 4.1.4. A symmetric monoidal model category "¥ is strongly Q-linear if the underlying 
category of Y is additive and Q-linear (i.e. all the objects of "V are uniquely divisible). 

Remark 4.1.5. If ~f is a strongly Q-linear stable model category, then it is Q-lincar in the sense 
of !3.2.14l 

Lemma 4.1.6. Let Y be a strongly Q-linear model category, G a finite group, and u : E — > F 
an equivariant morphism of representations of G in Y . Then, if u is a cofibration in "V , so is the 
induced map Eg — * Fg (where the subscript G denotes the coinvariants under the action of the 
group G). 

Proof. The map Eg — * Fg is easily seen to be a direct factor (retract) of the cofibration E — > 
F. □ 

4.1.7. If "V is a symmetric monoidal category, we denote by Commty) the category of commu- 
tative monoids in "f , If "V has small colimits, the forgetful functor 

U : Commty) -> V 

has a left adjoint 

F : -f -» Commty) . 

Theorem 4.1.8. Let "V a symmetric monoidal combinatorial model category. Assume that "V is 
left proper and tractable, satisfies the monoid axiom, and is strongly Q-linear. Then the category of 
commutative monoids Commty) is endowed with the structure of a combinatorial model category 
whose weak equivalences ( resp. fibrations ) are the morphisms of commutative monoids which are 
weak equivalences (resp. fibrations) in "V . In particular, the forgetful functor U : Commty) — > ~V 
is a right Quillen functor. 

If moreover the unit object of 'f is cofibrant, then any cofibrant object of Commty) is cofibrant 
as an object of "V . 
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Proof. The preceding lemma implies immediately that Y is freely powered in the sense of [Lur09 , 
Definition 4.3.17], so that the existence of this model category structure follows from a general 
result of Lurie |Lur09[ Proposition 4.3.21]. The second assertion is then true by definition. The 
last assertion is proved by a careful analysis of pushouts by free maps in Comm(Y) as follows. 
For two cofibrations u : A — > B and v : C — > D in Y , write bAb for the map 

u A v : A <g> D Ha®c B ®C -> B <g> D 

(which is a cofibration by definition of monoidal model categories) . By iterating this construction, 
we get, for a cofibration u : A — > B in Y , a cofibration 

A n (n) = u A • • • Au : D'» -> B® n . 

n times 

Note that the symmetric group <S„ acts naturally on B®™ and □ n (u). We define 

Sym n (B) = {B® n ) @n and Sym n (B, A) = □™(w)e„ • 

By virtue of Lemma T4. 1.61 we get a cofibration of Y: 

a n (u) : Sym n (B,A) -» Sym n {B) . 

Consider now the free map : F(A) — ► F(-B) can be filtered by F(A)-modules as follows. 

Define Do = F(A). AsA — Sym 1 (B, A), we have a natural mor phism F(A)®Sym 1 (B,A) -> 
The objects D n are then defined by induction with the pushouts below. 

F(A) ® Sym n (B, A) lf(A) ^" ( " ) ; F(A) ® Sym n (B) 



D n -1 ^ D n 

We get natural maps D n — > F{B) which induce an isomorphism 

lim D„ ~ 

n>0 

in such a way that the morphism F(u) correspond to the canonical map 

F(A) = D -» fim D n . 

n>0 

Hence, if is cofibrant, all the maps £) n _i — » £>„ are cofibrations, so that the map F(A) — > 

F(B) is a cofibration in ^. In the particular case where A is the initial object of we see that 
for any cofibrant object B of Y, the free commutative monoid F(B) is cofibrant as an object of 
Y (because the initial object of Comm(Y) is the unit object of Y). This also implies that, if u is 
a cofibration between cofibrant objects, the map F(u) is a cofibration in Y . 

This description of F(u) also allows to compute the pushouts of F(u) in Comm(Y) in Y as 
follows. Consider a pushout 

f(a)-^Lf(b) 



in Comm(Y). For n > 0, define R n by the pushouts of "7 



i? >~ Rr, 

We then have an isomorphism 

lira R n ~ S . 

n>0 
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In particular, if u is a cofibration between cofibrant objects, the morphism of commutative monoids 
v : R — * S is then a cofibration in "V . As the forgetful functor U preserves filtered colimits, conclude 
easily from there (with the small object argument |Hov99[ Theorem 2.1.14]) that any cofibration of 
Comm(Y) is a cofibration of Using again that the unit object of "f is cofibrant in "V (i.e. that 
the initial object of Comm(V) is cofibrant in this proves the last assertion of the theorem. □ 

Corollary 4.1.9. Let Y a symmetric monoidal combinatorial model category. Assume that Y 
is left proper and tractable, satisfies the monoid axiom, and is strongly Q-linear. Consider a 
small set H of maps of "V , and denote by the left Bousfield localization of V by H ; see 

BarOQj Theorem 4.7]. Define the class of H- equivalences in Ho(T^) to be the class of maps which 
become invertible in Ho(ijy^). If H- equivalences are stable by (derived) tensor product in Ho(^), 
then Lh'P is a symmetric monoidal combinatorial model category (which is again left proper and 
tractable, satisfies the monoid axiom, and is strongly Q-linear). 

In particular, under these assumtions, there exists a morphism of commutative monoids 1 — ► R 
in Y which is a weak equivalence of Ln"¥ , with R a cofibrant and fibrant object of Ln"V . 

Proof. The first assertion is a triviality. The last assertion follows immediately: the map 1 — > R is 
simply obtained as a fibrant replacement of 1 in the model category Comm(Ln"V) obtained from 
Theorem 11X51 applied to Lwf . □ 

4.1.10. Consider now a category 5?, as well as a closed symmetric monoidal bifibred category jtft 
over 5? . We shall also assume that the fibers of jM admit limits and colimits. 

Then the categories Mon(^(X)) (resp. Comm(.4^(X))) define a bifibred category over 5? as 
follows. Given a morphism / : X — ► Y, the functor 



is symmetric monoidal, so that it preserves monoids (resp. commutative monoids) as well as 
morphisms between them. It thus induces a functor 



As /* : ^#(F) — > is symmetric monoidal, its right adjoint /» is lax monoidal: there is a 

natural morphism 



Hence the functor /» preserves also monoids (resp. commutative monoids) as well as morphisms 
between them, so that we get a functor 



By construction, the functor /* of l|4.1.10.1|) is a left adjoint ot the functor /* of (|4.1.10.4|) . These 
constructions extend to morphisms of ^-diagrams in a similar way. 

Proposition 4.1.11. Let ^# be a symmetric monoidal combinatorial fibred model category over 
,y . Assume that, for any object X of ', the model category ^M(X) satisfies the monoid axiom 
(resp. is left proper and tractable, satisfies the monoid axiom, and is strongly Q-linear). 

(a) For any object X of .y, the category Mon(~#)(X) (resp. Comm{^£){X)) of monoids 
(resp. of commutative monoids) in ^#(A) is a combinatorial model category structure 
whose weak equivalences (resp. fibrations) are the morphisms of commutative monoids 
which are weak equivalences (resp. fibrations) in ^#(A). This turns Mon(^) (resp. 
Comm(^) ) into a combinatorial fibred model category over & '. 



f* : Jt(Y) - M{X) 



(4.1.10.1) 



/* : Mon{JZ{Y)) -> Mon(Jt{X)) 
(resp. /* : Comm(^(Y)) -► Comm{J<f{X))). 




f*{f*{A) ® Y MB)) ~ f* f*(A) ®f*f*{B)^A®B. 



(4.1.10.4) 



/. : Mon{JZ{X)) Mon{JK{Y)) 
(resp. /» : Comm{.^{X)) — > Comm{Jt{Y))). 
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(b) For any morphism of 5? -diagrams ip : {56 ,1) — > (Y, J), the adjunction 
ip* : Mon{JZ){W, J) <=* Mon{Jt){% , I) : tp* 

(resp. ip* : Comm(^)(W, J) Comm(^)(36 , I) : tp*) 

is a Quillen adjunction (where the categories of monoids Mon(^)(3£ , I) (resp. of commu- 
tative monoids Comm(^)(5ty , I)) are endowed with the injective model category structure 
obtained from Proposition \S.1.7\ applied to Mon(^) (resp. to Comm(^)). 
(d) If moreover, for any object X of , the unit lx is cofibrant in ^$(X), then, for morphism 
of ,5f -diagrams ip : (JT,/) — > (Y,J), the square 

Ho(Mon(.#))(^, J) — Ho(Mon(^))( JT, /) 

(4.1.11.1) J L 

B.o{jK){^, J) — Ko{Jf){2£, I) 

is essentially commutative. Similarly, in the respective case, the square 

Ho(Comm(^))(^, J) — C Ho (Comm(Jt)){3£ , I) 

(4.1.11.2) J L 

Ko(^)(W, J) — >- Uo{^)(^',I) 

is essentially commutative. 

Proof. Assertion (a) is an immediate consequence of Theorem 14. 1.31 (resp. of Theorem l4.1.8|) . and 
assertion (b) is a particular case of Proposition 13 . 1 . 1 H (beware that the injective model category 
structure on Comm(~d()(3t , I) does not necessarily coincide with the model category structure 
given by Theorem 14.1.31 (resp. of Theorem I4.1.8|) applied to the injective model structure on 
jj({S£ , I)). For assertion (d), we see by the second assertion of Proposition l3~l~6l that it is sufficient 
to prove it when ip : X — > Y is simply a morphism of . In this case, by construction of the total 
left derived functor of a left Quillen functor, this follows from the fact that ip* commutes with the 
forgetful functor and from the fact that, by virtue of the last assertion of Theorem 14. 1.31 (resp. of 
Theorem 14. 1.8|) . the forgetful functor U preserves weak equivalences and cofibrant objects. □ 

Remark 4.1.12. The main application of the preceding corollary will come from assertion (d): it 
says that, given a monoid (resp. a commutative monoid) R in ^(Y) and a morphism / : X — ► Y, 
the image of R by the functor 

Lf : Uo(^)(Y) - Ho(j?)(X) 

is canonically endowed with a structure of monoid (resp. of commutative monoid) in the strongest 
sense possible. Under the assumptions of assertion (c) of Proposition 14. 1 . lTj we shall often make 
the abuse of saying that L/*(i?) is a monoid (resp. a commutative monoid) in ^Sf(X) without 
refereeing explicitely to the model category structure on Mon(^)(X) (resp. on Comm(^)(X)). 
Similarly, for any monoid (resp. commutative monoid) R in j${X) y R/*(i?) will be canonically 
endowed with a structure of a monoid (resp. a commutative monoid) in ^(Y). In particular, for 
any monoid (resp. commutative monoid) R in ^Sf(Y), the adjunction map 

i2->R/„L/*(iJ) 

is a morphism of monoids (i.e. is a map in the homotopy category Ho(Mon(.4^))(X) (resp. 
Ho(Comm(^£'))(X))), and, for any monoid (resp. commutative monoid) R in j^[X~), the adjunc- 
tion map 

L/*R/„(fl)-fl 

is a morphism of monoids (i.e. is a map in the homotopy category Ho(Mon(.^))(Y) (resp. 
Ho{Comm(^))(Y))). 
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Remark 4.1.13. In order to get a good homotopy theory of commutative monoids wihout the 
strongly Q-linear assumption, we should replace commutative monoids by E^-algebras (i.e. ob- 
jects endowed with a structure of commutative monoid up to a bunch of coherent homotopies). 
More generally, we should prove the analog of Theorem 14.1.31 and of Theorem 14.1.81 by replacing 
Mon(y) by the category of algebras of some 'well behaved' operad, and then get as a consequence 
the analog of Proposition 14.1.111 All this should be a consequence of the general constructions 
and results of [SpiuT] IBM031 IBM08] . 

However, in the case we are interested in the homotopy theory of commutative monoids in 
some category of spectra Y , it seems that some version of Shipley's positive stable model structure 
(cf. |Shi04[ Proposition 3.1]) would provide a good model category for commutative monoids, 
which, by Lurie's strictification theorem |Lur091 Theorem 4.3.22], would be equivalent to the 
homotopy theory of -Eoo-algebras in y. This kind of technics should certainly be available in the 
context of stable homotopy theory of schemes, which would provide the good setting to speak 
of motivic commutative ring spectra: with these positive stable model structures, Theorem 14.1.81 
and Proposition 14.1.111 should be true for genuine commutative monoids wihout any Q-linearity 
assumption (in general, given a nice enough combinatorial symmetric monoidal model category 
y with unit 1, the 'positive stable model category of symmetric 1-spectra' should provide a 
combinatorial symmetric model category which should be Quillcn equivalent to y, and in which 
commutative monoids are models for E^, -algebras in "V\ this would provide an alternative to the 
point of view of S-modules of Elmendorf , Kriz, Mandell, May, and Spitzweck [EKMM971 |Spi01| ) . 

4.2. Modules. 

4.2.1. Given a monoid R in a symmetric monoidal category y, we shall write R-mod(y) for the 
category of (left) i?-modules. The forgetful functor 

U : R- mod(r) -> t 

is a left adjoint to the free i?-module functor 

R®(-) : Y -> R-mod(Y) . 

If y has enough small colimits, and if R is a commutative monoid, the category R- mod(y) is 
endowed with a unique symmetric monoidal structure such that the functor R (g) (— ) is naturally 
symmetric monoidal. We shall denote by <8>_r the tensor product of R-mod(y). 

Theorem 4.2.2. Let y be a combinatorial symmetric model category which satisfies the monoid 
axiom. 

(i) For any monoid R in y, the category of right (resp. left) R-modules is a combinatorial 
model category with weak equivalences (resp. fibrations) the morphisms of R-modules which 
are weak equivalences (resp. fibrations) in y. 

(ii) For any commutative monoid R in y, the model category of R-modules given by (i) is a 
combinatorial symmetric monoidal model category which satisfies the monoid axiom. 

Proof. Assertions (i) and (ii) are particular cases of the first two assertions of [SS001 Theorem 
4.1]. □ 

Definition 4.2.3. A symmetric monoidal model category y is perfect if it has the following 
properties. 

(a) y is combinatorial and tractable (|3.1.27p : 

(b) y satisfies the monoid axiom; 

(c) For any weak equivalence of monoids R — > S, the functor M i— ► S <3r M is a left Quillcn 
equivalence from the category of left i?-modules to the category of left ^-modules. 

(d) weak equivalences are stable by small sums in y. 

Remark 4.2.4. If y is a perfect symmetric monoidal model category, then, for any commutative 
monoid R, the symmetric monoidal model category of i?-modules in y given by Theorem l4.2.2l (ii) 
is also perfect: condition (c) is quite obvious, and condition (d) comes from the fact that the 
forgetful functor U : R- mod — > y commutes with small sums, while it preserves and detects weak 
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equivalences. Note that condition (d) implies that the functor U : Ho(i?-mod) — > Ho(y) preserves 
small sums. 

Remark 4.2.5. If Y is a stable symmetric monoidal model category which satisfies the monoid 
axiom, then for any monoid R of "V , the model category of (left) i?-modules given by Theorem 
I4.2.2l is stable as well: the suspension functor of Ho(R- mod) is given by the derived tensor product 
by the i?-bimodule R[l], which is clearly invertible with inverse R[— 1]. 

Proposition 4.2.6. Let V he a stable perfect symmetric monoidal model category. Assume fur- 
thermore that Ho(^) admits a small family Q of compact generators (as a triangulated category). 
For any monoid R in "¥ , the triangulated category Ho(i?-mod('^ / )) admits the set {Rj^E | E G Q} 
as a family of compact generators. 

Proof. We have a derived adjunction 

R ® L (-) : Ho(r) <=* Ro(R- mod(r)) : U . 

As the functor U preserves small sums the functor i?£g> L (— ) preserves compact objects. But U is 
also conservative, so that {i?£g> L E | E G Q} is a family of compact generators of Ho(i?-mod('^ / )). 

□ 

Remark 4.2.7. If Y is a combinatorial symmetric model category which satisfies the monoid 
axiom, then there are two ways to derive the tensor product. The first one consists to derive the 
left Quillen bifunctor (— ) ® (— ), which gives the usual derived tensor product 

(-) ® L (-) : Ho(r) x Ho(r) -> Ho(r) . 

Remember that, by construction, A (8> L B — A 1 ® B', where A' and B' are cofibrant replacements 
of A and B respectively. On the other hand, the monoid axiom gives that, for any object A of "f , 
the functor A ® (— ) preserves weak equivalences between cofibrant objects, which implies that it 
has also a total left derived functor 

A^ (-) : Ho(r) -> Ho(r) . 

Despite the fact we have adopted very similar (not to say identical) notations for these two derived 
functor, there is no reason they would coincide in general: by construction, the second one is defined 
by A <8> L B — A® B 1 , where B 1 is some cofibrant replacement of B. However, they coincide quite 
often in practice (e.g. for simplicial sets, for the good reason that all of them are cofibrant, or for 
symmetric 5' 1 -spectra, or for complexes of quasi-coherent Ox-modules over a quasi-compact and 
quasi- separated scheme X). 

Proposition 4.2.8. Let 'f be a stable combinatorial symmetric monoidal model category which 
satisfies the monoid axiom. Assume furthermore that, for any cofibrant object A of "V , the functor 
A®{— ) preserve weak eguivalences (in other words, that the two ways to derive the tensor product 
explained in Remark \4-2.7\ coincide), and that weak equivalences are stable by small sums in "V . 
Then the symmetric monoidal model category "V is perfect. 

Proof. We just have to check condition (c) of Definition 14.2.31 Consider a weak equivalence of 
monoids R — > S. We then get a derived adjunction 

S ®^ (-) : Ho (^- mod(r)) 5=i Ho(5- mod(r)) : U , 

where S (— ) is the left derived functor of the functor M t— ► S ®r M. We have to prove that, 
for any left i?-module M, the map 

M -> S <g)% M 

is an isomorphism in Ho(Y). As this is a morphism of triangulated functors which commutes with 
sums, and as Ho(i?- mod(Y)) is well generated in the sense of Neeman [NeeOlj (as the localization 
of a stable combinatorial model category), it is sufficient to check this when M runs over a small 
family of generators of Ho(R- mod(Y)). Let us chose is a small family of generators Q of Ho(T^). As 
the forgetful functor from Ho(i?- mod(^ / )) to Ho(7 / ) is conservative, we see that {i?® L i? | E G Q} 
is a small generating family of Ko(R- mod(7 / )). We are thus reduced to prove that the map 

R ® L E -> S ®k (R ® L E)~S® Ij E 
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is an isomorphism for any object E in Q. For this, we can assume that E is cofibrant, and this 
follows then from the fact that the functor (~)<S>E preserves weak equivalences by assumption. □ 

4.2.9. Let 5? be a category endowed with an admissible class of morphisms and ^# a symmetric 
monoidal ^-fibred category. Consider a monoid R in the symmetric monoidal category ^(ly, ,y) 
(i.e. a section of the fibred category Mon(^) over y). In other words, R consists of the data of 
a monoid Rx for each object X of and of a morphism of monoids a/ : f*(Ry) — > i?x for each 
map / : X — ► Y in J^, subject to coherence relations; see 13.1.21 

For an object X of y, we shall write R-mod(X) for the category of (left) i?x-modules in 
J({X), i.e. 

R-mod(X) = R x -mad{jZ{X)) . 

This defines a fibred category R- mod over y as follows. 
For a morphism / : X — ► Y, the inverse image functor 

(4.2.9.1) /* : fl-mod(Y) -> i?-mod(X) 
is defined by 

(4.2.9.2) M^R x ® r{Ry) f*(M) 

(where, on the right hand side, /* stands for the inverse image functor in ^#). The functor 
(|4.2.9.1|) has a right adjoint 

(4.2.9.3) /* : R- mod(X) -» R- mod(Y) 

which is simply the functor induced by /* : — > ^#(Y) (as the latter sends i?x-modules to 
f*(Rx) -modules, which are themselves i?y-modules via the map a,f). 

If the map / is a ^-morphism, then, for any i?x-niodule M, the object /j(M) has a natural 
structure of Ry -module: using the map a/, M has a natural structure of /*(i?y)-module 

f*(Ry)®x M -> M , 
and applying /j, we get by the ^-projection formula (ll.l.25|) a morphism 

R Y ® /j(M) ~ f t (f(R Y ) ® M) -> /(t(M) 

which defines a natural i?y-module structure on /j(JVf). For a ^-morphism / : X — > Y, we define 
a functor 

(4.2.9.4) /j : R- mod(X) -> B- mod(Y) 

as the functor induced by /j : ^#(X) — ► ^#(Y). Note that the functor (|4.2.9.4jl is a left adjoint to 
the functor (|4.2.9.1[) whenever the map aj : f*(Ry) — > i?x is an isomorphism in ^#(X). 

We shall say that R is a cartesian monoid in «4( over y if R is a monoid of ./#(l<g>, such 
that all the structural maps f*(Ry) — > i?x are isomorphisms (i.e. if i? is a cartesian section of 
the fibred category Mon(^) over J^) 

If i? is a cartesian monoid in over J'*, then i?-mod is a ^-fibred category over .5^: to see 
this, it remains to prove that, for any pullback square of y 




in which / is a ^-morphism, and for any i?x-module M, the base change map 

f$9*{M) — » h* ff(M) 

is an isomorphism, which follows immediately from the analogous formula for ^ . 

Similarly, we see that whenever R is a commutative monoid of ^(l^,^) (i.e. Rx is a com- 
mutative monoid in ^rfC(X) for all X in y), then i?-mod is a symmetric monoidal ^-fibred 
category. 
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Proposition 4.2.10. Let ^# be a combinatorial symmetric monoidal & -fibred model category 
over 5? which satisfies the monoid axiom, and R a monoid in .^(1 y. .!/) (resp. a cartesian 
monoid in ^ over Sf). Then \J72.2\ (i) applied termwise turns i?-mod into combinatorial fibred 
model category (resp. a combinatorial ^-fibred model category). 

If moreover R is commutative, then R- mod is a combinatorial symmetric monoidal fibred model 
category (resp. a combinatorial symmetric monoidal £P -fibred model category). 

Proof. Choose, for each object X of two small sets of maps Ix and Jx which generate the 
class of cohbrations and the class of trivial cofibrations in ^{X) respectively. Then Rx ®x Ix 
and Rx ®x Jx generate the class of cofibrations and the class of trivial cofibrations in R- mod(X) 
respectively. For a map / : X — > Y in S^, we see from formula (|4.2.9.2j) that the functor (|4.2.9.1| 
sends these generating cofibrations and trivial cofibrations to cofibrations and trivial cofibrations 
respectively, from which we deduce that the functor (|4.2.9.1|) is a left Quillen functor. In the 
respective case, if / is a ^-morphism, then we deduce similarly from the projection formula 
(|1.1.25|) in ^ that the functor (|4.2.9.4|) sends generating cofibrations and trivial cofibrations to 
cofibrations and trivial cofibrations respectively. The last assertion follows easily by applying 
14.2.21 (ii) termwise. □ 

Proposition 4.2.11. Let jM be a perfect symmetric monoidal ^-fibred model category over ,5f ' , 
and consider a homotopy cartesian monoid R in ./£ over (i.e. a homotopy cartesian section of 
Mon{J() (3.1.2b]) ). Then Ho(i?-mod) is a ^-fibred category over y, and 

R ® L (-) : Ho(>f) -> Ho(i?-mod) 

is a morphism of ^-fibred categories. In the case where R is commutative, Ho(i?-mod) is even a 
symmetric monoidal '-fibred category. 

Moreover, for any weak equivalence between homotopy cartesian monoids R — > S over S*, the 
Quillen morphism 

S ®r (-) : R-mod -> 5-mod 
induces an equivalence of & -fibred categories over J? 

S<S)r(-) :Ho(i?-mod) ^Ho(S'-mod). 

Proof. It is sufficient to prove these asertions by restricting everything over y/S, where S runs 
over all the objects of S". In particular, we may (and shall) assume that has a terminal object 
S. As j$ is perfect, it follows from condition (c) of Definition 14. 2 . 31 that we can replace R by any 
of its homotopy cartesian resolution (see Proposition 13.1 .29]) . In particular, we may assume that 
Rs is a cofibrant object of Mon(^)(S). We can thus define a termwise cofibrant cartesian monoid 
R 1 as the family of monoids f*(Rs), where / : X — > S runs over all the objects of 5? ~ 5? ' jS. 
There is a canonical morphism of homotopy cartesian monoids R' —> R which is a termwise weak 
equivalence. We thus get, by condition (c) of Definition 14.2.31 an equivalence of fibred categories 

R® R , (-) : Ho(i?'-mod) ->• Ho(-R-mod) . 

We can thus replace R by R', which just means that we can assume that R is cartesian and 
termwise cofibrant. The first assertion follows then easily from Proposition 14.2.101 In the case 
where R is commutative, we prove that Ho(i?- mod) is a ^-fibred symmetric monoidal category 
as follows. Let / :I^Fa morphism of 5?. We would like to prove that, for any object M in 
Ho(R- mod)(X) and any object N in Ho(R- mod)(F), the canonical map 

(4.2.11.1) L/ S (M ®^ f*(N)) -> L/j(M) ® R N 

is an isomorphism. By adjunction, this is equivalent to prove that, for any objects N and E in 
Ho(R- mod)(y), the map 

(4.2.11.2) rTLHom R (N,E) -» TLHom R (f*(N), f* (E)) 

is an isomorphism in Ho(_R- mod)(X) (where RHom R stands for the internal Horn of Ho(i?- mod)). 
But the forgetful functors 

U : Ho(i?-mod)pO -» Ro(J?)(X) 
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are conservative, commute with /* for any ^-morphism /, and commute with internal Horn: by 
adjunction, this follows immediately from the fact that the functors 

i?® L (-) : HoO#)(X) -» Ho(i?-mod)(X) ~ Ho(i?'-mod)(X) 

are symmetric monoidal and define a morphism of ^-fibred categories (and thus, in particular, 
commute with /j for any ^-morphism /). Hence, to prove that (|4.2. 1 1 .2[) is an isomorphism, it 
is sufficient to prove that its analog in Ho(^#) is so, which follows immediately from the fact that 
the analog of (|4.2.11.ip is an isomorphism in Ho(./#) by assumption. 

For the last assertion, we are also reduced to the case where R and 5* are cartesian and termwise 
cofibrant, in which case this follows easily again from condition (c) of Definition 14.2.31 □ 

Proposition 4.2.12. Let ./# be a combinatorial symmetric monoidal model category over S" 
which satisfies the monoid axiom. Then, for any cartesian monoid R in over ,5^ we have a 
Quillen morphism 

R (g> (-) : Jt -> i?-mod . 

Ifj /or any object X of ,5f , the unit object lx is cofibrant in ^f(X) and the monoid Rx is cofibrant 
in Mon(^)(X), then the forgetful functors also define a Quillen morphism 

U : R- mod — > J( . 

Proof. The first assertion is obvious. For the second one, note that, for any object X of ', the 
monoid Rx is also cofibrant as an object of ^(X); see Theorem 14.1.31 This implies that the 
forgetful functor 

U : i?A-mod M{X) 

is a left Quillen functor: by the small object argument and by by definition of the model category 
structure of Theorem l4.2.2l (i), this follows from the trivial fact that the endofunctor 

Rx ® (-) : J({X) — J({X) 

is a left Quillen functor itself whenever Rx is cofibrant in ^(X). □ 

Remark 4.2.13. The results of the preceding proposition (as well as their proofs) are also true in 
terms of P car t-fibred categories (|3.1.21[) over the category of ^'/S'-diagrams for any object S of 
,5^ (whence over all ^-diagrams whenever ,5? has a terminal object). 

4.2.14. Consider now a noetherian scheme S of finite Krull dimension. We choose a full subcate- 
gory of the category of separated noetherian S'-schemes of finite Krull dimension which is stable by 
finite limits, contains separated S'-schemes of finite type, and such that, for any etale S'-morphism 
Y — » X, if X is in 5? jS, so is Y. We denote by 5^ / S this chosen category of S'-schemes. 

We also fix an admissible class & of morphisms of ]S which contains the class of etale 
morphisms. 

Definition 4.2.15. A property P of Ho(^#), for ^ a stable combinatorial ^-fibred model 
category over 5? / S, is homotopy linear if the following implications are true. 

(a) If 7 : ^# — is a Quillen equivalence (i.e. a Quillen morphism which is termwise a 
Quillen equivalence) between stable combinatorial ^-fibred model category over J^/S, 
then ^ has property P is and only if has property P. 

(b) If ^ is a stable combinatorial symmetric monoidal ^-model category which satisfies the 
monoid axiom, and such that the unit lx of ^K(X) is cofibrant, then, for any cartesian 
and termwise cofibrant monoid R in ^# over <y/S, -R-mod has property P. 

Proposition 4.2.16. The following properties are homotopy linear: A 1 -homotopy invariance, 
P 1 -stability, the localization property, the property of proper transversality, separability, semi- 
separability, t-descent (for a given Grothendieck topology t on S^/S). 

Proof. Property (a) of the definition above is obvious. Property (b) comes from the fact that the 
forgetful functors 

U : Ho(i?-mod) -> Ho(^) 
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are conservative and commute with all the operations: L/* and R./* for any morphism /, as well 
as L/jj for any <^-morphism (by Proposition !4.2.T^j) . Hence any property formulated in terms of 
equations involving only these operations is homotopy linear. □ 

Part 2. Construction of fibred categories 

5. Fibred derived categories 

5.0. In this entire section, we fix a full subcategory of the category of noetherian 5-schemes 
satisfying the following properties: 

(a) 5f is closed under finite sums and pullback along morphisms of finite type. 

(b) For any scheme S in J?", any quasi-projective S'-scheme belongs to 5? . 

We fix an admissible class of morphisms & of . All our ^-premotivic categories (cf. definition 
ll.4.2[) are defined over . Moreover, for any abelian ^-premotivic category si in this section, 
we assume the following: 

(c) si is a Grothendieck abelian ^-premotivic category (see definition 11.3.81 and the recall 
below). 

(d) si is given with a generating set of twists r. We sometimes refer to it as the twists of si. 

(e) We will denote by Mg(X, si), or simply by Mg(X), the geometric section over a ^-scheme 
X/S. 

Without precision, any scheme will be assumed to be an object of J?*. 
In section [521 except possibly for 15. 2. a| we assume further: 

(f) 3? contains the class of smooth finite type morphisms. 
In section 1531 we assume (f) and instead of (d) above. 

5.0. 17. We will refer sometimes to the canonical dg-structure of the category of complexes C(s/) 
over an abelian category si. Recall that to any complexes K and L over si, we associate a 
complex of abelian groups Hom^(A', L) whose component in degree n S Z is 

and whose differential in degree n G Z is defined by the formula: 

(fp)pez i-> (d L of P - (-l) n ./ P+ i o d K )) peZ . 

In other words, this is the image of the bicomplex Hom^(X, L) by the Tot-product functor 
which we denote by Tot". Of course, the associated homotopy category is the category K(s/) 
of complexes up to chain homotopy equivalence. 

5.1. From abelian premotives to triangulated premotives. 

5.1. a. Abelian premotives: recall and examples. Consider an abelian ^-premotivic category s/. 
According to the convention of 15.01 for any scheme S, s/s is a Grothendieck abelian closed sym- 
metric monoidal category. Moreover, if r denotes the twists of si, the essentially small family 

(M s (X){i}) Xe ^ /s . eT 
is a family of generators of s/s in the sense of |Gro57j . 

Example 5.1.1. Consider a fixed ring A. Let PSh(£P / S, A) be the category of A-presheaves (i.e. 
presheaves of A-modules) on £?/S. For any ^-scheme X/S, we let Ag(X) be the free A-presheaf 
on & I S represented by X. Then PSh(^/5, A) is a Grothendieck abelian category generated by 
the essentially small family (Ag(X)) Xe3 g^ s - 

There is a unique symmetric closed monoidal structure on PSh(^ a /5, A) such that 

A S (X) ® S A S (Y)=A S (X x s Y). 

Finally the existence of functors /*, /* and, in the case when / is a ^-morphism, of /jj, follows 
from general sheaf theory (cf. [AGV73] ). 

Thus, PSh(£P, A) defines an abelian ^-premotivic category. 
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5.1.2. Consider an abstract abelian ^-premotivic category srf ' , To any premotive M of sdg, we 
can associate a presheaf of abelian groups 

X ^ Rom^ s (M s (X),M) 

which we denote by 7*(Af). 

This defines a functor 7* : srfg — > PSh(^ a /S', Z). It admits the following left adjoint: 
7* : PSh^/S, Z) -f at 8 , F i-» lim M S (X, 

X/F 

where the colimit runs over the category of representable presheaves over F . 

It is now easy to check we have defined a morphism of (complete) abelian ^-premotivic cate- 
gories: 

(5.1.2.1) 7* :PSh(^,Z)^^: 7 ,. 

Moreover PSh(^, Z) appears as the initial abelian ^-premotivic category. 

Remark that the functor 7* : s#s PSh(S, Z) is conservative if the set of twists r of stf is 
trivial. 

Definition 5.1.3. A ^-admissible topology t is a Grothendieck pretopology t on the category 
.y, such that any i-covering family consists of ^-morphisms. 

Note that, for any scheme S in S^, such a topology t induces a pretopology on 3 s / S (which we 
denote by the same letter). For any morphism (resp. ^-morphism) / : T —> S, the functor /* 
(resp. /j) preserves ^-covering families. 

As 3 d is fixed in all this section, we will simply say admissible for ^-admissible. 

Example 5.1.4. Let t be an admissible topology. We denote by Sh t (^/S, A) the category of 
i-sheaves of A-modules on 3? j S. Given a ^-scheme X/S, we let A t s (X) be the free A-linear ig- 
sheaf represented by X. Then, Sh t (^ a /S', A) is an abelian Grothendieck category with generators 

As in the preceding example, the category Sh t (3 > / S, A) admits a unique closed symmetric 
monoidal structure such that A t s (X) ®s Ag(Y") = A^(A Xj Y). Finally, for any morphism / : 
T — > S of schemes, the existence of functors /*, /* (resp. /j when / is a ^-morphism) follows from 
the general theory of sheaves (see again |AGV73j : according to our assumption on t and [AGV731 
III, 1.6], the functors /* : &>/S -> 3* /T and / tt : 3> '/T -> 3> / S (for / in &>) are continuous). 

Thus, Sht(^ a , A) defines an abelian ^-premotivic category (with trivial set of twists). 

The associated i-sheaf functor induces a morphism 

(5.1.4.1) a* t : PSh(^, A) <=> Sh t (3>, A) : a t ,*. 

Remark 5.1.5. Recall the abelian category Sh t (3'/S, Z) is a localization of the category PSh(5, Z) 
in the sense of Gabriel-Zisman. In particular, given an abstract abelian ^-premotivic category 
the canonical morphism 

7* :PSh(3 g /S,Z)^ s/ 3 -1* 

induces a unique morphism 

Sh t (^/5,Z) 

if and only if for any presheaf of abelian groups F on 3 d / S such that a t (F) = F t = 0, one has 
7 *(F) = 0. 

We leave to the reader the exercise which consists to formulate the universal property of the 
abelian ^-premotivic category Sht(^ a , Z)Pi 



2 ^We will formulate a derived version in the paragraph on descent properties for derived premotives (c/. 15. 2. 91 . 
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5.1.b. The t-descent model category structure. 

5.1.6. Consider an abelian ^-premotivic category si with set of twists r. 

We let C(s/) be the ^-fibered abelian category over whose fibers over a scheme S is the 
category G(sis) 01 (unbounded) complexes in sis- F° r any scheme S, we let Ls ■ sis — * C(sis) 
the embedding which sends an object of sis to the corresponding complex concentrated in degree 
zero. 

If si is r-twisted, then the category C{sig) is obviously (Z x r)-twisted. The following lemma 
is straightforward : 

Lemma 5.1.7. With the notations above, there is a unique structure of abelian & -premotivic 
category on C(si) such that the functor i : si — > C(si) is a morphism of abelian & -premotivic 
categories. 

5.1.8. For a scheme S, let & / S u be the category introduced in 13.2.11 The functor Mg(— ) can 
be extended to /S u by associating to a family (JQ),- e / of ^-schemes over S the premotive 

If A" is a simplicial object of &/S u , we denote by Ms (A") the complex associated with the 
simplicial object of sis obtained by applying degreewise the above extension of Ms(— ). 

Definition 5.1.9. Let si be an abelian ,5^-premotivic category and t be an admissible topology. 
Let S be a scheme and C be an object of G{sis) '■ 

(1) The complex C is said to be local (with respect to the geometric section) if, for any 
^-scheme X/S and any pair (n, i) £ Z x r, the canonical morphism 

Hom KKs )(M s (X){*}[n],C) -> Romjy^ s) (M s (X){i}[n},C) 

is an isomorphism. 

(2) The complex C is said to be t-flasque if for any t-hypercover X — > X in for any 
(n, i) € Z x t, the canonical morphism 

Hom KKs )(M s (X){i}[n],C) -> ttom K ^ s) (M s (X){i}[n],C) 
is an isomorphism. 

We say the abelian ^-premotivic category si satifies cohomological t-descent if for any t-hypercover 
X — > X of a ^-scheme X/S*, and for any i 6 r, the map 

M s (*){»} -» Ms(X){£} 

is a quasi-isomorphism (or equivalently, if any local complex is t-flasque). 

We say that si is compatible with t il si satisfies cohomological t-descent, and if, for any scheme 
S, any t-flasque complex of sig is local. 

Example 5.1.10. Consider the notations of 15.1.41 

Consider the canonical dg-structure on C(Sh t (& / S, A)) (see 15.1. Tjl . By definition, for any 
complexes D and C of sheaves, we get an equality: 

Hom K(Sht( ^ /SiA)) ( J D,C) = fl°(Hbm^(AC)) = fl°(lbt*Honw(D,C)). 

In the case where D = A S (X) (rcsp. D = A S (X)) for a ^-scheme X/S (resp. a simplicial 
^-scheme over S) we obtain the following identification: 

Hom K(sht( , 9 , / ^ A)) (A t s (X),C) = H°(C(X)). 

(resp. Hom K(Sht( ^ /s , A)) (A t s (-Y),C)=i?°(Tot 7r C(A'))). 

Thus, we get the following equivalences: 

C is local for any ^-scheme X/S, H r t L (X, C) ~ H n {C(X)). 

C is t-flasque ^ for any t-hypercover A" -> X, H n (C(X)) ~ ^"(Tot^ C*(A)). 
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According to the computation of cohomology with hypercovers (cf. |Bro74| ), if the complex C is 
t-flasque, it is local. In other words, we have the expected property that the abelian ^-premotivic 
category Sht(^, A) is compatible with t. 

5.1.11. Consider an abelian ^-premotivic category srf and an admissible topology t. 

Fix a base scheme S. A morphism p : C — > D of complexes on s/s is called a t-fibration if its 
kernel is a t-flasque complex and if for any ^-scheme X/S, any i £ t and any integer neZ, the 
map of abelian groups 

Kom^ s (M s (X){i},C n ) -► Kom^ s (M s (X){i},D n ) 

is surjective. 

For any object A of sisi we let S n A (resp. D n A) be the complex with only one non trivial 
term (resp. two non trivial terms) equal to A in degree n (resp. in degree n and n + 1, with the 
identity as only non trivial differential). We define the class of cofibrations as the smallest class 
of morphisms of C(s/s) which : 

(1) contains the map S n+1 M s (X){i} -> D n M s (X){i} for any ^-scheme X/S, any % G r, 
and any integer n; 

(2) is stable by pushout, transfinite composition and retract. 

A complex C is said to be cofibrant if the canonical map — > C is a cofibration. For instance, for 
any ^-scheme X/S and any i € r, the complex Ms(X){i}[n] is cofibrant. 

Let Qs be the essentially small family made of premotives Ms(X){i} for a ^-scheme X/S and 
a twist i S r, and 7is be the family of complexes of the form Cone(Ms(X){i} — > Ms(X){i}) 
for any i-hypercover A" — > A and any twist i £ r. By the very definition, as s/ is compatible 
with £ ( definition I5.1.9p , (Qs,7~(-s) is a descent structure on in the sense of |CD091 def. 2.2]. 
Moreover, it is weakly flat in the sense of [CD09, par. 3.1]. Thus the following proposition is a 
particular case of |CD09( theorem 2.5, proposition 3.2, and corollary 5.5] : 

Proposition 5.1.12. Lets/ be an abelian ' -premotivic category, which we assume to be compat- 
ible with an admissible topology t. Then for any scheme S, the category C(s/s) with the preceding 
definition of fibrations and cofibrations, with quasi- isomorphisms as weak equivalences is a proper 
symmetric monoidal model category. 

5.1.13. We will call this model structure on C(s/s) the t-descent model category structure (over 
S). Note that, for any ^-scheme X/S and any twist i 6 r, the complex Ms(X){i} concentrated 
in degree is cofibrant by definition, as well as any of its suspensions and twists. They form a 
family of generators for the triangulated category D(Ag). 

Observe also that the fibrant objects for the t-descent model category structure are exactly the 
t-flasque complexes in s/s- Moreover, essentially by definition, a complex of s/s is local if and 
only if it is t-flasque (see |CD09( 2.5]). 

5.1.14. Consider again the notations and hypothesis of 15.1.111 
Consider a morphism of schemes / : T — » S. Then the functor 

/* : CK S ) -> CK) 

sends Qs in Qt, and TLg in TLt because the topology t is admissible. This means it satisfies 
descent according to the definition of [CD091 2.4]. Applying theorem 2.14 of op. cit., the functor 
/* preserves cofibrations and trivial cofibrations, i.e. the pair of functors (/*,/*) is a Quillen 
adjunction with respect to the t-descent model category structures. 
Assume that / is a ^-morphism. Then, similarly, the functor 

sends Qs (resp. Tis) in Qt (resp. Ht) so that it /j also satisfies descent in the sense of op. cit. 
Therefore, it preserves cofibrations and trivial cofibrations, and the pair of adjoint functors (/j, /*) 
is a Quillen adjunction for the t-descent model category structures. 
In other words, we have obtained the following result. 
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Corollary 5.1.15. Let srf be an abelian & -premotivic category compatible with an admissible 
topology t. The ^-fibred category C(&/) with the t-descent model category structure defined in 
\5.1.12\ is a symmetric monoidal 2? '-fibred model category. Moreover, it is stable, proper and com- 
binatorial. 

5.1.16. Recall the following consequences of this corollary (see also 1 1.3. 2^1 for the general theory). 
Consider a morphism / : T — > S of schemes. Then the pair of adjoint functors (/*,/*) admits 
total left/right derived functors 

Lf : D(*/ 8 ) ^ T>(s*r) : R/*. 

More precisely, /* (resp. /*) preserves i-local (resp. cofibrant) complexes. For any complex K 
on s/ s , R/*(if) = f*{K') (resp. Lf*(K) = f*(K")) where K' -» K (resp. K -> K") is a Mocal 
(resp. cofibrant) resolution of Kri 

When / is a ^-morphism, the functor /* is even exact and thus preserves quasi-isomorphisms. 
This implies that Lf* = f*. The functor /j admits a total left derived functor 

Lft : D(*fr) +± D(*fc) : R/* 

defined by the formula Lf$(K) — f${K") for a complex K on s$t and a cofibrant resolution 
K" -+K. 

Note also that the tensor product (resp. internal Horn) of C(s^s) admits a total left derived 
functor (resp. total right derived functor). For any complexes K and L on s/s, this derived 
functors are defined by the formula: 

K ®£ L = K" ® s L" 

RHom s (K,L) = Hom s (K",L') 

where K — > K" and L — > L" are cofibrant resolutions and L' — ► L is a i-local resolution. 

It is now easy to check that these functors define a triangulated ^-premotivic category D(g/), 
which is r-generated according to 15.1.131 

Definition 5.1.17. Let srf be an abelian ^-premotivic category compatible with an admissible 
topology t. 

The triangulated ^-premotivic category D(»e/) defined above is called the derived & -premotivic 
category associated with srfW\ 

The geometric section of a ^-scheme X/S in the category T)(srf) is the complex concentrated 
in degree equal to the object Ms(X). The triangulated ^-fibred category is r-generated and 
well generated in the sense of II. 3.131 This means that Y>{s^s) is equal to the following localizing! 2 ^ 
subcategory generated by the family 

(5.1.17.1) {M s (X){i}; X/S ^-scheme, i 6 r} 

Example 5.1.18. Given any admissible topology t, the abelian ^-premotivic category Sh t (£P,A) 
introduced in example l5.1.4l is compatible with t (cf. 15. 1 . 10[) and defines the derived ^-premotivic 
category D(Sh t (^ 2 , A)). 

Remark also that the abelian ^-premotivic category PSh(^ 2 ,A) introduced in example 15.1.11 is 
compatible with the coarse topology and gives the derived ^-premotivic category D(PSh(J 2> , A)). 

Remark 5.1.19. Recall from 15.0.171 the canonical dg-structure on C(s^s)- Then we can define a 
derived dg-structure by defining for any complexes K and L of s$Si the complex of morphisms: 

RHonw s (iC, L) = Eom^ (Q(K),R(L)) 

where R and Q are respectively some fibrant and cofibrant (functorial) resolutions for the i-descent 
model structure. The homotopy category associated with this new dg-structure on Q[s^s) is the 
derived category D(<s^<j). Moreover, for any morphism (resp. ^-morphism) of schemes /, the 

21 Recall also that fibrant /cofibrant resolutions can be made functorially, because our model categories are 
cofibrantely generated, so that the left or right derived functors are in fact defined at the level of complexes. 
22 Remark indeed that D(jS') does not depend on the topology t. 
2 ^i. e. triangulated and stable by sums. 
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pair (L/*, R/») (resp. (L/jj, /*)) is a dg-adjunction. The same is true for the pair of bifunctors 
((g>^,BHom s ). 

5.1.20. Consider an abelian ^-premotivic category srf compatible with a topology t. According 
to section I3.1.bl the 2-functor D(s/) can be extended to the category of ^-diagrams: to any 
diagram of schemes X : I — > 5? indexed by a small category I, we can associate a symmetric 
monoidal closed triangulated category D(g/)(X , I) which coincides with T>(srf)(X) when I = e, 
X = X for a scheme X. 

Let us be more specific. The fibred category admits an extension to ^-diagrams: a section 
of s/ over a diagram of schemes X : I — > J?*, indexed by a small category I, is the following data: 

(1) A family (Ai) i£ j such that Ai is an object of &?Xt- 

(2) A family {a u )ueFi(r) such that for any arrow u : i — * j in /, a u : u*(Aj) — > Ai is a 
morphism in s/x- and this family of morphisms satisfies a cocyle condition (see paragraph 

EHUD- 

Then, D(,2/)(^?r, /) is the derived category of the abelian category &/(X , I). In particular, objects 
of D(jz/)( X , 7) are complexes of sections of over (^, I) (or, what amount to the same thing, 
families of complexes (Ki)i e i with transition maps (a u ) as above, relative to the fibred category 

CM). 

Recall that a morphism of ^-diagrams p : (X, I) — > (2^, J) is given by a functor f : I —* J 
and a natural transformation 93 : <5£" — > W of. We say that <p is a ^-morphism if for any i £ I, 
<Pi : Xi —>■ &fu\ is a ^-morphism. For any morphism (resp. ^-morphism) <p, we have defined in 
13.1.31 adjunctions of (abelian) categories: 

if* : s>f(&,J)^*f(X,I) : cp* 

resp. w : sf(3£, I) T± st{W, J) : <p* 

which extends the adjunctions we had on trivial diagrams. 

According to proposition 13 . 1 . 1 II these respective adjunctions admits left/right derived functors 
as follows: 

(5.1.20.1) Lip* : D«)(^, J) «=i T>{sf)(& , 7) : 

(5.1.20.2) resp. L n : D(^)( X, I) <=* D(*/){&, J) : hp* = cp* 

Again, these adjunctions coincide on trivial diagrams with the map we already had. 

Note also that the symmetric closed monoidal structure on C(srf(X,I)) can be derived and 
induces a symmetric monoidal structure on D(j2/)(X , I) (see proposition 13.1. 24]) 

Recall from 13.231 and 13.2.71 that, given a topology t' (not necessarily admissible) over we 
say that T>(srf) satisfies i'-descent if for any i'-hypercover p : X — » X (here X is considered as a 
J5^-diagram), the functor 

(5.1.20.3) hp* :D(^)(X) ^D(#f)(X) 
is fully faithful (see corollary 13. 2. 7p . 

Proposition 5.1.21. Consider the notations and hypothesis introduced above. Let t' be an ad- 
missible topology on 5? . Then the following conditions are equivalent: 
(i) D(«e/) satisfies t' -descent, 
(ii) si satisfies cohomological t' -descent. 

Proof. We prove (i) implies (ii). Consider a t'-hypercover p : X — > X in 3?s- This is a iso- 
morphism. Thus, by the fully faithfulness of (|5.1.20.3p . the counit map Lpjp* — > 1 is an isomor- 
phism. By applying the latter to the unit object lx of D(s/x), we thus obtain that 

M X {X) -» lx 

is an isomorphism in D{s^x)- If ^ '■ X — > S is the structural ^-morphism, by applying the functor 
Lttu to this isomorphism, wc obtain that 

M S (X) -» M S {X) 

2 ^In fact, D(^/) is then a monoidal 3? car t-fibre& category over the category of .^-diagrams (remark !3.1.2H . 
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is an isomorphism in D(.fz^g) and this concludes. 

Reciprocally, to prove (i), we can restrict to i'-hypercovers p : 3£ — » X which are ^-morphisms 
because t' is admissible. Because Kp* = p* admits a left adjoint Lpj, we have to prove that the 
counit 

Lp$p* -» 1 

is an isomorphism. This is a natural transformation between triangulated functors which commutes 
with small sums. Thus, according to (|5. 1 . 17. 1|) . we have only to check this is an isomorphism 
when evaluated at a complex of the form Mx(Y){i} for a ^-scheme Y/X and a twist i G r. 
But the resulting morphism is then Mj(5T Xx Y){i} —> Mx(Y){i} and we can conclude because 
1" Xx F ^ F is a i'-hypercover in ^ / S (again because t' is admissible) . □ 

5.1.22. Consider the situation of 15. 1.201 Let S be a scheme. An interesting particular case is given 
for constant ^-diagrams over S; for a small category /, we let Is be the constant ^-diagram 
I — > y,i i ^ iS*, u i > I5. Then the adjunctions (15.1. 20. lj) for this kind of diagrams define a 
Grothendieck derivator 

Jh.D(^)(/ s ). 

Recall that, if / : J — ► e is the canonical functor to the terminal category and tp = fx '■ Ix ^ X 
the corresponding morphism of ^-diagrams, for any /-diagram K t = [Ki)i^i of complexes over 
sis, we get right derived limits and left derived colimits: 

Kip*(K.) = RlimiQ. 

iei 

Lipt(K.) = Llim Ki. 

iei 

5.1.23. The associated derived i^-premotivic category is functorial in the following sense. 
Consider an adjunction 

ip : srf ±± S3 : ip 

of abelian ^-premotivic categories. Let r (resp. r') be the set of twists of si (resp. and 
recall that ip induces a morphisms of monoid t — > r' still denoted by ip. Consider two topologies 
t and t' such that t' is finer than t. Suppose si (resp. 3$) is compatible with t (resp. t') and let 
(Gf,Hf) (resp. (Gf,Hf)) be the descent structure on ^ s (resp. defined in 15. 1.111 
For any scheme S, consider the evident extensions 

<p S : CKs) <=* C(#s) : ips 

of the above adjoint functors to complexes. Recall that for any ^-scheme X/S and any twist 
i E t, ip s (M s (X, */){{}) = M s (X,@){ip(i)} by definition. Thus, tp s sends C?f to gf. Because t' 
is finer than t, it sends also TL'g to Hg*. In other words, it satifies descent in the sense of [CD09, 
par. 2.4] so that the pair (<ps,ips) is a Quillen adjunction with respect to the respective i-descent 
and i'-descent model structure on C(s/s) and G(&s)- 

Considering the derived functors, it is now easy to check we have obtained a ^-premotivic 
adjunction^ 

Ltp : D{si) <=* D(^) : Kip. 

Example 5.1.24. Let t be an admissible topology. Consider an abelian ^-premotivic category si 
compatible with t. Then the morphism of abelian ^-premotivic categories (|5.1.2.ip induces a 
morphism of triangulated ^-premotivic categories: 

(5.1.24.1) L 7 * : D(PSh(^, Z)) «=* D(rf) : R7* 

2 ^ Remark also that this adjunction extends on ,5"-diagrams considering the situation described in 15.1.201 for 
any diagram X : I — + S*, we get an adjunction 

Ltpx : D(^)(AT) <±T>{3S){X) : Ri> x 

and this defines a morphism of triangulated monoidal £^ car t-Gbred categories over the ^-diagrams (c/. proposition 
13.1. 321 1. 
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Similarly, the morphism (|5.1.4.1[) induces a morphism of triangulated ^-premotivic categories 

(5.1.24.2) a* : D(PSh(5 a , A)) <± D(Sh t (^, A)) : Ra t ,*. 

Note that a\ = LajT on objects, because the functor a£ is exact. 

The following result can be used to check the compatibility to a given admissible topology: 

Proposition 5.1.25. Let t be an admissible topology. Consider a morphism of abelian SP- 
premotivic categories 

ip : srf +± ; tj) 

such that: 

(a) For any scheme S, ips is exact. 

(b) The morphism p induces an isomorphism of the underlying set of twists of srf and SB. 
According to the last property, we identify the set of twists of ,e/ and S3 to a monoid t in such a 
way that ip acts on r by the identity. 

Assume that si is compatible with t. Then the following conditions are equivalent: 

(i) SB is compatible with t. 
(ii) S3 satisfies cohomological t-descent, 

Proof. The fact (i) implies (ii) is clear from the definition and we prove the converse using the 
following lemma : 

Lemma 5.1.26. Consider a morphism of SP-premotivic abelian categories 

ip : srf ^ SB : ip 

satisfying conditions (a) and (b) of the above proposition and a base scheme S. 

Given a simplicial S? -scheme X over S , a twist i 6 t and a complex C over SB$, we denote by 

e x ,i,c ■ Rom c{ ^ g) (Ms{X,SB){i},C) ^Rom c{ ^ s) (Ms(X,^){i},MC)) 
the adjunction isomorphism obtained for the adjoint pair (<ps,ips)- 

Then there exists a unique isomorphism e' x i c making the following diagram commutative: 
Hom c(fls) (M S (X, SB){i}, C) _^L±^ Hom CKs) (M S (X, iPs{C)) 



Hom K( ^ s) (M S (X, SB){i), C) Hom K( ^ s) (M S (X, ^){z}, iP s {C)) . 

Assume moreover that SB satisfies cohomological t-descent. 
Then there exists an isomorphism e" x i c making the following diagram commutative: 

Hom K( ^ s) (M S (X, SB){i}, C) -J^l^ Hom K( ^ s) (M S (X, </> s (C)) 



(5.1.26.1) ^ 

Hom D(Js) (M 8 (X, #){»}, C) Hom DKs) (M S (X, </> s (C)) , 

where 7T X , c an d n x i c are induced by the obvious localization functors. 

The existence and unicity of isomorphism e' x i c follows from the fact that the functors ipg 
and ips are additive. Indeed, this implies that the isomorphism tx,i,c is compatible with chain 
homotopies. 

Consider the injective model structure on C{st&s) and C(SBs) (see for example |CD09[ 1.2] for 
the definition). We first treat the case when C is fibrant for this model structure on C(SBs). 
Because the premotive Mg{X, SB){i} is cofibrant for the injective model structure, we obtain that 
the canonical map ir x i c is an isomorphism. This implies there exists a unique map e x i c making 
diagram (15.1. 26. ip commutative. On the other hand, the isomorphism e' x i c obtained previously 
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is obviously functorial in X. Thus, because 3§ satisfies i-descent, we obtain that ips(C) is t- 
flasque. Because sf is compatible with t, this implies 4>s(C) is i-local, and because Ms(X,3£){i} 
is cofibrant for the t-descent model structure on C(s/s), this implies ^ X iC * s an isomorphism. 
Thus finally, e" x i c is an isomorphism as required. 

To treat the general case, we consider a fibrant resolution C — ► D for the injective model 
structure on 0(38 s). Because ips is exact, it preserves isomorphisms. Using the previous case, We 
define e x i c by the following commutative diagram: 

Hom D( ,^ s) (M S (X, 3g){i}, C) Hom D( ^ s) (M S (X, s/){i}, ^ S (C)) 



Hom D(Js) (M S (X, 3§){i}, D) Hom D(rfs) (M S (X, sf){i}, ^ s (£>)) • 

The required property for e x i c then follows easily and the lemma is proved. 

To finish the proof that (ii) implies (i), we note the lemma immediately implies, under (ii), that 
the following two conditions are equivalent : 

• C is i-flasque (resp. f-local) in C(3§s); 

• ips(C) is i-flasque (resp. i-local) in C(s/$)- 

This concludes. □ 

5. I.e. Compacity and geometric triangulated premotives. 

Definition 5.1.27. Let s/ be an abelian ^-premotivic category compatible with an admissible 
topology t. We will say that t is bounded in sf if for any scheme S, there exists an essentially 
small family Af s of bounded complexes which are direct factors of finite sums of objects of type 
Mg(X, si){i} in each degree, such that, for any complex C of s/g, the following conditions are 
equivalent. 

(1) C is i-local. 

(ii) For any H in Af s , the abelian group Hom K ^ s ^(H, C) vanishes. 
In this case, we say the family Af s is a bounded generating family for t-hypercoverings in sis- 

Example 5.1.28. (1) Assume 3? contains the open immersions so that the Zariski topology is 
admissible. Let MVs to be the family of complexes of the form 

A S (U n V) ±^ A S (U) e A S (V) A S (X) 

for any open cover X = U U V, where i,j,k,l denotes the obvious open immersions. It 
follows then from |BG73j that MVs is a bounded generating family of Zariski hypercovers 
inSh Zar (^/5,A). 

(2) Assume 3? contains the etale morphisms so that the Nisnevich topology is admissible. We 
let BGs be the family of complexes of the form 

A S (W) A S (U) ® A S (V) A S (X) 

for a Nisnevich distinguished square in 5? (cf. 12. 1 .15[) 

W~^V 

4 , \ f 
U-^X. 

Then, by applying 13.3.21 we see that BGs is a bounded generating family for Nisnevich 
hypercovers in Sh^ iB (3 g / S, A). 

(3) Assume that 3? = ,5^^ is the class of morphisms of finite type in 5?. We let PCDHs be 
the family of complexes of the form 

A S (T) A S (Z) © A S (Y) ±±?±> A S (X) 
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for a cdh-distinguished square in 5? (cf. I2.1.15|) 

Z-^X. 

Then, by virtue of 13.3. 7\ CDHs = BGs U PCDHs is a bounded generating family for 
cdh-hypercovers in Sh c dh JS, A). 

(4) The etale topology is not bounded in Sh < 5t(5'm,A) for an arbitray ring A. However, if 
A = Q, it is bounded: by virtue of theorem 13.3.221 a bounded generating family for 
etale hypercoverings in Sh^Sm, Q) s is just BGs (to be more precise, we should add the 
complexes of the form Qs(Y)g — * Qs(X) for any Galois cover Y — > X of group G, but 
these are contractible (because Y/G ~ X), so that we can just drop them). 

(5) As in the case of etale topology, the qfh-topology is not bounded in general, but it is with 
rational coefficients. Let PQFHs be the family of complexes of the form 

Qs{T) G Qs(Z) © Qs(Y) G Qs(X) 

for a qfh-distinguished square of group G in 5f (cf. 13.3.14)) 

4 \* 

z-^x. 

Then, by virtue of theorem 13.3.241 QFHg — PQFHs U BGs is a bounded generating 
family for qfh-hypercoverings in Sh q fh (jf^/S, Q). 

(6) Similarly, by theorem 13.3.291 H$ = CDHs U QFHs is a bounded generating family for 
h- hypercoverings in Sh^^y^/S, Q). 

Proposition 5.1.29. Let s/ be an abelian -premotivic category compatible with an admissible 
topology t. We make the following assumptions: 

(a) t is bounded in srf '; 

(b) for any £P -morphism X — > S and any n £ t, the functor Hom^ s (Ms(X){n}, — ) preserves 
filtered colimits. 

Then t-local complexes are stable by filtering colimits. 

Proof. Let Af s is a bounded generating family for i-hypercovers in s^s- Then a complex G of s/s 
is i-fiasque if and only if for any H S Af s , the abelian group Hom/f^jjflf, C) is trivial. Hence it 
is sufficient to prove that the functor 

preserves filtering colimits of complexes. This will follow from the fact that the functor 

C~Hom CKs) (if,C)) 

preserves filtering colimits. As H a is bounded complex that is degreewise compact, this latter 
property is obvious. □ 

5.1.30. Consider an abelian ^-premotivic category s/ compatible with an admissible topology t, 
with generating set of twists r. Assume that t is bounded in s/ and consider a bounded generating 
family <jVJ for i-hypercovers in s/g. 

Let M(£? > I S, s/) be the full subcategory of sfs spanned by direct factors of finite sums of 
premotives of shape Ms(X){i} for a ^-scheme X/S and a twist i S r. This category is additive 
and we can associate to it its category of complexes up to chain homotopy. We get an obvious 
triangulated functor 

(5.1.30.1) K b (M(0>/S,sf)) D(sf s ). 

Then the previous functor induces a triangulated functor 

K b (M(0>/S,s/))/Ar s -» D(.g/<j) 
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where the left hand side stands for the Verdier quotient of K h (M(3^ / S, si)) by the thick subcat- 
egory generated by A/5. 

The category K h (M(£^ /S, si)) /A/5 may not be pseudo-abelian while the aim of the previous 
functor is. Thus we can consider its pseudo-abelian envelope and the induced functor 

(5.1.30.2) (K b (M(0>/S,si))/N£) ->D(jzfc). 

Following definitions, the image of this functor is made of geometric premotives of the triangulated 
^-premotivic category D(sis). 

Then the following proposition is a corollary of |CD09( theorem 6.2] : 

Proposition 5.1.31. Consider thef hypothesis and notations above. 

If si is compactly r -generated then D(si) is compactly t -generated. Moreover, the functor 
(|5.1.30.2p is fully faithful. 

Recall from definition 11.4.71 that the category T) c (si) of r-constructible premotives in D(sis) is 
the thick triangulated subcategory generated by premotives of shape Ms(X){i}. 

Corollary 5.1.32. Consider the situation of \ 5. 1 . 30\ and assume that si is compactly r-generated. 
For any premotive A4 in D(sis), the following conditions are equivalent: 
(i) M. is compact, 
(ii) A4 is t -geometric. 
Moreover, the functor (|5.1.30.2[) induces an equivalence of categories: 

(K h (M(&/Ssi))/j4f -> D c (*fc). 

Example 5.1.33. According to example 15. 1.28[ we get the following examples: 

(1) Let A(Sm/S) = M(Sm/S, si) for si = Sh Nis (5m/5, A). We obtain a fully faithful functor 

(k 6 [A(Sm/S)) /BGs) -»• D ( Sh Nis (Sm/S, A) ) . 

which is essentially surjective on compact objects. 

(2) Let A(S*P) = M(Sm/S,si) for si = Sh cdh (y ft /S, A). We obtain a fully faithful functor 

(K 6 {^f* IS)) I BG s U CDH s ) ^ - D ( Sh cdh (^^/5, A) ) . 

which is essentially surjective on compact objects. 

(3) Let Q 6t (Sm/S) = M(Sm/S,si) for si = Sh 6t (Sm/S, Q). We obtain a fully faithful 
functor 

(K 6 (Qa (Sm/S)) /BG S ) " -» D ( Sh dt (Sm/S, Q) ) . 
which is essentially surjective on compact objects. 
5.2. The A 1 -derived premotivic category. 

5. 2. a. Localization of triangulated premotivic categories. 

5.2.1. Let si be an abelian ^-premotivic category compatible with an admissible topology t and 
D(si) be the associated derived ^-premotivic category. 

Suppose given an essentially small family of morphisms W in C(si) which is stable by the 
operations /*, /j (in other words, W is a sub- ^-fibred category of C(sf)). Remark that the 
localizing subcategory T of ~D(si) generated by the cones of arrows in W is again stable by these 
operations. Moreover, as for any ^-morphism / : X — > S we have /«/* = Ms(X) (8)5 (— ), the 
category T is stable by tensor product with a geometric section. 

We will say that a complex K over sis is W -local if for any object T of T and any integer 
n 6 Z, Hom D (^ s )(T, K[n\) — 0. A morphism of complexes p : C — > D over sis is a W -equivalence 
if for any W -local complex K over sis, the induced map 

Hom D(rfs) (D, K) -v Hom D(rfs) (C, K) 
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is bijective. 

A morphism of complexes over sis is called a W -fibration if it is a i-fibration with a W-\oc&\ 
kernel. A complex over s^s will be called W -fibrant if it is i-local and ^-local. 

As consequence of }CD091 4.3, 4.11 and 5.6], we obtain : 

Proposition 5.2.2. Let srf be an abelian & -premotivic category compatible with an admissible 
topology t and W be an essentially small family of morphisms in C(g/) stable by f* and /j. 

Then the category G{s^s) is a proper closed symmetric monoidal category with the W -fibrations 
as fibrations, the cofibrations as defined in \5.1.lJ[ and the W -equivalences as weak equivalences. 

The homotopy category associated with this model category will be denoted by D(,fi/s)[# s _1 ]. 
Ti can be described as the Verdier quotient D(^s)/Tg. 

In fact, the W-\oc&\ model category on C(s^s) is nothing else than the left Bousfield localization 
of the i-local model category structure. As a consequence, we obtain an adjunction of triangulated 
categories: 

(5.2.2.1) 7T S : D(.efc) <=* Yi^sWf 1 ] : O s 

such that Os is fully faithful with essential image the W-\oc&\ complexes. In fact, the model 
structure gives a functorial ^-fibrant resolution 1 — ► Ryp- 

R w : CK S ) -> CK S ) , 

which induces Os- 

Note that the triangulated category D( ! e/s)[# s T 1 ] is generated by the complexes concentrated in 
degree of the form Ms(X){i} - or, equivalently, the ^-local complexes R^(Ms(X){i}) - for a 
^-scheme X and a twist i G r. 

Remark 5.2.3. Another very useful property is that ^-equivalences are stable by filtering colimits; 
see }CD09| prop. 3.8]. 

5.2.4. Recall from 15.1.141 that for any morphism (resp. ^-morphism) / : T — > S, the functor /* 
(resp. /jj) satisfies descent; as it also preserves W, it follows from [CD09[ 4.9] that the adjunction 

/• : CKs) - CKr) : /* 
(resp. /, : C(*fc) - C(*fc) : /*) 

is a Quillen adjunction with respect to the W-\oc&\ model structures. This gives the following 
corollary. 

Corollary 5.2.5. The ^-fibred category C(stf) with the "W -local model structure on its fibers 
defined above is a monoidal -fibred model category, which is moreover stable, proper and combi- 
natorial. 

We will denote by D(,2?')[#'~ 1 ] the triangulated ^-premotivic category whose fiber over a 
scheme S is the homotopy category of the #s-local model category C(j^s)- The adjunction 
(|5.2.2.ip readily defines an adjuntion of triangulated ^-premotivic categories 

(5.2.5.1) 7r : D(&/) <=^ D(£/)[W~ 1 } : O. 

The ^-fibred categories D(^/) and D( I e/)[#'~ 1 ] are both r-generated (and this adjunction is 
compatible with r- twists in a strong sense). 

Remark 5.2.6. For any scheme S, the category D( I g/s)[# s T 1 ] is well generated and has a canonical 
dg-structure (see also 15.1.1^1) . 

5.2.7. With the notations above, let us put 3" = D(,c/)[# /_1 ] to clarify the following notations. 
As in 15. 1.201 the fibred category 3? has a canonical extension to diagram of schemes X : I — > 5? . 

If we define W$c as the class of morphisms (/i)ie/ m C(srf(3fc ,1)) such that for any object i, 
fi is a ^-equivalence, then 3{X) is the triangulated category D(.<z^(<3T, /))[#ar]- 
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Again, this triangulated category is symmetric monoidal closed and for any morphism (resp. 
^-morphism) ip : (J2T,/) — > , J), we get (derived) adjunctions as in 15.1.201 

(5.2.7.1) IV : &{W, J) «=i Jf , I) : R<p* 

(5.2.7.2) (resp. L<p t : &{X,T) +± ,^(^, J) : L^* = </?*) 

In fact, S? is then a complete monoidal <^ car4 -fibred category over the category of diagrams of 
schemes and the adjunction (|5.2.5.1[) extends to an adjunction of complete monoidal ^ cart -fibred 
categories. 

Example 5.2.8. Suppose we are under the hypothesis of example 15.1.24.21 

Let Wt,s denote the family of maps which are of the form Ag(X) — ► As(X) for a i-hypercovering 

X -> X in 9>/S. Then W t is obviously stable by /* and /jj. 

Recall now that a complex of f-sheaves on ^/S" is local if and only if its i-hypercohomology 

and its hypercohomology computed in the coarse topology agree (cf. 15.1.1 Op . 
This readily implies the adjunction considered in example 15. 1 .24.21 

a* : D(PSh(5», A)) *± D(Sh t (^, A)) : Ra M . 

induces an equivalence of triangulated ^-premotivic categories 

D(PSh(^,A))[# / - 1 ] <±D(Sh t (^\A)). 

Recall Rot,* is fully faithful and identifies D(Sh t (S', A)) with the full subcategory of D(PSh(5, A)) 
made by i-local complexes. 

5.2.9. A triangulated ^-premotivic category (i^, M) such that there exists: 

(1) an abelian ^-premotivic category s>4 compatible with an admissible topology to on Sm. 

(2) an essentially small family W of morphisms in C(^/) stable by /* and /jj 

(3) an adjunction of triangulated ^-premotivic categories Y)(srf}\W ~ x \ ~ 3~ 

will be called for short a derived -premotivic category. According to convent ion 1 5 . f d ) and from 
the above construction, ST is r-generated for some set of twists r. [3 

Let us denote simply by Ms(X) the geometric sections of 3? . In this case, using the morphisms 
(|5.1.241| and (|5.2.5.1j) . we get a canonical morphism of triangulated ^-premotivic categories: 

(5.2.9.1) ip* : D(PSh(^, Z)) «=t & ■ <p m . 

By definition, for any premotive A4, any scheme X and any integer n G Z, we get a canonical 
identification: 

(5.2.9.2) Rom s(s) (M s (X),M[n}) = H n r(X,ip*(M)). 

Given any simplicial scheme X, we put Ms{X) = tp*(Zs(X)), so that we also obtain: 

(5.2.9.3) Kom :3r {S) (M s (X), M[n}) ^ H n ( Tot 7 " T(X,IL^(M))). 

Proposition 5.2.10. Consider the above notations and t an admissible topology. The following 
conditions are equivalent. 

(i) For any t-hypercovering X — > X in the induced map M${X) — > Ms(X) is an 

isomorphism in £?(S). 

(i! ) For any t-hypercovering p : X — > X in & / S , the induced functor "Lp* : ^(X) — » £?(X) is 

fully faithful, 
(i" ) 2? satisfies t-descent. 



We will formulate in some remarks below universal properties of some derived ^-premotivic categories. When 
doing so, we will restrict to morphisms of derived ^-premotivic categories which can be written as 

for a morphism ip : ai\ — * afa of abelian ^-premotivic categories compatible with suitable topologies. More natural 
universal properties could be obtained if one considers the framework of dg-categories or triangulated derivator. 
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(ii) There exists an essentially unique map (p* t : D(Sh t (£? > / S, Z)) — » 2?(S) making the following 
diagram essentially commutative: 

D(PSh(^/S*, Z)) y " >- 

at 



D(Sh t (^/S,Z)) 

(ii) For any complex C £ C(PSh(^/5, Z)) suc/i i/iai a t (C*) = 0, y>*(C) = 0. 
(ii' ) For any map f : C — > D in C(PSh(^/S', Z)) such that at{f) is an isomorphism, <p*(f) is 
an isomorphism. 

(Hi) There exists an essentially unique map <pt* '■ &(S) — » D(Sh t (3 g / S, Z)) making the follow- 
ing diagram essentially commutative: 

D(PSh(^/S*, Z)) < V ' &(S) 
D(Sh t (^>/S,Z)) 

(m'J For anj/ premotive M in £?(S), the complex ip*(Ai) is local. 

(Hi" ) For any premotive M. in 2T($), any -scheme X/S and any integer n G Z. 

Rom ns) (M s (X),M[n}) = H?(X,<p.(M)). 

When these conditions are fulfilled for any scheme S, the functors appearing in (ii) and (Hi) induce 
a morphism of triangulated S? -premotivic categories: 

tpt :D(Sh t (^,Z))^^:^. 

Proof. The equivalence between conditions (i), (i 1 ) and (i") is clear (we proceed as in the proof 
of I5.1.21|) . The equivalences (ii) <^> (ii') <^ (ii") and (Hi) ^> (Hi 1 ) follows from example 15.2.81 
and the definition of a localization. The equivalence (i) 4=> (ii") follows again from loc. cit. The 
equivalences (i) (Hi') <=> (Hi") follows finally from (|5.2.9.2p . (15.2.9.3|) . and the characterisation 
of a local complex of sheaves (cf. IS.l.lOp . □ 

Remark 5.2.11. The preceding proposition express the fact that the category D(Sh t (^ a , Z)) is the 
universal derived ^-premotivic category satisfying i-descent. 

5.2.12. We end this section by making explicit two particular cases of the descent property for 
derived ^-premotivic categories. 

Consider a derived ^-premotivic category 2F with geometric sections M. Considering any 
diagram X : I — > &>/S of ^-schemes over S, with projection p : X — > S, we can associate a 
premotive in 

M S (X) = Lp,(l s ) = L\imM s (X l ). 

iei 

In particular, when / is the category we associate to every S'-morphism / : Y — > X of 

^-schemes over S a canonica E 

bivariant premotive 

Ms (X U Y). 

When / is an immersion, we will also write Ms(Y/X) for this premotive. Note that in any case, 
there is a canonical distinguished triangle in £?(S): 

M S (X) ±* M S (Y) M S (X ^Y)% M S (X)[1]. 



2 ^ In fact, if ST = T){srf)[W 1 ] for an abelian i^-premotivic category si/, then we can define Mg(X — > Y) as the 
cone of the morphism of complexes (concentrated in degree 0) Mg(X) > Mg(Y). 
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This triangle is functorial in the arrow / - with respect to commutative squares. 
Given a commutative square of ^-schemes over S 

(5.2.12.1) g f 



we will say that the image square in ^(S) 

M S {B)^-M S (Y) 

9, f, 

Ms(A)^M s {X) 

is homotopy cartesiaif^ if the premotive associated with diagram 15. 2. 12. H is zero. 

Proposition 5.2.13. Consider a derived & -premotivic category 2? '. We assume that 2? contains 
the Stale morphisms (resp. 2 s = S^' 1 ). Then, with the above definitions, the following conditions 
are equivalent: 

(i) 2F satisfies Nisnevich (resp. proper cdh descent.) 

(ii) For any scheme S and any Nisnevich (resp. proper cdh) distinguished square Q of S- 

schemes, the square Ms(Q) is homotopy cartesian in 2?{S). 
(Hi) For any Nisnevich (resp. proper cdh) distinguished square of shape (|5.2. 12.1|) . the canon- 
ical map Ms(Y/B) ^ g ^* > Ms(X/A) is an isomorphism. 
Moreover, under these conditions, to any Nisnevich (resp. proper cdh) distinguished square Q of 
shape (I5.2.12.ip . we associate a map 

d Q : M 8 (X) ^ Ms{X/A) M S {Y/B) M s (Y)[l] 

which defines a distinguished triangle in 2?(S): 

(-'* ) 

M S (B) Azf^U M Z (Y) © M S (A) M S (X) ^ M S (Y)[1}. 

Proof. The equivalence of (i) and (ii) follows from the theorem of Morel- Voevodsky 13.3.21 (resp. 
the theorem of Voevodsky I3.3.7|) . To prove the equivalence of (ii) and (iii), we assume & = 
C{&?)[W~ 1 ]. Then, the homotopy colimit of a square of shape 15.2.12.11 is given by the complex 

Cone(Cone(Af s (B) -> M S {Y)) -> Cone(A/ s (A) -> M S {X))). 

This readily proves the needed equivalence, together with the remaining assertion. □ 

Remark 5.2.14. In the first of the respective cases of the proposition, condition (ii) is what we 
usually called the Brown- Gersten property (BG) for S? ', whereas condition (iii) can be called the 
excision property. In the second respective case, condition (ii) will be called the proper cdh property 
for the generalized premotivic category 27 " . We say also that 3? satisfies the (cdh) property if it 
satisfies condition (ii) with respect to any cdh distinguished square Q. 

5.2.b. The homotopy relation. 

5.2.15. Let be an abelian ^-premotivic category compatible with an admissible topology t. 

We consider Wp^i to be the family of morphisms Mg(AV){i} — > M${X){i} for a ^-scheme 
X/S and an element i of /. The family Wj^i is obviously stable by /* and fp 

Definition 5.2.16. Let srf be an abelian ^-premotivic category compatible with an admissible 
topology t. With the notation above, we define D^(,e/) = D(«e/)[#^~ 1 1 ] and refer to it as the 
(effective) -premotivic A 1 -derived category with coefficients in stf '. 



28 If S = D(^)[#'- 1 ], this amount to say that the diagram obtained of complexes by applying the functor 
Mg(— ) if homotopy cartesian in the W-\ocai model category C(srf). 
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By definition, the category (stf) satisfies the homotopy property (Htp) (see 12. f .3j) . 

Example 5.2.17. We can divide our examples into two types: 

1) Assume = Sm: 

Consider the admissible topology t = Nis. Following F. Morel, we define the (effective) A 1 - 
derived category over S to be D^(5, A) = (Shm B (Sms, A)). We indeed get a triangulated 
premotivic category (see also the construction of |Ayo07b| ): 

(5.2.17.1) D^ A :=D^(Sh Nis (Sm,A)). 
We shall also write its fibres 

(5.2.17.2) Df 1 (S,A):=Df 1A (S) 
for a scheme S. For A = Z, we shall often write simply 

(5.2.17.3) D e £ :=D^(Sh Nls (5m,Z)). 

Another interesting case is when t — et; we get a triangulated premotivic category of effective 
etale premotives: 

D^(Sh 6t (Sm,A)). 

In each of these cases, we denote by A t s (X) the premotive associated with a smooth ^-scheme 

X. 

2) Assume & = S? st : 

Consider the admissible topology t — qfh (resp. t = h). Following V. Voeovdsky Voe96], we 
define the category of effective t-motives over S as: 

(5.2.17.4) DMf (S, A) = (Sh t {y s \K) /S) . 

We will denote simply by Aj(A) the corresponding premotive associated with X in DM^ (S, A). 

Another interesting case is obtained when t = cdh. We get an A^derived generalized premotivic 
category (Sh c dh , A)) whose premotives are simply denoted by A^ dh (A) for any finite type 
S'-scheme X. 

5.2.18. Let C be a complex with coefficients in sdg. According to the general case, we say that 
C is A 1 -local if for any ^-scheme X/S and any (i, n) £ I x Z, the map induced by the canonical 
projection 

Romjy^ s) (M s (X){i}[n],C) -> Hom DKs) (M s (A^){i}[n] ! C) 
is an isomorphism. The adjunction (|5.2.2.1[) defines a morphism of triangulated ^-premotivic 
categories 

D«) «=» D^(^) 

such that for any scheme S, D^(^a/s) is identified with the full subcategory of D(,e/s) made of 
A 1 -local complexes. 

Fibrant objects for the model category structure on C{.$/s) appearing in proposition 15.2.21 
relatively to #a x j simply called A 1 -fibrant objects, are the i-fiasque and A 1 -local complexes. 

We say a morphism / : C — > D of complexes of s$s is an A 1 - equivalence if it becomes an 
isomorphism in T) e £ 1 {j^s). Considering moreover two morphisms /, g : C — > D of complexes of 
s^Si we say they are A 1 -homotopic if there exists a morphism of complexes 

H : M S (A 1 S ) %C -> D 

such that H o {sq ® lc) = f and H o (s\ ® lc) — g, where sq and si are respectively induced 
by the zero and the unit section of Ag/S. When / and g are A 1 -homotopic, they are equal as 
morphisms of D^(^g). We say the morphism p : C — > D is a strong A 1 -equivalence if there 
exists a morphism q : D — > C such that the morphisms po q and q op are A 1 -homotopic to the 
identity. A complex C is A 1 -contractible if the map C — ► is a strong A^equivalence. 
As an example, for any integer n 6 N, and any ^-scheme Xj SS, the map 

p* : M S (A^) -> Af 5 (A) 
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induced by the canonical projection is a strong A^equivalence with inverse the zero section so * : 
M S (X) - M S (A£). 

5.2.19. The category D^(«e/) is functorial in 80 ' . 

Let ip : sf 5^ : -0 be an adjunction of abelian ^-premotivic categories. Consider two 
topologies £ and i' such that t' is finer than t. Suppose (resp. 2$) is compatible with t (resp. 
t<). 

For any scheme S, consider the evident extensions ips ■ G(s^s) <^ G(£&s) '■ "4>S of the above 
adjoint functors to complexes. We easily check that the functor ips preserves A 1 -local complexes. 
Thus, applying 15.1.231 the pair (tps,ips) is a Quillen adjunction for the respective A 1 -localizcd 
model structure on C(&/s) and C(3§s)', see [CD09| 3.11]. Considering the derived functors, it is 
now easy to check we have obtained an adjunction 

Lip : D^(^) <± Dj£(#) : Rip 

of triangulated ^-premotivic categories. 

Example 5.2.20. Consider the notations of 15.2.171 In the case where & = Sm, we get from the 
adjunction of (|5.1.24.2|1 the following adjunction of triangulated premotivic categories 

<4 : Df 1A <=» (Sh 6t (Sm, A)) : Ra 6t ,*. 

Example 5.2.21. Let ST be a derived ^-premotivic category as in l5.2.91 If 3* satisfies the property 
(Htp), then the canonical morphism (|5.2.9.1[) induces a morphism 

D^(PSh(^,Z)) x± sr. 

If moreover ST satisfies ^-descent for an admissible topology t, we further obtain as in 15.2.101 a 
morphism 

D$(Sh t (5»,Z))«=i 

Particularly interesting cases are given by Bf, (resp. D^(Sh cdh (j^*, Z))) which is the univer- 
sal derived premotivic category (resp. generalized premotivic category), i.e. initial premotivic 
category satisfying Nisnevich descent (resp. cdh descent) and the homotopy property. 

We remark the following useful property. 

Proposition 5.2.22. Consider a morphism 

ip* : srf z± gg : (p r 

of abelian & -premotivic categories such that si (resp. 3$) is compatible with an admissible topology 
t (resp. t' ). Assume t' is finer than t. 

Let S be a base scheme. Assume that tp* t s commutes with colimitP^. Then ip* respects A 1 - 
equivalences. 

In other words, the right derived functor R<p* : D^(^s) — > D^(ja?s) satisfies the relation 
Rip* — 

Proof. In this proof, we write ip* for ip* t s- We first prove that ip* preserves strong A 1 -equivalences 
('see l5.2.18p . 

Consider two maps u, v : K — > L in C{B§s)- To give an A 1 -homotopy H : Ms(A.^, 8$)(&sK — ► L 
between u and v is equivalent by adjunction to give a map H' : K — » Homag s (Ms(A 1 Sl SS\ L) 
which fits into the following commutative diagram: 




This amounts to ask that <p t $ is exact and commutes with direct sums. 
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where s an d s i are the respective zero and unit section of A s /S. 

Because Mg(Ag,£$) = (p%(Ms(A s , we get a canonical isomorphism (see paragraph ll.2.9p 

ip*(Hom. g g s (Ms(A 1 s ,,%),L)) ~ Homag s (Ms(A s , £/), (p*(L)). 

Thus, applying ip* to the previous commutative diagram and using this identification, wc obtain 
that ip*(u) is A 1 -homotopic to 

As a consequence, for any ^-scheme X over S, and any ^-twist i, the map 

p„(M s (A^, #){»}) -» <^(M s (X,^){i}) 

induced by the canonical projection is a strong A^equivalence, thus an A^equivalence. 

The functor </3* : 3§s ~ * commutes with colimits. Thus it admits a right adjoint that we 
will denote by ip-. Consider the injective model structure on C(Ag) and C(9§s) ( see 1CD091 2.1]). 
Because p* is exact, it is a left Quillen functor for these model structures. Thus, the right derived 
functor Jt(p' is well defined. From the result we just get, we see that Ryv preserves AMocal 
objects, and this readily implies L</?« = (/3* preserves A 1 -equivalences. □ 

5.2.23. To relate the category Dj~i(S) with the homotopy category of schemes of Morel and 
Voevodsky [MV99] , we have to consider the category of simplicial Nisnevich sheaves of sets denoted 
by A op Sh(Sms). Considering the free abelian sheaf functor, we obtain an adjunction of categories 

A op Sh(Sm s ) z± C(Sh(Sm s ,Z)). 

If we consider Blander's projective A 1 -model structure [Bla03] on the category A op Sh(Sms), we 
can easily see that this is a Quillen pair, so that we obtain a ^-premotivic adjunction of simple 
^-premotivic categories 

N : J? <=* : K. 

Note that the functor N sends cofiber sequences in Jif(S) to distinguished triangles in D^(5). 
5.2.C. Explicit A 1 -resolution. 

5.2.24. Consider an abelian ^-premotivic category si compatible with an admissible topology 
t. 

Consider the canonically split exact sequence 

-> l s MsfA^) -> - 

where the map sq : lg — ► Ms(Ax ) is induced by the zero section of A 1 . The section corresponding 
to 1 in A 1 defines another map 

ai : Is - Ms(A^) 

which does not factor through sq, so that we get canonically a non trivial map u : Is — ► U. This 
defines for any complex C of s^s a map, called the evaluation at 1, 

Hom(U, C) = l s ®s Hom(U, C) U ® s Hom(U, C) C. 

We define the complex R^l (C) to be 

R { ^l(C) = Conc(Hom(U,C) C). 
We have by construction a map 

r c :C^R { JJ(C). 

This defines a morphism of functors from the identity functor to R^l- For an integer n > 1, we 
define by induction a complex 

R^ 1 \C) = R^(R^(C)), 

and a map 

r H (n) (cf) ■ R A l{C) ->% • 

We finaly define a complex i? A i (C) by the formula 

R A i(C)=limR%}(C). 
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We have a functorial map 

Lemma 5.2.25. With the above hypothesis and notations, the map C — > R A i(C) is an A 1 - 
equivalence. 

Proof. For any closed symmetric monoidal category %f and any objects A, B, C and I in we 
have 

Hom(7 (gi Hom(B, C), Hom(A, C)) = Kom(Hom(B,C), Hom(I, Hom{A,C))) 

= Rom(Hom(B, C), £Tom(7 <g> A, C)). 

Hence any map I ® A — > i? induces a map I <g> Hom(B, C) — > Hom(A, B) for any object C. If 
we apply this to ^ = C{s^s) and J = Ms^A 1 ), we see immediately that the functor Hom(—,C) 
preserves strong A 1 -homotopy equivalences. In particular, for any complex C, the map C — > 
Hom(Ms(A.x)> @) is a strong A 1 -homotopy equivalence. This implies that Hom(U, C) — > is an 
A 1 -equivalence, so that the map rc is an A 1 -equivalence as well. As A 1 -equivalences are stable 
by filtering colimits, this implies our result. □ 

Proposition 5.2.26. Consider the above notations and hypothesis, and assume that t is bounded 
in si ' . 

For any t-flasque complex C of sfs, the complex Ra^(C) is t-fiasque and A 1 -local. Moreover, 
the morphism C — ► Ra 1 ^) is an A 1 -equivalence. If furthermore C is t-fiasque, so is Ra^(C). 

Proof. The last assertion is a particular case of Lemma l5.2.25l The functor R^J preserves t-fiasque 
complexes. By virtue of 15.1.291 the functor Ra 1 has the same gentle property. It thus remains 
to prove that the functor Ra± sends t-flasque complexes on A 1 -local ones. We shall use that the 
derived category D(s/s) is compactly generated; see 15.1.291 

Let C be a t-flasque complex of s/s- To prove i?A 1 (C) is A 1 -local, we are reduced to prove 
that the map 

R A i(C) -» Hom{M s {A l x ),R A x{C)) 
is a quasi-isomorphism, or, equivalently, that the complex Hom(U,R A i(C)) is acyclic. As U is a 
direct factor of Ms(A. x , for any ^-scheme X over S and any i in I, the object Z$(X; s/){i}®s 
U is compact. This implies that the canonical map 

\YmHom(U,R ( ™}{C)) -> Hom{U, R A i(C)) 

n 

is an isomorphism of complexes. As filtering colimits preserve quasi-isomorphisms, the complex 
Hom(U, R A i(Cj) (resp. R A i(C)) can be considered as the homotopy colimit of the complexes 
Hom{U,R^}{C)) (resp. R ( A }(C)). In particular, for any compact object K of D(.2^g), the canonical 
morphisms 

hmHomfX, Hom(U, R { £}{C))) -> Hom(if, Hom{U, R A i (C))) 

n 

lim Hom(K, R [ ™} (C)) -► Hom(iC, R A i (C)) 

n 

are bijective. 

By construction, we have distinguished triangles 

Hom(U,R%}(C)) -> R$(C) - R^iC) -» ffom(C7, i?^(C))[l]. 

This implies that the evaluation at 1 morphism 

evj. : Hom(U,R A i(C)) -» R A i(C) 

induces the zero map 

Rom D(s/s) (K,Hom(U,R A i(C))) Hom DKs) (if, R A x{C)) 
for any compact object K of D(,e/s)- Hence the induced map 

a = Hom{U, euj) : Hom(U, Hom{U, R A i(C))) -> Hom{U,R A i{C)) 
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has the same property: for any compact object K, the map 

Rom u{ ^ s) (K,Hom(U,Hom(U,R A i(C)))) -> Rom u{s , s) (K, Hom(U,R A i(C))) 

is zero. 

The multiplication map A 1 x A 1 -> A 1 induces a map 

H : U(g> s U ^ U 

such that the composition of 

^* : Hom(U,R A i{Cj) -> Hom{U ® s U,R A i(C)) = Hom(U, Hom(U, R A i(C))) 

with a is the identity of Hom(U, R A i (C)) . As D(,e/s) is compactly generated, this implies that 
Hom(U, R A i (C)) = in the derived category D(^g). □ 

Remark 5.2.27. Consider a t-flasque resolution functor (i.e. a fibrant resolution for the i-local 
model structure) Rt : C(^s) — > C(^s), 1 — + i?t. As a corollary of the proposition, the composite 
functor R A i o R t is a resolution functor by i-local and AMocal complexes. 

Example 5.2.28. Consider an admissible topology t and the ^-premotivic A 1 -derived category 
D = (Sht(&, A)). Suppose that t is bounded for abelian t-sheaves (for example, this is the 
case for the Zariski and the Nisnevich topologies, see l5.1.28"]) . 

Let C be a complex of abelian i-sheaves on 3? jS. If C is A 1 -local, then 

Hom D(s) (A s (AO,C) = fL"(A;C) 

(this is true without any condition on t). 

Consider a t-local resolution C t of C in C ( Sh t {0>/S, A) ). Then we get the following formula: 

Hom D(s) (A t s (X),C[n})=R n (T(X,R Al (C t ))). 
Corollary 5.2.29. Consider a morphism of abelian & -premotivic categories 

ip : srf «=* 38 : ip 

Suppose there are admissible topologies t and t' , with t' finer than t, such that the following 
conditions are verified. 

(i) is compatible with t and 3§ is compatible with t' . 
(ii) SS andD(3§) are compactly t -generated. 

(Hi) For any scheme S, the functor ips '■ 3§s ~* preserves filtering colimits. 
Then, ips '■ C(<S?s) — » G(&?s) preserves A 1 -equivalences between t'-flasque objects. If moreover ips 
is exact, the functor ips preserves A 1 -equivalences. 

Proof. We already know that ips is a right Quillen functor, so that it preserves local objects 
and A^fibrant objects. This implies also that ips preserves A 1 -equivalences between A^fibrant 
objects (this is Ken Brown's lemma Hov99 ( 1.1.12]). Let D be a t'-flasque complex of 33s- Then 
ips{D) is a t-flasque complex of s^s- It follows from proposition I5.2.2B1 that R A i(D) is A 1 -local 
and that D — » R A i(D) is an A 1 -equivalence. Lemma [5.2.251 implies the map 

MB) -» Ra*(M d )) = ^s(R A i(D)) 
is a an A^equivalence. This implies the first assertion. 

The last assertion is a direct consequence of the first one. □ 

5.2.30. Consider the usual cosimplicial scheme A* defined by 

A" = Spec (Z[to, . . . , t n ]/(h + ■ ■ ■ + t n - 1)) ~ A" 

(see |MV99] ) . For any scheme S, we get a cosimplicial object of sis, namely Mg(Ag). For a 
complex C of s^s-, we put 

C*{G) = Tot® Hom(M s (A s ), C), 
where Hom(Ms(A s ),C) is considered as a bicomplex by the Dold-Kan correspondence. The 
canonical map Ms (A* ) — ► Is induces a map 
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Lemma 5.2.31. For any complex C of sis, the map 

C*{C) -> Hom(M s (A x ) ) C*(C) = C*(Hom(M s {A x ) ) C)) 

is a chain homotopy equivalence. 

Proof. The composite morphism 

s oP : M S (A X x A' s ) -» MsiA 1 x A* ), 

where so is the map induced by the zero section, and p is the map induced by the obvious projection 
of A 1 on its base, is chain homotopic to the identity. Indeed, the homotopy relation is given by 
the formula 

n 

s n = ®s Vi) : ^(A 1 x A^ +1 ) -> M s (A l x Ag) 

i=0 

where 1 is the identity of Ms(A x ), and tpi is induced by the map A^ +1 — > A 1 x Ag which sends 
the j-th vertex Wj, ?1 +i to cither x Vj t „, if j < i, or to 1 x fj-i, r i otherwise. This implies the 
lemma. □ 

Lemma 5.2.32. for any t-flasque complex C of sis, we have a canonical isomorphism 

C*(C) ~ LlunHHom{M s (A^),C) 

n 

in D(s/s). 

This is a variation on the Dold-Kan correspondence. As a direct consequence, we get: 

Lemma 5.2.33. For any complex C of sis, the map C — > £7*(C) is an A 1 -equivalence. 

Proposition 5.2.34. 1/ £ is bounded in si ', then, for any t-flasque complex C of sis, C_*(C) is 
A 1 -local. 

Proof. Using the first premotivic adjunction ofexample l5.2.2ll and the fact that T){si) is compactly 
generated (I5.1.29[) , we can reduce the proposition to the case where sis is the category of presheaves 
of abelian groups over / ' S, in which case this is well known. □ 

5.2.d. Geometric A 1 -local premotives. 

5.2.35. Consider an abelian ^-premotivic category si compatible with an admissible topology £, 
with generating set of twists r. Assume that £ is bounded in si and consider a bounded generating 
family jYg for £-hypercovers in sis- 

Let T A i be the family of complexes of C(sis) of shape 

M s (A x ){i} -» M s (X){i} 

for a ^-scheme X over S and a twist i E I. Then the functor (|5.1.30.1[) obviously induces the 
following functor 

(5.2.35.1) (^(M(^/5, ^))/^ U T A ^ ^ DfK s ), 

where the category on the left is the pseudo-abelian category associated to the Verdier quotient 
of K h {M^gP j S , si*)) by the thick subcategory generated by M s U T^i . Applying Thomason's 
localization theorem [NeeOlj . we get from proposition 15. 1 .311 the following result: 

Proposition 5.2.36. Consider the previous hypothesis and notations. Assume furthermore that, 
for any & -morphism X — ► S, and any n £ r, the object Ms{X){n\ is of finite presentation in 
si$ (by which we mean that the functor Hom^ s (Ms(X){n}, — ) preserves filtered colimits). Then 
T> e R{si) is compactly t- generated. Moreover, the functor (I5.2.35.1[) is fully faithful. 

Corollary 5.2.37. Under the assumptions of \5.2.3d[ for any premotive Ai in D^^sis), the 
following conditions are equivalent: 
(i) M. is compact; 
(ii) M. is t -constructive. 
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Moreover, the functor (|5.2.35.ip induces an equivalence of categories: 

(k\M(&/S,s?))/N s UT A ,y - Bf lc (^ s ). 
Example 5.2.38. With the notations of 15.1.331 we get the following equivalences of categories: 
(K h (A(Sm s ))/(BG s UT A% )y^Df lc (S,A). 

(K 6 (A(^/ 4 )) /CDH 8 UT A if - Dg c (Sh cdh (^/ 4 ,A)). 
This statement is the analog of the embedding theorem jVSFOOi chap. 5, 3.2.6]. 
5.3. The stable A 1 -derived premotivic category. 

5. 3. a. Modules. Let si be an abelian ^-premotivic category with generating set of twists r. 

A cartesian commutative monoid R of si is a cartesian section of the fibred category ^ over 5? 
such that for any scheme S, Rs has a commutative monoid structure in si (S) and for any mor- 
phism of schemes / : T — > S, the structural transition maps <j)f : f*(Rs) — y Rt are isomorphisms 
of monoids. 

Let us fix a cartesian commutative monoid R of si ' . 

Consider a base scheme S. We denote by i?s-mod the category of modules in the monoidal 
category sis over the monoid Rs- For any ^-scheme X/S and any twist i £ r, we put 

R s {X){i} = Rs ® s M s (X){i} 

endowed with its canonical i?s-modulc structure. The category Rs- mod is a Grothcndieck abelian 
category such that the forgetful functor Us ■ Rs- mod — > sis is exact and conservative. A family 
of generators for Rs-vaod is given by the modules Rs{X){i} for a ^-scheme X/S and a twist 
i £ t. As As is commutative, i?s- mod has a unique symmetric monoidal structure such that the 
free -fig-module functor is symmetric monoidal. We denote by (g)^ this tensor product. Note that 
Rs(X) <S>ij Rs{Y) — Rs(X x s F). Finally the categories of modules i?s-mod form a symmetric 
monoidal ^-fibred category, such that the following proposition holds (see 14. 2 

Proposition 5.3.1. Let si be a r-generated abelian Sft -premotivic category and R be a cartesian 
commutative monoid of si. 

Then the category i?-mod equipped with the structures introduced above is a r -generated abelian 
& -premotivic category. 

Moreover, we have an adjunction of abelian & -premotivic categories: 

(5.3.1.1) Rs®{~) :si+±R- mod: U. 

Remark 5.3.2. With the hypothesis of the preceding proposition, for any morphism of schemes 
/ : T — > S, the exchange transformation f*Us — * Uxf* is an isomorphism by construction of 
i?-mod 

Proposition 5.3.3. Let si be a T-generated abelian -premotivic category compatible with an 
admissible topology t. Consider a cartesian commutative monoid R of si such that for any scheme 
S, tensoring quasi-isomorphisms between cofibrant complexes by Rs gives quasi-isomorphisms (e.g. 
Rs might be cofibrant (as a complex concentrated in degree zero), or flat). Then the abelian 2ft- 
premotivic category i?-mod is compatible with t. 

Proof. In view of proposition 15.1.251 we have only to show that R- mod satisfies cohomological 
t-descent. Consider a i-hypercover p : X — > X in &>/S. We prove that the map p* : Rs{X) — ► 
Rs(X) is a quasi-isomorphism in C(i?s-mod). The functor Us is conservative, and Us(p*) is 
equal to the map: 

R s ® s M S (X) -» R s ®s M S (X). 
But this is a quasi-isomorphism in C(sis) by assumption on Rs- □ 
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Remark 5.3.4. According to lemma [5. 1.261 for any simplicial ^-scheme X over S, any twist i G r 
and any i?s-module C, we get canonical isomorphisms: 

(5.3.4.1) Kom K{Rs . mod) (R s (X){i},C) ~Hom K(s/s) (M s (X){i},C) 

(5.3.4.2) Rom D{Rs . mod) (R s (X){i},C) ~ Hom D( ^ s) (M s (X){i}, C). 

5.3.b. Symmetric sequences. Let si be an abelian category. 

Let G be a group. An action of G on an object A S fi^s is a morphism of groups G — > 

Aut iC /(A), g i— » 7^. We say that A is a G-object of si. A G-equivariant morphism A f? of 
G-objects of si is a morphism / in .a?' such that 7^ o / = / o 7^. 

If is any object of .2/, we put G x E = Q) geG E considered as a G-object via the permutation 
isomorphisms of the summands. 

If H is a subgroup of G, and E is an f/-object, G x E has two actions of H : the first one, 
say 7, is obtained via the inclusion H C G, and the second one denoted by 7', is obtained using 
the structural action of if on E. We define G Xg B as the equalizer of the family of morphisms 
(la — l'<j)creHi an d consider it equipped with its induced action of G. 

Definition 5.3.5. Let si be an abelian category. 

A symmetric sequence of si is a sequence (^4n)neN such that for each n € N, £"„ is a 6 n -object 
of A morphism of symmetric sequences of si is a collection of ©„-equivariant morphism 
(/« : A„ > -B«)»ieN- 

We let ! e/ e be the category of symmetric sequences of si. 

It is straightforward to check si 6 is abelian. For any integer n g N, we define the n-i/i 
evaluation junctor as follows: 

et>„ : ,c/ s — > .e/, A* 1— > A„. 
Any object A of can be considered as the trivial symmetric sequence (A, 0, . . .). The functor 
io : A 1— ► (A, 0, . . .) is obviously left adjoint to evo and we obtain an adjunction 

(5.3.5.1) i : si T± si e : ev . 

Remark io is also right adjoint to evo. Thus io preserves every limits and colimits. 
For any integer i£N and any symmetric sequence A* of si, we put 

6 m X Sm _ ra A m -n if m > n 
otherwise. 

This define an endofunctor on si 6 , and we have A*{ — n}{— m} = A*{— n — to} (through a 
canonical isomorphism). Remark finally that for any integer n € N, the functor 

i n : si -v si e ,A^ (i (A)){-n} 

is left adjoint to ev n . 

Remark 5.3.6. Let 6 be the category of finite sets with bijective maps as morphisms. Then the 
category of symmetric sequences is canonically equivalent to the category of functors 6 — > si . 
This presentation is useful to define a tensor product on si 6 . 

Definition 5.3.7. Let si be a symmetric closed monoidal abelian category. 
Given two functors A*, : 6 — > si, we put: 

E <x> 6 F : & 1 ► si 

N - @ a=Pu qE(P)®F(Q)- 

If 1^ is the unit object of the monoidal category si, the category si e is then a symmetric 
closed monoidal category with unit object io(ls/). 

5.3.8. Let A be an object of si. Then the n-th tensor power A 18 ™ of A is endowed with a canonical 
action of the group & n through the structural permutation isomorphism of the symmetric structure 
on si. Thus the sequence Sym(A) — (A® n )„ e N is a symmetric sequence. 

Moreover, the isomorphism A® n A® m — » A® n+m is 6„ x S m -equivariant. Thus it induces 
a morphism /i : Sym(A) 0®, Sym(A) — ► Sym(A) of symmetric sequences. We also consider the 



(5.3.5.2) A,{-n} 
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obvious morphism r\ : io(l^) = *o(A®°) — > Sym(A). One can check easily that Sym(A) equipped 
with the multiplication fi and the unit r\ is a commutative monoid in the monoidal category si e . 

Definition 5.3.9. Let si be an abelian symmetric monoidal category. The commutative monoid 
Sym(A) of si 6 defined above will be called the symmetric monoid generated by A. 

Remark 5.3.10. One can describe Sym(A) by a universal property: given a commutative monoid 
R in si 6 , to give a morphism of commutative monoids Sym(A) — > R is equivalent to give a 
morphism A — » R\ in si '. 

5.3.11. Consider an abelian ^-premotivic category si. 

Consider a base scheme S. According to the previous paragraph, the category sif is an abelian 
category, endowed with a symmetric tensor product 0®. For any ^-scheme X/S and any integer 
n £ N, using (|5.3.5.2p . we put 

M s (X,^ e ){-n} = io(M s (X,*0){-n}. 

It is immediate that the class of symmetric sequences of the form Ms(X, si 6 ){ — n) for a smooth 
S-scheme X and an integer n > is a generating family for the abelian category sig which is 
therefore a Grothendieck abelian category. It is clear that for any ^-scheme X and Y over S, 

M S (X, si e ) { -n) ® f M s (Y, si 6 ) { -n} = M s (X x s Y, si e ) { -n} . 

Given a morphism (resp. ^-morphism) of schemes / : T — > S and a symmetric sequence 
A, of ^fe, we put /©(A*) = (/*A„)„ eN (resp. / S (A*) = (/jA„)„ eN ). This defines a functor 
/g : £^ — > (resp. / s : A® — ► which is obviously right exact. Thus the functor / s 

admits a right adjoint which we denote by ff. When / is in we check easily the functor fP 
is left adjoint to / 6 . 

From criterion 11.1.411 and lcmma fl. 2.13[ we check easily the following proposition: 

Proposition 5.3.12. Consider the previous hypothesis and notations. 

The association S t— > together with the structures introduced above defines an N x r- 

generated abelian 2? ' -premotivic category. 

Moreover, the different adjunctions of the form (|5.3.5.ip other each fibers over a scheme S 
define an adjunction of & -premotivic categories: 

(5.3.12.1) i : si <=♦ srf & : ev 

Indeed, iq is trivially compatible with twists. 

Proposition 5.3.13. Let si be an abelian & -premotivic category, andt be an admissible topology. 
If si is compatible with t then si b is compatible with t. 

Proof. This is based on the following lemma (see |CD091 7.5, 7.6]): 

Lemma 5.3.14. Assume that si is compatible with t. Then for any complex C of sis, o-^y complex 
E of si!? and any integer n > 0, there are canonical isomorphisms: 

(5.3.14.1) Uom K{s j s6) (i (C){~n},E) ~ Hom K( ^ s) (C, E n ) 

(5.3.14.2) Hom D( ^ sS) (i (C){-n},£;) ~ Hom D( ^ s) (C,£ n ) 

The lemma implies that E is local (resp. t-flasque) if and only if for any n > 0, E n is local 
(resp. t-flasque). This concludes. □ 

5.3.C. Symmetric Tate spectra. 

5.3.15. Consider an abelian ^-premotivic category si . 

For any scheme S, the unit point of G m ,s defines a split monomorphism of .eZ-premotives 
Is — ► Ms(G TO) s). We denote by ls{l} the cokernel of this monomorphism and call it the 
suspended Tate S -premotive with coefficients in si . The collection of these objects for any scheme 
S is a cartesian section of si denoted by 1{1}. For any integer n > 0, we denote by l{n} its 
n-the tensor power. 
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With the notations of 15.3. 91 we define the symmetric Tate spectrum over S as the symmetric 
sequence = Sym{\s{X\) m ■ ^ ne corresponding collection defines a cartesian commu- 

tative monoid of the fibred category s/ e , called the absolute Tate spectrum. 

Definition 5.3.16. Consider an abelian ^-premotivic category srf ' . 

We denote by Sp(^f) the abelian ^-premotivic category of modules over in the category 
s/ 6 . The objects of Sp(jz/) are called the abelian (symmetric) Tate spectral^ 

The category Sp(.c/) is N x r-generated. Composing the adjunctions (15.3.1.1j) and (15.3.12.ip . 
we get an adjuntion 

(5.3.16.1) E°° : s/ T± Sp(^) : n°° 

of abelian ^-premotivic categories. 

Let us explicit the definitions. An abelian Tate spectrum [E, a) is the data of : 

(1) for any n G N, an object E n of s&s endowed with an action of 6 n 

(2) for any n G N, a morphism a n : E n {l} — > E n +\ in stfg 
such that the composite map 

E m {n} am{n 1} > E m+ i{n - 1} — > ... rTm+n - 1 ) E m+n 

is 6 n x 6 TO -equivariant with respect to the canonical action of 6 n on ls{n} and the structural 
action of S m on E m . By definition, u>(E) = Eq. Recall that oj is exact. 

Given an object A of &/s, the abelian Tate spectrum S°°A is defined such that (E°° A) n — A{n} 
with the action of & n given by its action on lg{n} by permutations of the factors. 

Be careful we consider the category Sp(^s) as N-twisted by negative twists. For any abelian 
Tate spectrum E*, (i?*{— n}) m — & n x@ m ?i E m - n for n > m. 

5.3.17. Consider a morphism 

<p : srf -> S§ 

of abelian ^-premotivic categories. Then as ip(Z^ {1}) = Z®{1}, <p can be extended to abelian 
Tate spectra in such a way that the following diagram commutes: 



Sp(^) Sp(v) > Sp(^). 

(Of course the obvious diagram for the corresponding right adjoints also commutes.) 

Definition 5.3.18. For any scheme S, a complex of abelian Tate spectra over S will be called 
simply a Tate spectrum over S. 

A Tate spectrum E is a bigraded object. In the notation E™, the index m corresponds to the 
(cochain) complex structure and the index n to the symmetric sequence structure. 
From propositions 15.3.31 and 15.3.131 we get the following: 

Proposition 5.3.19. Let si be an abelian S? -premotivic category compatible with an admissible 
topology t. Then Sp(<sz/) is compatible with t. 

Note also that remark [5.3.41 and lemma [5 . 3 . 141 implies that for any simplicial ^-scheme X over 
S, any integer n£N, and any Tate spectrum E, we have canonical isomorphisms: 

(5.3.19.1) Hom K (sp(^ s ))(S 00 Ms(A',^){-n},S) ~ Kom K{ ^ s) (Z°°M s (X,^),E n ) 

(5.3.19.2) Hom D(SpKs)) (£°°Ms(^^){-n},£) ~ Hom D(rfs) (E 00 M s (^y),£ rl ) 

According to the proposition, the category C(Sp(^s)) of Tate spectra over S has a ^-descent model 
structure. The previous isomorphisms allow to describe this structure as follows: 



As we will almost never consider non symmetric spectra, we will cancel the word "symmetric" in our 
terminology. 
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(1) For any simplicial ^-scheme X over 5, and any integer n > 0, the Tate spectrum 
E°°M s (X,si){-n} is cofibrant. 

(2) A Tate spectrum E over S is fibrant if and only if for any integer n > 0, the complex E n 
over sis is local (i.e. i-flasque). 

(3) Let / : E — > F be a morphism of Tate spectra over S 1 . Then / is a fibration (resp. 
quasi-isomorphism) if and only if for any integer n > 0, the morphism /„ : E n — > -F n of 
complexes over sis is a fibration (resp. quasi-isomorphism). 

Note that properties (2) and (3) follows from (|5.3.4.ip and (|5.3.14.1[) . 

5.3.20. We can also introduce the A 1 -localization of this model structure. The corresponding 
homotopy category is the A^derived ^-premotivic category D c ^ 1 (Sp(si)) introduced in 15.2.161 
The isomorphism (15.3. 19. 2p gives the following assertion: From the above, a Tate spectrum E is 
A 1 -local if and only if for any integer n > 0, E n is A 1 -local. 

(1) A Tate spectrum E over S is AMocal if and only if for any integer n > 0, the complex 
E n over sis is AMocal. 

(2) Let / : E — > F be a morphism of Tate spectra over S. Then / is a A 1 -local fibration (resp. 
weak A^equivalence) if and only if for any integer n > 0, the morphism /„ : E n — ► F n of 
complexes over sis is a AMocal fibration (resp. weak A 1 -equivalence). 

As a consequence, the isomorphism (15.3.19.21) induces an isomorphism 

(5.3.20.1) Kom DC ff i{Sp{£/s)) (X°°M s (X^){-n},E) ~ Hom D tf (j- , fl) (£ 00 M s (*, si), E n ). 
Similarly, the adjunction (|5.3.16.1|) induces an adjunction of triangulated ^-premotivic categories 

(5.3.20.2) LS°° : *± D^(Sp«)) : Rfi°°. 
5.3.d. Symmetric Tate Q-spectra. 

5.3.21. The final step is to localize further the category D^(Sp(«e/)). The aim is to relate 
the positive twists on D^(j^) obtained by tensoring with ls{l} and the negative twists on 
D^(Sp(j2/)) induced by the consideration of symmetric sequences. 

Let A be a ^-scheme over S. From the definition of E°°, there is a canonical morphism of 
abelian Tate spectra: 

[£ 00 (ls{l})]{-l}->£°°ls- 
Tensoring this map by £°°Afs(A, s/){— n} for any ^-scheme X over S and any integer n G N, 
we obtain a family of morphisms of Tate spectra concentrated in cohomological degree 0: 

[X°°(M s (X,s/){l})]{-n- 1} - ^M s {X,si){-n}. 

We denote by Wq. this family and put fn^i = Wq. U #a x ■ Obviously, #n a 1 is stable by the 
operations /* and /j. 

Definition 5.3.22. Let si be an abelian ^-premotivic category compatible with an admissible 
topology t. With the notations introduced above, we define the stable A 1 -derived & -premotivic 
category with coefficients in si as the derived ^-premotivic category 

d a1 (^) = d(s p K))[# 6 -^ 1 ] 

defined in corollary |5.2.5l 

Note that Obviously B A i(si) = D A ^(Sp(^/))[#^ 1 ]. Using the left Bousfield localization of 
the A 1 -local model structure on C(Sp(si)) , we thus obtain a canonical adjunction of triangulated 
^-fibred premotivic categories 

D$(Sp(*0)^D# (SpK))^- 1 ] 
which allows to describe Dj±i(sis) as the full subcategory of D»i(Sp(^r)) made of Tate spectra 
which are #n-local in D A ^(Sp(ja^)). Recall a Tate spectrum E is a sequence of complexes (E n ) n ^ 
over sis together with suspension maps in C(sis) 

a n : l s {l}®E n -> E n+1 . 
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From this, we deduce a canonical morphism ls{l} ® L E n — -> E n+ i in D^((«e/) whose adjoint 
morphism we denote by 

(5.3.22.1) u„ : E n RHom u eff^ s) (l s {l},E n+1 ) 

According to (|5.3.20.ip . the condition that E is W^-\oca\ in D^(Sp(^)) is equivalent to ask that 
for any integer n > 0, the map (15.3.22. 1|) is an isomorphism in D A ^(Sp(,e/)). 

Considering the adjunction (|5.3.20.2|1 . we obtain finally an adjunction of triangulated ^-fibred 
categories: 

E°° : D$(*0 <=> D e £ (Sp(*0) <± D A i(*0 = 
Note that tautologically, the Tate spectrum S°°(ls{l}) has a tensor inverse (£°°ls){ — 1} in 
D A i(£/s)- This means that the triangulated ^-premotivic category D A i(g/) satisfies the stability 
property (we have M{1} = M(l)[l] for any object M of T) A i(&f)). 

Definition 5.3.23. Consider the assumptions of definition 15.3.221 

For any scheme S, we say that a Tate spectrum E over S is a Tate il-spectrum if the following 
conditions are fulfilled: 

(a) For any integer n > 0, E n is t-flasque and A 1 -local. 

(b) For any integer n > 0, the adjoint of the structural suspension map 

E n -> Hom c{ ^ s )(l s {l}, E n+1 ) 

is a quasi-isomorphism. 

In particular, a Tate f2-spectrum is #n-local in D.\(Sp(.sz^g)). In fact, it is also #q A 1_ l°cal in 
the category D(Sp(^s)) so that the category D A i(&f) is also equivalent to the full subcategory of 
D(Sp(^s)) spanned by Tate ^-spectra. 

Fibrant objects of the #n A 1 -local model category on C(Sp( 1 e/)) obtained in definition 15.3.221 
are exactly the Tate fi-spectra. 

Essentially by definition, we have: 

Proposition 5.3.24. Let srf be as definition \5.3.22\ Then D^i(^) is a ,<3? -premotivic category 
which satisifi.es t-descent, the homotopy property, and the stability property. 

Proposition 5.3.25. Consider the above notations. Let S be a base scheme. 

(1) If the endofunctor 

Bf^s) - Df (j* s ), C i * KHom B ^ s) (l s {l}, O 

is conservative, then the functor Q^ 3 is conservative. 

(2) If the Tate twist E i— > E(l) is fully faithful in D A ^(^^), then is fully faithful. 

(3) If the Tate twist E i— > E(l) induces an auto-equivalence of D A1 (^s) , then (Eg 3 ,^^ 3 ) are 
adjoint equivalences of categories. 

Remark 5.3.26. Similar statements can be obtained for the derived categories rather than the 
A 1 -derived categories. We left their formulation and proof to the reader. 

Proof. Consider point (1). We have to prove that for any #n-local Tate spectrum E in (Sp(g/s)), 
if R£!°°(i?) = 0, then E = 0. But Rft°°(£;) = fi°°(£;) = E„ (see 15.3. 20j) . Because for any integer 
n > 0, the map (|5.3.22.ip is an A^equivalence, we deduce that for any integer n G Z, the complex 
E n is (weakly) A 1 -acyclic. According to (|5.3.20.ip . this implies E = - because D A i(&/s) is 
N-generated. 

Consider point (2). We want to prove that for any complex C over s^g, the counit map 
C — > Rri 00 LS] 00 (C) is an isomorphism. It is enough to treat the case where C is cofibrant. 

Considering the left adjoint LE°° of (|5.3.20.2p , we first prove that LE°°(C) is #Q-local. Because 
C is cofibrant, this Tate spectrum is equal in degree n to the complex C{n} (with its natural action 
of & n ). Moreover, the suspension map is given by the isomorphism (in the monoidal category 
CKs)) 

o n : l s {l}® S C{n}^C{n + l}. 
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In particular, the corresponding map in D^^s) 

< ■ ls{l}®s C{n}^C{n+l}. 

is canonically isomorphic to 

ls{l} ®5 C{n} ^ 1 S {1) ® L S C{n}. 

Thus, because the Tate twist is fully faithful in T)¥[(ji/g), the adjoint map to <r' n is an A 1 - 
equivalence. In other words, LE°°(C) is #o-local. But then, as C is cofibrant, C = ri 00 E 00 (C) = 
Rrj 00 LI] 00 (C), and this concludes. 

Point (3) is then a consequence of (1) and (2). □ 

Remark 5.3.27. (1) The construction of the triangulated category Dai(^) can also be ob- 
tained using the more general construction of [CD09, §7] - see also [HovOll 7.11] and 
|Ayo07b| chap. 4] for even more general accounts. Here, we exploit the simplification 
arising from the fact that we invert a complex concentrated in degree 0: this allowed us 
to describe Dai(^) simply as a Verdier quotient of the derived category of an abelian 
category. However, we can also consider the category of symmetric spectra in C{s^s) 
with respect to one of the complexes 3.5(1) [2] or ls(l) and this leads to the equivalent 
categories; see [HovOll 8.3]. 
(2) Point (3) of proposition 15 .3 . 251 is a particular case of [HovOll 8.1]. 

5.3.28. Consider a morphism of abelian ^-premotivic categories 

ip : srf ^ 9$ : ip 

such that srf (resp. 98) is compatible with a system of topology t (resp. t'). Suppose t' is finer 
than t. According to 15.3.171 we obtain an adjunction of abelian ^-premotivic categories 

ip : C(Sp(0) «=i C(Sp(#)) : V- 

The pair (ipsi^s) is a Quillcn adjunction for the stable model structures (apply again [CD09, 
prop. 3.11]). Thus we obtain a morphism of triangulated ^-premotivic categories: 

Lp : D A i(^) ^ D A i(^) : R?A- 

Remark 5.3.29. Under the light of Proposition IST3. 251 the category D A i(^/) might be considered 
as the universal derived ^-premotivic category 3~ with a morphism T)(srf) — > 9?, and such that 
ST satisfies the homotopy and the stability property. This can be made precise in the setting of 
algebraic derivators or of dg-categories (or any other kind of stable oo-categories). 

Proposition 5.3.30. Assume that 9^ contains the class of smooth morphisms of finite type. Lets/ 
be an abelian & -premotivic category. Assume thatT)j^{(£/) is compactly generated by its geometric 
sections Ms(X), and satisfies Nisnevich descent. Then, for any scheme S , for any compact object 
C of DjP 1 (£/s) and for any Tate spectrum E in s^s, we have a canonical isomorphisms 

fim Hom D ^ s) (C{ a + r}),S r [i]) ~ Hom DAlW (LE~(C){a},E[i]) 
for any integers a and i. 

Proof. The permutation a — (123) acts as the identity on 3s{l}® 3 = 3,5{3} in D A \(j^): using 
example l5.2.2U it is sufficient to prove this in D A i j z(S')) which is well known; see [Ayo07b[ 4.5.65]. 
This proposition is then a direct consequence of |Ayo07b, theorems 4.3.61 and 4.3.79]. □ 

Corollary 5.3.31. Under the assumptions of the preceding proposition, the triangulated category 
D A i(^5) is compactly generated. More precisely, «/D^(j3?s) c denotes the category of compact 

objects in D.^(^s), then the category of compact objects in Dai(^s) is canonically equivalent to 
the pseudo- abelian completion of the category obtained as the 2-colimit of the following diagram. 

D A i {J«S)c > D ai \^s)c > ■ ■ ■ D/j [£fs)c > ■ ■ ■ 
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Proposition 5.3.32. Let t and t' be two admissible topologies, with t' finer than t. Then 
D A i (Sh(/ A)) is canonically equivalent to the the full subcategory of D A i (Sh t A)) spanned 
by the objects which satisfy t' -descent. 

Proof. It is sufficient to prove this proposition in the case where t is the coarse topology. We 
deduce from |Ayo07b| 4.4.42] that, for any scheme S in 5? , we have 

D A i (Sh t / ( W A)) = D (PSh^/S, A)) [W- 1 ] , 

with W = Wy U U #fj, where Wt> is the set of maps of shape 

Z°°M s (X){n}\i] £°°M s pO{n}[i] , 

for any t'-hypercovering X — * A" and any integers n < and i. The assertion is then a particular 
case of the description of the homotopy category of a left Bousfield localization. □ 

Proposition 5.3.33. Let t be an admissible topology. Then, for any scheme S in , the sym- 
metric monoidal model structure on C(Sp(Sh t (3 s / S, A))) underlying D A i (Sh t / S, A)) is perfect 
(see tf^V . 

Proof. The generating family of Sh t (3 g s, A) is flat in the sense of |CD09| 3.1], so that, by virtue 
of |CD09| prop. 7.22 and cor. 7.24], the assumptions of proposition 14 . 2 . 8l arc fulfilled. □ 

Example 5.3.34. We have the stable versions of the ^-premotivic categories introduced in example 
I5XP7I 

1) Consider the admissible topology t = Nis. Following F. Morel, we define the stable A 1 -derived 
premotivic category as (see also the construction of |Ayo07b| ): 

(5.3.34.1) D A i A :=D A i(Sh Nto (flto,A)) and D AVV := D A i (Sh 6t (^ ft , A)) . 
We shall also write sometimes 

(5.3.34.2) D A i(5,A) :=D A i A (5) and D A i(S', A) := D A i A (S') 
for a scheme S. 

In the case when t = et, we get the triangulated premotivic categories of etale premotives: 

D A i(Sh 6 t(5m,A)) and D A i (Sh dt (^*, A)) . 

In each of these cases, we denote by Y,°°A t s (X) the premotive associated with a smooth S'-scheme 
X. 

From the adjunction (|5.1.24.2[) . we get an adjunction of triangulated premotivic categories: 

a ct : D A i A ^ D A i (Shot(#m., A)) : R0 6t - 

2) Assume 3? = ^ st : 

Consider the admissible topology t = qfh (resp. t = h). Extending the construction of Vo- 
evodsky ([Voe96 ), wc define the category of (non effective) qfh-motives (resp. h-motives) over S 
as: 

(5.3.34.3) DMffa A) = D A i (Sh t (,y f \A)) . 

For an S'-scheme of finite type X, we will denote simply by Y,°°K c ^ ii {X) (resp S°°A|(X)) the 
corresponding premotive associated with X in DM t (5. A). We shall write sometimes DM t A (S) 
instead of DM t (S. A). The ft,-shcafification functor induces a premotivic adjunction 

(5.3.34.4) DM qfll ,A^DMh, A - 

We define DM t (5, A) as the localizing subcategory of DM t (5. A) generated by objects of shape 
A t s (X)(p)[q] for any smooth S'-scheme of finite type X and any integers p and q. These define 
an Sm-premotivic triangulated category, and the inclusions 

(5.3.34.5) DM t (5, A) -> VM t (S, A) 

form a premotivic morphism (the existence of right adjoints is ensured by the Brown representabil- 
ity theorem). As before, we shall write sometimes DM t)A (S') instead of DM t (S, A). 
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Proposition 5.3.35. Fort = qfh, h, the premotivic category DM t a satisfies t-descent. 

Proof. This is true for DM , A by construction, which implies formally the assertion for DMt. a- O 

Remark 5.3.36. According to proposition 15 . 2 . lOl and remark T5.3.29i for any admissible topology t, 
DAi(Sht(^ a , A)) is the universal derived ^-premotivic category satisfying ^-descent as well as the 
homotopy and stability properties. 

A crucial example for us: the stable A^derived premotivic category Dai is the universal derived 
premotivic category satisfying the properties of homotopy, of stability and of Nisnevich descent. 

5.3.37. We assume 3? = Sm. 

Let Sh.(Sm) be the category of pointed Nisnevich sheaves of sets. Consider the pointed version 
of the adjunction of ^-premotivic categories 

N : A op $h.{Sm) t± C(Sh Nis (Sm, A)) : K 

constructed in 15.2.231 

If we consider on the left hand side the A 1 -model category defined by Blander Bla03 , (N$, K$) 
is a Quillen adjunction for any scheme S. 

We consider (G m ,l) as a constant pointed simplicial sheaf. The construction of symmetric 
G m -spectra respectively to the model category A op Sh # (S'm) can now be carried out following 
JarQO] or |Ayo07b| and yields a symmetric monoidal model category whose homotopy category is 
the stable homotopy category of Morel and Voevodsky SH(5). 

Using the functoriality statements [HovOl, th. 8.3 and 8.4], we finally obtain a ^-premotivic 
adjunction 

N : SH <=* D A i : K. 

The functor K is the analog of the Eilenberg-Mac Lane functor in algebraic topology; in fact, 
this adjunction is actually induced by the Eilenberg-MacLane functor (see Ayo07b[ chap. 4]). 



In particular, as the rational model category of topological (symmetric) S^-spectra is Quillen 
equivalent to the model category of complexes of Q- vector spaces, we have a natural equivalence 
of premotivic categories 

SHq ^ Dai,q , 

(where SHq (S) denotes the Verdier quotient of SH(S') by the localizing subcategory generated by 
compact torsion objects). 

6. Localization and the universal derived example 



6.0. In this section, is an adequate category of 5-schemes as in 12.01 In sections 16.21 and 16.31 
we assume in addition that the schemes in ,5^ are finite dimensional. 

We will apply the definitions of the preceding section to the admissible class made of morphisms 
of finite type (resp. smooth morphisms of finite type) in denoted by J^** (resp. Sm). 
Recall the general convention of section 11.41 

• premotivic means Sm-premotivic. 

• generalized premotivic means =5^**-premotivic. 

6.1. Generalized derived premotivic categories. 

Example 6.1.1. Let t be a system of topologies on =5^*. For a scheme S, we denote by Sh t A^ 

the category of sheaves of abelian groups on J*g for the topology tg. For an S'-scheme of finite 
type X, we let Ag(X) be the free t-sheaf of A-modules represented by X. Recall Shtfj?"^*, A) is 
a generalized abelian premotivic category (see 15.1.4)1 . 

Let p : Sm s -» y ft /S be the obvious inclusion functor. Then it induces (c/. [AGV731 IV, 4.10]) 
a sequence of adjoint functors 



Sh t (Sm/S, A) P * Sh t (j^7S, A) 
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and we checked easily that this induces an enlargement of abelian premotivic categories: 
(6.1.1.1) Pi : Sh t (Sm,A) «± Sh* A) : p* . 

Remark 6.1.2. Note that for any scheme S, the abelian category Sh t (Sm/ S, A) can be described 
as the Gabriel quotient of the abelian category Sh t Ll7'f t /S, A) with respect to the sheaves F over 
,y ft /S such that p*(F) = 0. 

An example of such a sheaf in the case where t = Nis and dim(5) > is the Nisnevich sheaf 
As(Z) on 5fg t represented by a nowhere dense closed subscheme Z of S is zero when restricted 
to Sms- 

6.1.3. Consider an abelian premotivic category si compatible with an admissible topology t on 
Sm and a generalized abelian premotivic category &£ compatible with an admissible topology t' 
on ,y. We denote by M (resp. M) the geometric sections of s/ (resp. si). We assume that t' is 
finer that t, and consider an adjunction of abelian premotivic categories: 

Pi : si <=^ si : p* . 

Let S be a scheme in S*. The functors p$ and p* induce a derived adjunction (see l5.2.1§)) : 

L Pt : Df t (si s ) j± D^(^s) : Hp* 
(where si is considered as an Sm- fibred category) . 

Proposition 6.1.4. Consider the previous hypothesis, and fix a scheme S. Assume furthermore 
that we have the following properties. 

(i) The functor pj : sis ~^ sis * s fully faithful, 
(ii) The functor p* : sis — > sis commutes with small colimits. 

Then, the following conditions hold : 

(a) The induced functor 

P* ■ C(j*s) -> C(si s ) 

preserves A 1 -equivalences. 

(b) The A 1 -derived functor Lpj : D^(j2/s) — > Dffi ( sis) is fully faithful. 

Proof. Point (a) follows from proposition 1 5. 2.221 To prove (b), we have to prove that the unit map 

M^p*L Pt (M) 

is an isomorphism for any object M of D^(jz^). For this purpose, we may assume that M is 
cofibrant, so that we have 

M~ P * Pi (M)~ P *Lpt(M) 
(where the first isomorphism holds already in C(sis)). D 

Corollary 6.1.5. Consider the hypothesis of the previous proposition. Then the family of ad- 
junctions Lpj : D^(^g) — > D^j ( &is) : Hp* indexed by a scheme S induces an enlargement of 
triangulated premotivic categories 

L Pi :D$(*0->D$t*f):Rp*- 

Example 6.1.6. Considering the situation of 16.1. 1[ we will be particularly interested in the case 
of the Nisnevich topology. We denote by . the generalized A 1 -derived premotivic category 
associated with Sh (j^*', A) . The preceding corollary gives a canonical enlargement: 

(6.1.6.1) Df lA ^B^ A 

6.1.7. Consider again the hypothesis of 16.1.31 We denote simply by M (resp. M) the geometric 
sections of the premotivic triangulated category Dai(^) (resp. Dai(^)). 

Recall from 15.3.151 that we have defined ls{l} (resp. JL S {1}) as the cokernel of the canonical 
map Is — ► Ms(G m ,s) (resp. 1^ — > M s (G m s)- Thus, it is obvious that we get a canonical 



TRIANGULATED CATEGORIES OF MIXED MOTIVES 



123 



identification Pj(1s{1}) = JLs{l}- Therefore, the enlargement p§ can be extended canonically to 
an enlargement 

p t : SpK) «=* SpGef) : p* 

of abelian premotivic categories in such a way that for any scheme S, the following diagram 
commutes: 

S*q ^ £lf S 



Sp(^ s ) ^— >. Sp(*fe). 

According to proposition 15.3.131 Sp(,e/) (resp. SpQe/)) is compatible with t (resp. t'), and we 
obtain an adjoint pair of functors (|5.3.28D : 

From the preceding commutative square, we get the identification: 
(6.1.7.1) L^oE^E^oLpj 
As in the non effective case, we get the following result: 

Proposition 6.1.8. Keep the assumptions of proposition \5.1.4\ and suppose furthermore that 
both Dj^ 1 (g/) and D ffi ( are compactly generated by their geometric sections. Then the derived 
functor L/3jj : Dai(^s) — * D a i( &£s) is fully faithful. 

Proof. We have to prove that for any Tate spectrum E of D A i(,e/s), the adjunction morphism 

E - Lp*R Pi (E) 

is an isomorphism. According to proposition 11.3. 151 the functor Hp* admits a right adjoint. Thus, 
applying lemma [T.1.42i it is sufficient to consider the case where E — Ms(X){i}[n] for a smooth 
S'-scheme X, and a couple (n, i) £ Z x Z. 

Moreover, it is sufficient to prove that for another smooth S'-scheme Y and an integer j £ Z, 
the induced morphism 

Rom(^M s (Y){j},^M s (X){t}[n})^Rom(^M s (Y)j},^M s (X)t}[n}) 

is an isomorphism. Using the identification (|6.1.7.1|) . propositions 15.3.301 and 16.1.41 allows to 
conclude. □ 

Corollary 6.1.9. If the assumptions of vrovosition W.1.8\ hold for any scheme S in 5?, then we 
obtain an enlargement of triangulated premotivic categories 

L Pt : D A i(*/) <=* DaiG^) : Rp*. 

Example 6.1.10. Considering again the situation of 16.1.11 in the case of the Nisnevich topol- 
ogy. We denote by D a i,a the generalized stable A 1 -derived premotivic category associated with 
Shu^**, A). The preceding corollary gives a canonical enlargement: 

(6.1.10.1) Lp s :D A1>A ^P A x iA :Rp* 

which is compatible with the enlargement (|6.1.6.ip in the sense that the following diagram is 
essentially commutative: 

Df, A ^D* 



Da!,a ** Da 1 , a 

Proposition 6.1.11. Consider a Grothendieck topology t on our category of schemes 5?. Let S 
be a scheme in ' , and M an object of D a 1 ,a(S) ■ Then M satisfies t-descent in Dai, a (SO */ and 
only if Lpo(M) satisfies t-descent in Pa!,a(S). 
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Proof. Let / : S£ — > S be a diagram of S'-schemes of finite type. Define 
H%K,M(p)) = Hom DAlA(s) (A^,L/*(M)(p)[g]) 

H«{3£,M(p)) = Hom SAlA( 5)(A^,L/*Lp,(M)(p)[ g ]) 

for any integers p and q. The fully faithfulness of Lpj ensures that the comparison map 

H*(%, M(p)) -> .T, M(p)) 

is always bijective. This proposition follows then from the fact that M (resp. Lpjj(M)) satisfies 
^-descent if and only if, for any integers p and q, for any S-scheme of finite type X, and any 
i-hypercovering S£ — > X, the induced map 

H"(X, M{p)) - ^(^T, Af (p)) (resp. M(p)) - #"( Jf, M(p)) ) 

is bijective. □ 

6.2. The fundamental example. Recall from |Ayo07b| the following theorem of Morel and 
Voevodsky: 

Theorem 6.2.1. The triangulated premotivic categories D^ » and D^^a satisfy the localization 
property. 

Corollary 6.2.2. (1) The premotivic category Dai, a * s a motivic category. 

(2) Suppose that ^ is a derived premotivic category (see \5.2lJ\) which is a motivic category. 
Then there exists a canonical morphism of derived premotivic categories: 

D A x, z -> 9. 

Proof. The first assertion follows from the previous theorem and remark l2.4.3l The second asser- 
tion follows from proposition 13.3.51 and example 15.3.361 □ 



Remark 6.2.3. Thus, theorem 12.4.211 can be applied to Dai. a- In particular, for any separated 
morphism of finite type / : T — > S, there exists a pair of adjoint functors 

/!:D a1 ,a(T)^D a1 ,a(5):/ ! 
as in the theorem loc. cit. so that we have removed the quasi-projective assumption in Ayo07a . 

6.2.4. Because the cdh topology is finer than the Nisnevich topology, we get a morphism of 
generalized premotivic categories: 

a *dh : P a i,a <=* D A i (Sh cdh (.^ / *, A)) : Ra cd h,*- 

Corollary 6.2.5. For any scheme S, the composite functor 

D A i (5, A) -» D A i (S, A) ^ D A1 ( S h cdh (>/< , A 



is fully faithful. 

Moreover, it induces an enlargement of premotivic categories: 
(6.2.5.1) D A i a <=* D A i (Sh cdh (> /4 , A)) 

Remark 6.2.6. This corollary is a generalisation in our derived setting of the main theorem of 
[VoeOObj . Note that if dim(S) > 0, there is no hope that the above composite functor is essentially 
surjective because as soon as Z is a nowhere dense closed subscheme of S, the premotive Mj dh (Z, A) 
does not belong to its image (cf. remark l6.1.2p . 

Proof. According to corollary 16.2.21 and proposition I3.3.9( any Tate spectrum E of D A i (S, A) 
satisfies cdh-descent in the derived premotivic category D a i.a? an d this implies the first assertion 
by 15.3.321 and 16.1.111 The second one then follows from the fact the forgetful functor 

D Al (sh cdh (>/*,A)) -D A i(S,A). 

commutes with direct sums (its left adjoint preserves compact objects). □ 
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6.3. Nearly Nisnevich sheaves. 

6.0. In all this section, we fix an abelian premotivic category sf and we consider the canonical 
premotivic adjunction (|5.1.2.1|) associated with si ' . 
We assume s/ satisfies the following properties. 

(i) si is compatible with Nisnevich topology, so that we have from (|5.1.2.ip a premotivic 
adjunction: 

(6.3.0.1) 7* : Sh Nis (5'm,Z) T± si : 7*. 

(ii) si is geometrically generated and the geometric sections are of finite presentation (i.e. the 
functors Hom^ (Mg{X), — ) preserve filtered colimits and form a conservative family). 

(iii) For any scheme S, and for any open immersion U — > X of smooth S'-schemes, the map 
Ms(U) — > Ms(X) is a monomorphism. 

(iv) For any scheme S, the functor 7, : sis —> Sh^i s (Sm/ S, Z) is exact. 

Note that the functor 7, : s/s — > Sh^n s (Sm/S, Z) is exact and conservative. As it also preserves 
filtered colimits, this functor preserves in facts small colimits. 

Observe also that, according to these assumption, the abelian premotivic category of Tate 
spectra Sp(s/) is compatible with Nisnevich topology, N-generated. Moreover, we get a canonical 
premotivic adjunction 

(6.3.0.2) 7* : Sp(Sh Nis (5'm, Z)) «=* Sp«) : 7, 

such that 7» is conservative and preserves small colimits. 

In the following, we show how one can deduce properties of the premotivic triangulated cate- 
gories Djf{(s/) and D^i(sf) from the good properties of z and Dai,z- 

6. 3. a. Support property (effective case). 

Proposition 6.3.1. For any scheme S, the functor 7, : C(s/s) ~ > C(SliNis(<Sms, Z)) preserves 
and detects A 1 -equivalences. 

Proof. It follows immediately from corollary 15 . 2.291 that 7* preserves A 1 -equivalences. The fact it 
detects them can be rephrased by saying that the induced functor 

%:D $(*fc)->D$ iZ (S) 

is conservative. This is obviously true once we noticed that its left adjoint is essentially surjective 
on generators. □ 

Corollary 6.3.2. The right derived functor 

R 7 *= 7 *:Df (s/ s )^Bf lz (S) 

is conservative. 

Proposition 6.3.3. Let f : S' — > S be a finite morphism of schemes. Then the induced functor 

U : CVs') -> C(sf s ) 
preserves colimits and A 1 -equivalences. 

Proof. We first prove /* preserves colimits. We know the functors 7* preserve colimits and are 
conservative. As we have the identification 7,/* = /*7*, it is sufficient to prove the property for 
s/ = SliNis^m, Z). Let X be a smooth ^-scheme. It is sufficient to prove that, for any point x of 
X, if X'x denotes the henselianization of X at x, the functor 

Sh ms (Sm s <,Z)^sfb , F~U(F)(X2) = F(S' x s X%) 

commutes to colimits. Moreover the scheme 5" XsX^ is finite over so that we have S' = 
JliYi, where the Y^s are a finite family of henselian local schemes over S' X5 X£. Hence we have 
to check that the functor F Q) i F(Yi) preserves colimits. As colimits commute to sums, it is 
thus sufficient to prove that the functors F 1— > F(Y{) commute to colimits. This follows from the 
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fact that the local henselian schemes are points of the topos of sheaves over the small Nisnevich 
site of X. 

We are left to prove that the functor /» : C(^s') —* C(&?s) respects A 1 -equivalences. For this, 
we shall study the behaviour of /* with respect to the A 1 -resolution functor constructed in !5.2.24l 
Note that /» commutes to limits because it has a left adjoint. In particular, we know that /* 
is exact. Moreover, one checks easily that f»R^} = f*R^}. As /» commutes to colimits, this 
gives the formula f*Rj±i = -Ra 1 /*- Let C be a complex of Nisnevich sheaves of abelian groups on 
Sm/S'. Choose a quasi-isomorphism C — ► C with C a Nis-flasque complex. Applying proposition 
I5.2.26| we know that -Ra 1 (C) is A 1 -fibrant and that we get a canonical A 1 -equivalence 

/.(C) -► MC) -» MRai(C')) = R A i(MC')). 

Hence we are reduced to prove that /» preserves A 1 -equivalences between A^fibrant objects. 
But such A^equivalences are quasi-isomorphisms, so that we can conclude using the exactness of 
/*• " □ 

Proposition 6.3.4. For any open immersion of schemes j : U — > S , the exchange natural trans- 
formation jj7» — > 7»jjj is an isomorphism of functors. 

Proof. Let X be a scheme, and F a Nisnevich sheaf of abelian groups on Smx- Define the 
category Ifp as follows. The objects are the couples (Y,s), where Y is a smooth scheme over 
X, and s is a section of F over Y. The arrows (Y,s) — * (Y',s') are the morphisms / € 
Homsh Nis (Sm/x.z){^'x{Y) 7 Zx(Y')) such that f*(s') — s. We have a canonical functor 

ifiF ■ — > Sh^i s (Sm/X, Z) 

defined by (pp(Y, s) = Zx(Y), and one checks easily that the canonical map 

\mi(p F = lim Z X {Y)->F 

is an isomorphism in Sh^i s (Sm/X, Z) (this is essentially a reformulation of the Yoneda lemma). 

Consider now an object F in the category srfxj- We get two categories "^ 7 »(f) an d (F))- 
There is a functor 

i ■ %,(F) -> %*Ut(F)) 

which is defined by the formula i{Y, s) = (Y, ij(s)). To explain our notations, let us say that we see 
s as a morphism from Ms(U, stf) to F, so that j$(s) is a morphism from M$(Y, #/) = j$Ms(U, &f) 
to j$(F). This functor i has right adjoint 

defined by i'(Y,s) = (Y{j,su), where Yu = Y Xj U, and su is the section of J*(F) over Yjj 
that corresponds to the section j*(s) of j*j$'y*(F) over Yjy under the canonical isomorphism 
7*(-F) ~ j*jt7*{F) (here, we use strongly the fact the functor jjj is fully faithful). The existence 
of a right adjoint implies i is cofinal. This latter property is sufficient for the canonical morphism 

lim <^ 7 .(j,(F)) ° i -> lim <P^(j t {F)) = 1*(M F )) 

to be an isomorphism. But the functor f-y,(j,(F)) ° i is exactly the composition of the functor jjj 
with ip^ m fp\. As the functor j$ commutes to colimits, we have 

lim P 7 ,(3 t (F)) °i = lim ij <£> 7 „ (F) ~ j$ lim <y3 7 ,(F) — j${l*(F))- 

C-T.CF) C T»(F) C7,(F) 

Hence we obtain a canonical isomorphism ji{j*(F)) ~ 7*(ifl(-^))- ^ is easily seen that the 
corresponding map 7*(F) — > j* {j*(j$(F))) — j${F)) is the image by 7, of the unit map 
F — > j*j${F). This shows the isomorphism we have constructed is the exchange morphism. □ 

Corollary 6.3.5. For any opera immersion of schemes j : U S, the functor j$ : srfjj — > is 
exact. Moreover, the induced functor 
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preserves A 1 -equivalences. 

Proof. Using the fact 7* is exact and conservative, and propositions 16 . 3 A\ and [6 . 3 . 4i it is sufficient 
to prove this corollary when si = ShNj s (jSVB, Z). ft is straightforward to prove exactness using 
Nisnevich points. The fact jjj preserves A 1 -equivalences follows from the exactness property and 
from the obvious fact it preserves strong A 1 -equivalences. □ 

Corollary 6.3.6. Let j : U — > S be an open immersion of schemes. For any object M ofD^^u) 
the exchange morphism 

(6.3.6.1) Ljj(R 7 ,(M)) -> R 7 *(Lj fl (M)) 

is an isomorphism in T}j^{(S, Z). 

Corollary 6.3.7. The triangulated premotivic category D^( 1 e/) satisfies the support property. 

Proof. According to corollary I6.3.2| the functor R7* is conservative. Thus, by virtue of the 
preceding corollary, to prove the support property in the case of D ^ (jz/) it is sufficient to prove 
it in the case where = ShNi s (<S'?7i, Z). This follows from t heor ems 1 6 . 2 . 1 1 and 1 2 . 4 . 1 21 □ 

6.3.b. Support property (stable case). 

6.3.8. Recall from [573. 171 that the premotivic adjunction (7*, 7*) induces a canonical adjunction 
of abelian premotivic categories that we denote by: 

7* : Sp(Sh Nis (5m, Z)) ^ Sp{£/ S ) ■ 7* 

Proposition 6.3.9. For any scheme S , the functor induced functor 

7„:C(Sp(*fe)) ^G(Sp(Sh Nis (5m s ,Z))) 

preserves and detects stable A 1 -equivalences. 

Proof. Using the equivalence between symmetric Tate spectra and non symmetric Tate spectra, we 
are reduced to prove this for complexes of non symmetric Tate spectra. Consider a non symmetric 
Tate spectrum (£ , „) nS N with suspension maps o~ n : E„{1} — > E n+ \. The non symmetric Tate 
spectrum %(E) is equal to 7*(-E n ) m degree n G Z, and the suspension map is given by the 
composite: 

ls{l} ®s J*(E n ) -> 7*(7*(ls{l}) «>s E n ) = 7*(£»{1}) E n+1 . 
Thus, propositions I6.3.T1 and IB~3 .311 allows to conclude. □ 

Corollary 6.3.10. The right derived functor 

R-7* = 7* : D A iKs) -> D A i, z (5) 

is conservative. 

Proposition 6.3.11. Let j : U — > X be an open immersion of schemes. For any object M of 
D A i(^/[/), the exchange morphism 

Ljj(R 7 »(M))^R7,(Ljj(M)) 

is an isomorphism in Da 1 ,z(X). 

Proof. From corollary 16.3.51 and the i^-base change formula for the open immersion j, one de- 
duces easily that jjj preserves stable A 1 -equivalences of (non symmetric) Tate spectra. Moreover, 
proposition 16 . 3 .41 shows that ^7* = 7*j'jj at the level of Tate spectra. This concludes. □ 

One deduces the following corollary as in the effective case (see I6.3.7P . 
Corollary 6.3.12. The triangulated premotivic category D A i(«e/) satisfies the support property. 
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6.3.C. Localization for smooth schemes. 

Lemma 6.3.13. Let i : Z — > S be a closed immersion which admits a smooth retraction p : S — » Z . 
Then the exchange transformation 

L7*Ri* — > Ri„L7* 

is an isomorphism in Djff(jtfs) (resp. Dai(^s)J. 

Proof. We first remark that for any object C of G(s^z) (resp. C(Sp(.£^))) the canonical sequence 

is a cofiber sequence in D^(^fe) (resp. Da^-kOs))- Indeed, we can check this after applying the 
exact conservative functor 7* . The sequence we obtain is canonically isomorphic through exchange 
transformations to 

using corollary 16.3.61 the commutation of 7, with j*, p* and i» (recall it is the right adjoint of 
a premotivic adjunction) and the relation pi = 1. But this last sequence is a cofiber sequence in 
Z (S) (resp. D A i. z (5')) because it satisfies the localization property (see 16.2. 1) . 
Using exchange transformations, we obtain a morphism of distinguished triangles in DM^(5) 

rW*P*(C) -^7*p*(C9 -*7*i.(C) -^7"W'V(C)[1] 

II II |-EK(7*,i») ][ 

i«jV(7*C) -^P*(7*C) ^i*( 7 *C) ->- jjjV(7*C)[l] 

The first two vertical arrows are isomorphisms as 7* is the left adjoint of a premotivic adjunction; 
thus the morphism Ex{^f* , £*) is also an isomorphism. □ 

Proposition 6.3.14. Let i : Z — > 5 &e a closed immersion. If i admits a smooth retraction, then 
D^(j2/) satisfies localization with respect to i. 

Proof. This follows from proposition 1 2. 3. "231 and the preceding lemma. □ 

Corollary 6.3.15. Let S be a scheme. Then the premotivic category D^(jz/) (resp. T}j±i{stf)) 
satisfies localization with respect to any closed immersion between smooth S-schemes. 

Proof. Let i : Z — > X be closed immersion between smooth S-schemes. We want to prove that 
D^(rf) (resp. Da_i(&/)) satisfies localization with respect to i. According to !2. 3.181 it is sufficient 
to prove that for any smooth S'-scheme S, the canonical map 

M S (X/X - X z ) -> uM z {X z ) 

is an isomorphism where we use the notation of loc. cit. and M (.,&/) denotes the geometric 
sections of D A ^(«e/) (resp. Dai(^/)). But the premotivic triangulated category category Dai(^) 
(resp. D^^)) satisfies the Nisnevich separation property and the Sm-base change property. 
Thus, we can argue locally in S for the Nisnevich topology. Thus, the statement is reduced to the 
preceding proposition as i admits locally for the Nisnevich topology a smooth retraction (see for 
example |Deg07| 4.5.11]). □ 

Part 3. Motivic complexes and relative cycles 

7. Relative cycles 

7.0. In this entire section, S* is the category of noetherian schemes; any scheme is assumed to be 
noetherian. We fix a subring A C Q which will be the ring of coefficients of the algebraic cycles 
considered in the following section. 



7.1. Definitions. 
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7.1. a. Category of cycles. 

7.1.1. Let A be a scheme. As usual, an element of the underlying set of X will be called a 
point and a morphism Spec (k) — > X where k is a field will be called a geometric point. We often 
identify a point x G X with the corresponding geometric point Spec(«; a; ) — > X. However, the 
explicit expression "the point Spec (fc) — > X" always refers to a geometric point. 
As our schemes are assumed to be noetherian, any immersion / : X — > Y is quasi-compact. 
Thus, according to [GD60, 9.5.10], the schematic closure X of X in Y exists which gives a unique 
factorization of / into 

such that i is a closed immersion and j is an open immersion with dense imaged. Note that 
when Y is reduced, Y coincide with the topological closure of Y in X with its induced reduced 
subscheme structure. In this case, we simply call Y the closure of Y in X. 

Definition 7.1.2. A A-cycle is a couple (X, a) such that X is a scheme and a is a A-linear 
combination of points of X. A generic point of (X, a) is a point which appears in the A-linear 
combination a with a non zero coefficient. The support Supp(a) of a is the closure of the generic 
points of a. 

A morphism of A-cycles (Y, (5) — -> (A, a) is a morphism of scheme / : Y — > X such that 
/(Supp(/3)) C Supp(a). 

When considering such a pair (A, a) , we will denote it simply by a and refer to X as the domain 
of a. We also use the notation a C X to mean the domain of the cycle a is the scheme A. 

The category of A-cycle is functorial in A with respect to morphisms of integral rings. In what 
follows, cycles are assumed to have coefficients in A unless explicitly stated. 

7.1.3. Given a property (V) of morphisms of schemes, we will say that a morphism /:/?—> a of 
cycles satisfies property (V) if the induced morphism / 1 supp(/3) sa t lSnes property (V). A morphism 
/ : Y — > A will be said to be pseudo-dominant if any irreducible component of Y dominates an 

irreducible component of A. Thus a morphism of cycles X)je/ m .r% — > ^2iei Ui - Xi 1S P seu( io- 
dominant if and only if for any j € J there exist i € I such that f(yj) — Xi. 

Definition 7.1.4. Let A be a scheme. We denote by X^ ) the set of generic points of A. We 
define as usual the cycle associated with X as the cycle with domain A : 

(X)= h(Ox, x )-x. 

The integer lg(Ox,x), length of an artinian local ring, is called the geometric multiplicity of x in 
A. 

When no confusion is possible, we usually omit the delimiters in the notation (A). As an 
example, we say that a is a cycle over X to mean the existence of a structural morphism of cycles 
a^(X). 

7.1.5. When Z is a closed subscheme of a scheme A, we denote by (Z)x the cycle (Z) considered 
as a cycle with domain A. 

Consider a cycle a with domain A. Let (Zj)j g / be the irreducible components of Supp(a). Then 
we can write a uniquely as a — n i-(Zi)x- We call this writing the standard form of a for 

short. 

Definition 7.1.6. Let a — n i- x i be a cycle with domain X and / : A — > Y be any morphism. 

For any i S J, put j/j = f{xi). Then / induces an extension field re(xj) / n(yi) between the 
residue fields. We let di be the degree of this extension field in case it is finite and otherwise. 



Recall the scheme X is characterized by the property of being the smallest sub-scheme of Y with the existence 
of such a factorization. 
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We define the pushout of a by / as the cycle with domain Y 

/*(«) = ^2n i d l .f(x l ). 

Thus, when / is an immersion, f*(a) is the same cycle as a but seen as a cycle with domain 
X. Remark also that we obtain the following equality 

(7.1.6.1) M(X))=(X) Y 

where X is the schematic closure of X in Y (indeed X is a dense open subscheme in X). When 
/ is clear, we sometimes abusively put: (X)y ■= f*((X)). 

We always have a canonical morphism a — > /* (a) . In case we have a morphism of cycles a ^ -y 
with domain the morphism p : X — > S, any commutative diagram of schemes 



S 

induces a unique commutative diagram of cycles 

a /*(a). 

\ / 
7 

By transitivity of degrees, we obviously have = (/<?)* for a composable pair of morphisms 
(/,<?)■ 

Definition 7.1.7. Let a = J2iei n i- X i be a cycle over a scheme S with domain / : X — ► 5 and 
[7 C 5 be an open subscheme. Let /' = {z 6 I | /(a^) € U}. We define the restriction of a over U 
as the cycle a\u = X^ e /' n i- x j with domain X xg [/ considered as a cycle over U. 

If a = J2iei n i-(Zi)x, then obviously a\u = J2iei n i-{Zi x.s U)x v - We state the following 
obvious lemma for convenience : 

Lemma 7.1.8. Let S be a scheme, U C S an open subscheme and X be an S-scheme. Let 
j : Xjj — > X be the obvious open immersion. 

(i) For any cycle a' C Xjj , (j*(a'))\u = a' '. 
(ii) Assume U = S. For any cycle a C X, j*(a \u) = a. 

7.1.b. Hilbert cycles. 

7.1.9. Recall that a finite dimensional scheme X is cquidimensional - we will also say absolutely 
equidimensional - if its irreducible components have all the same dimension. 

Recall a flat morphism / : X — > S is cquidimensional if it is of finite type and for any generic 
points -q, rj of the same connected component of S, the fibers X v , X^ are absolutely equidimen- 
sional of the same dimension. 

Definition 7.1.10. Let S be a scheme. 

Let a be a cycle over S with domain X. We say that a is a Hilbert cycle over S if there exists a 
finite family (Zi) i& j of closed subschemes of X which are flat equidimensional over S and a finite 
family (ni) ie j E A 1 such that 

a = y^n t .(Zj)jf. 
iei 

Example 7.1.11. Any cycle over a field k is a Hilbert cycle over Spec (k). Let S be the spectrum 
of a discrete valuation ring. A cycle a = X^e/ n i- x i over S is a Hilbert cycle if and only if each 
point Xi lies over the generic point of S. Indeed, an integral S-scheme is flat if and only if it is 
dominant. 
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Consider a Hilbert ^-cycle a C X and a morphism of schemes / : S' — > S. Put X' = X x s S' . 
We choose finite families (Zi)i e x of flat 5-schemes and (nj)jgj G A 7 such that a = J2iei n i-( z i)x- 
Then proposition 3.2.2 of [SVOObj says exactly the cycle 

J2 n i-( z i *sS') x > 
iei 

depends only on a and not on the chosen families. 

Definition 7.1.12. Adopting the previous notations and hypothesis, we define the pullback cycle 
of a along the morphism / : S' — ► S as the cycle with domain X' 

a® b s S' = J2 n i-( z i XsS') x >. 
iei 

In this setting the following lemma is obvious : 

Lemma 7.1.13. Let a be a Hilbert cycle over S , and S" — > S' — > S be morphisms of schemes. 
Then (a ® b s S') ® b s , S" = a ® b s S" . 

We will use another important computation from [SVOObj (it is a particular case of loc. cit., 
3.6.1). 

Proposition 7.1.14. Let R be a discrete valuation ring with residue field k. 

Let a C X be a Hilbert cycle over Spec (R) and f : X — > Y a morphism over Spec (R). We denote 

by f':X'—* Y' the pullback of f over Spec (k). 

Suppose that the support of a is proper with respect to f. 

Then f*(ot) is a Hilbert cycle over R and the following equality of cycles holds in X' : 

f'M ®sk) = /.(<*) ® b s k. 

Let us introduce the following classical definition: 

Definition 7.1.15. Let p : S — > S be a birational morphism. Let C be the minimal closed subset 
of S such that p induces an isomorphism (S — S X5 C) — > (S — C). 
Consider a — y^ £j ni.(Zi)x a cycle over S written in standard form. 

We define the strict transform Zi of the closed subscheme Zi in X along p is the schematic 
closure of (Zi — Zi x 5 C) x 5 S in X x 5 S . We define the strict transform of a along p as the cycle 
over S 

As in [SVOObj , we remark that a corollary of the platification theorem of Gruson- Raynaud is 
the following : 

Lemma 7.1.16. Let S be a reduced scheme and a be a pseudo- dominant cycle over S. 

Then there exists a dominant blow-up p : S — > S such that the strict transform a of a along p 
is a Hilbert cycle over S . 

We conclude this part by recalling an elementary lemma about cycles and Galois descent which 
will be used extensively in the next sections : 

Lemma 7.1.17. Let L/K be an extension of fields and X be a K-scheme. We put Xi = X 
Spec (L) and consider the faithfully flat morphism f : Xl — ► X . 

Denote by Cycl(A) (resp. Gyc\(Xif)) the cycles with domain X (resp. Xl). 

(1) The morphism f* : Cycl(A) — > CyclpTj,),/? 1— » (3 ® b K L is a monomorphism. 

(2) Suppose L/K is finite. For any K-cycle (3 £ Cycl(X), 
f4/3^ K L) = [L:K}./3. 

(3) Suppose L/K is finite normal with Galois group G. 

The image of f* consists of cycles invariant under the action of G. For any cycle 
ft G Cycl(X/,) G , there exists a unique cycle /3k S Cycl(X) such that 

/3 K ® b K L=[L: K\./3 

where [L : K]i is the inseparable degree of L/K. 
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7. I.e. Specialization. The aim of this section is to give conditions on cycles so that one can define 
a relative tensor product on them. 

Definition 7.1.18. Consider two cycles a = J2iei n i- S i an d ft = J2j£j m i- X j- Let S be the 
support of a. 

A morphism f3 — > a of cycles is said to be pre-special if it is of finite type and for any j G J, 
there exists i £ I such that f{xj) — Si and n^mj in A. We define the reduction of (3/a as the 
cycle over S 

x - nij 

i6 JJ(xj)=Si 

Example 7.1.19. Let S" be a scheme and a a Hilbert 5-cycle. Then the canonical morphism of 
cycles a — * {S} is pre-special. If S is the spectrum of a discrete valuation ring, an S'-cycle a is 
pre-special if and only if it is a Hilbert S-cycle. 

Definition 7.1.20. Let a be a cycle. 

A point (resp. dash) of a will be a morphism Spec (k) — > a (resp. Spec (i?) a) such that A; 
is a field (resp. R is a discrete valuation ring). We simply say that x (resp. r) is dominant if the 
image of the generic point in the domain of a is a generic point of a. 

Let x : Spec (kg) — > a be a point. An extension of x will be a point y on a of the form Spec (k) — > 

Spec (fco) — * oe- 

A /at point of a will be morphisms 

Spec (k) A Spec (i?) — > a 

such that r is a dominant dash and the image of s is the closed point of Spec (R). 

Given a point x : Spec (fc) — > a, a fat point over a; is a factorization of a; through a dominant dash 

as above. 

In the situation of the last definition, we denote simply by (R, k) a fat point over x, without 
indicating in the notation the morphisms s and r. 

Remark 7.1.21. With our choice of terminology, a point of a is in general an extension of a 
specialization of a generic point of a. As a further example, a dominant point of a is an extension 
of a generic point of a. 

Lemma 7.1.22. For any cycle a and any non dominant point x : Spec (fco) — > &> there exists an 
extension y : Spec (k) — + a of x and a fat point (R, k) over y. 

Proof. Replacing a by its support S, we can assume a = (S). Let s be the image of x in S, k 
its residue field. We can assume S is reduced, irreducible by taking one irreducible component 
containing s, and local with closed point s. Let S = Spec (A), K = Frac(A). According to [GD611 
7.1.7], there exists a discrete valuation ring R such that A C R C K, and R/A is an extension of 
local rings. Then any composite extension k/ n of kg and the residue field of R over k gives the 
desired fat point (R, k). □ 

Definition 7.1.23. Let f3 — ► a be a pre-special morphism of cycles. Consider 5 the support of 
a and X the domain of /?. Let (3q = X^'ej m j-{Zj)x be the reduction of written in standard 
form. 

(1) Let Spec (K) -tabea dominant point. We define the following cycle over Spec (K) with 
domain Xk = X xg Spec (K) : 

(3 K = y ^2 i m j .{Z j x s Spec(K))x K - 
je.J 

(2) Let Spec (R) A S be a dominant dash, if be the fraction field of R and j : Xk ~ > be 
the canonical open immersion. We define the following cycle over i? with domain Xr : 

According to example 17.1.1 11 (3r is a Hilbert cycle over R. 
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(3) Let x : Spec (k) — > a be a point on a and (i?, fc) be a fat point over x. 
We define the specialization of (3 along the fat point (R, k) as the cycle 

Pr,U = Pr ® r k 

using the above notation and definition 17.1.121 It is a cycle over Spec (k) with domain 
X k =X x s Spec(fc). 

Remark 7.1.24. Let (3 C X be an S'-cycle, x : Spec (K) — > 5 be a dominant point and £/ be an 
open neighbourhood of x in S. 

Then if /3 is pre-special over S, /3\jj is pre-special over U and Pk = (P\u)k- 

If r : Spec (R) — » 5 (resp. (i?, fc)) is a dash (resp. fat point) with generic point x, we also get 
(3r = (P\u)r (resp. (3 R , k = (P\u)R,k)- 

7.1.25. Let S be a reduced scheme, and [3 = n i-%i be an 5-cycle with domain X. For any 

index i E I, let «j be the residue field of Xi. 

Consider a dominant point x : Spec (K) — > S*. Let s be its image in S and F be the residue 
field of s. We put /' = {i e / | f(xi) = s} where / : X — ► S is the structural morphism. With 
these notations, we get 

Pk = ^ n 4 .(Spec(Ki ® F 

and for a dominant dash Spec (i?) — > 5* with generic point a;, 

(7.1.25.1) p R = ^ni.{Spec(Ki®F K)) Xr , 

iev 

where Spec (ni <S>f K) is seen as a subscheme of Xk (resp. Xr). 

Consider a fat point (R, k) with generic point x and write P — n i-(Zi)x in standard form 
(ie. is the closure of {x;} in X). Then according to (|7.1.6.1|) . we obtain 32 ! 

Pr,H = ^ Ui - ( Zi > K Xr Spec ( k ^)x k 
iev 

where Z^k = x s Spec (if) is considered as a subscheme of JCr- and the schematic closure is 
taken in Xr. 

Considering the description of the schematic closure for the generic fiber of an i?-scheme (cf. 
GD67, 2.8.5]), we obtain the following way to compute Pr^- By definition, R is an F-algebra. 
For i G I', let Ai be the image of the canonical morphism 

Ki <g> F R — ► Hi ® F K. 

It is an i?-algebra without i?-torsion. Moreover, the factorization 

Spec (Ki <X>f K) — > Spec (Ai) — > Spec (k, ® f -R) 

defines Spec (^4i) as the schematic closure of the left hand side in the right hand side (cf. [GD67, 
2.8.5]). In particular, we get an immersion Spec (Ai ®r k) — * X k and the nice formula : 

PR,k = ^2 n% - ^ Spec ( Ai ® R k ^x k ■ 
iei' 

Definition 7.1.26. Consider a morphism of cycles / : p — > a and a point x : Spec (ko) — > a. 
We say that / is special at x if it is pre-special and for any extension y : Spec (k) — > a of x, for 
any fat points (R, k) and (R' , k) over y, the equality Pr^ = Pr/ ,k holds in X k . Equivalcntly, we 
say that P/a is special at s. 

We say that / is special (or that p is special over a) if it is special at every point of a. 
Remark 7 '.1.27 '. (1) Trivially, / is special at every dominant point of a. 



32 This shows that our definition coincide with the one given in |SV00b| (p. 23, paragraph preceding 3.1.3) in 
the case where a = (S), S reduced. 
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(2) Given an extension y of x, it is equivalent for / to be special at x or at y (use lemma 
17.1.17( 1)). Thus, in the case where a — (S), we can restrict our attention to the points 
s G S. 

(3) According to 17.1.241 the property that (3/S is special at s G S depends only on an open 
neighbourhood U of s in S. More precisely, the following conditions are equivalent : 

(i) (3 is special at s over S. 

(ii) f3\u is special at s over U. 

Example 7.1.28. Let S be a scheme and (3 be a Hilbert cycle over S. We have already seen that 
f3 — > (S) is pre-special. The next lemma shows this morphism is in fact special. 

Lemma 7.1.29. Let S be a scheme and [3 be a Hilbert cycle over S. Consider a point x : 
Spec (k) — ► S and a fat point (R, k) over x. 



Then p Rik = (3 ® b s k. 



Proof. According to the preceding definition and lemma l7.1.13l it is sufficient to prove (3 R — (3®gR. 
As the two sides of this equation are unchanged when replacing (3 by the reduction /3o of (3/S, 
we can assume that S is reduced. By additivity, we are reduced to the case where [3 = (X) is 
the fundamental cycle associated with a flat S-scheme X. According to 17. 1.6.1] [3 R = {Xk) x ■ 
Applying now [GD671 2.8.5], Xk is the unique closed subscheme Z of X R such that Z is flat over 
Spec (R) and Z x R Spec (K) = X K . Thus, as X R is flat over Spec (R), we get Xk = X R and this 
concludes. □ 

Lemma 7.1.30. Let p : S — > S be a birational morphism and consider a commutative diagram 

Spec (k) Spec (R) \p 

such that (i?, k) is a fat point of S and S . 

Consider a pre-special cycle (3 over S and (3 its strict transform along p. Then, (3 is pre-special 
and /3 R:k = /3 Rtk . 

Proof. Using 17.1.241 we reduce to the case where p is an isomorphism which is trivial. □ 

Lemma 7.1.31. Let S be a reduced scheme, x : Spec (k ) — > S be a point and a be a pre-special 
cycle over S. Let p : S —> S be a dominant blow-up such that the strict transform a of a along p 
is a Hilbert cycle over S . Then the following conditions are equivalent : 

(i) a is special at x. 

(ii) for every points x\, X2 ■ Spec (k) — ► S such that p o x\ — p a X2 and p o x\ is an extension 
of x, a ® ~ x 1 = a ®j x 2 . 

Proof. The case where a: is a dominant point follows from the definitions and the fact p is an 
isomorphism at the generic point. We thus assume x is non dominant. 

(i) => (ii) : Applying lemma [7. 1.221 to Xi, i = 1, 2, we can find an extension x\ : Spec (ki) — ► S of 
Xi and a fat point (i?^, ki) over x\. Taking a composite extension L of k-y and k 2 over k, we can 
further assume L = ki = fc 2 and p o x' x — p o x' 2 . Then for i = 1,2, we get 



and this concludes according to l7.1.l7T l). 

(ii) => (i) : Consider an extension y : Spec (k) — > a over x and two fat point (Ri, k), (R 2 , k) over 
y. Fix i G {1,2}. As p is proper birational, the dash Spec(i?i) on S can be extended (uniquely) 
to S. Let Xi : Spec (k) — > Spec (Ri) — > S be the induced point. Then the following computation 

allows to conclude : 

_ 17.1.30k 17.1.291 l 
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7.1.d. Relative product. 

7.1.32. In this part, we construct a relative product which generalizes the pullback defined by 
Suslin et Voevodsky in SVOOb, 3.3.1]. Consider the situation of a diagram of cycles 

P X 
f c 

a' a S' » S 

where the diagram on the right is the support of the one on the left. Let n be exponential 
characteristic of a'. 

The relative product of (3 and a' over a will be a A[l/n]-cycle which fits into the following 
commutative diagram of cycles 

(3® a a'^[3 Xx s S'^X 
C 

a' »- a S" >■ S 

where the right commutative square is again the support of the left one. 

It will be defined under an assumption on (3 /a and is therefore non svmmetricFI This assump- 
tion will imply that (3/ a is pre-special, and the first property of (3 ® a a' is that it is pre-special 
over a' . 

We define this product in three steps in which the following propertied will be a guideline : 

(PI) Let 5*0 be the support of a and /3o be the reduction of [3/a as an So-cycle. Consider the 

canonical factorization a' — > So — > a. 

Then, (3® a a' = [3 ® So 
(P2) Consider a commutative diagram 

Spec (E) Spec {R') Spec (R) 

a' ^ ct 

such that (R,E) (resp. (R' , E)) is a fat point on a (resp. a'). 
Then, (J) ® Q a') R > lE = Pr,e- 
Assume a' — * a = (S' — ► S). 

(P3) If /3 is a Hilbert cycle over S, /3 ® s S' = ® b s S'. 

(P4) Consider a factorization S' — > U S such that j is an open immersion. Then /3 <8>s 5" = 
P\u®uS'. 

(P5) Consider a factorization S' — > 5 5 such that p is a birational morphism. Then (3®sS' = 

f3®g S'. 

Lemma 7.1.33. Consider the hypothesis o/ | 7. _? . ffffi in £/ie case where a' = Spec (fc) is a point x of 
a. 

We suppose that f is special at x. 

Then the pre-special A[l/n]- cycle (3 ® a k exists and is uniquely determined by property (P2) 
above. We also put (3k '■= (3 ® a k. 

The properties (PI) to (P5) are fulfilled and in addition : 
(P6) For any extension fields L / k , (3l = Pk ® \ L . 

Proof. According to lemma [7.1.221 there always exists a fat point (R,E) over an extension of x. 
Thus the unicity statement follows from l7.1.17f 1). 



See further [7. 2. 31 for this question. 

All these properties except (P3) will be particular cases of the associativity of the exterior product. 
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For the existence, we first consider the case where a = (S) is a reduced scheme. Applying 
lemma 17.1.161 there exists a blow-up p : S — > S such that the strict transform (3 of /3 along p is a 
Hilbert cycle over S. 

As p is surjective, the fiber Sk is a non empty algebraic £;-scheme. Thus, it admits a closed 
point given by a finite extension k' of k. Let k'/k be a normal closure of fcg/fc and G be its Galois 
group. As (3/S is special at x by hypothesis, lemma [7.1.311 implies that (3 £g>~ k' is G-invariant. 
Thus, applying lemma lT. 1.171 there exists a unique cycle f3 k C A& with coefficients in A[l/p] such 
that/3* ®\ k' = 0^ § k'. 

We prove (P2). Given a diagram (*) with a' = Spec (fc), we first remark that (0k)R',E = ftk® k E- 
As p is proper birational, the dominant dash Spec (R) — > 5 lifts to a dominant dash Spec (i?) — ► 5. 
Let .E'/A; be a composite extension of k'/k and i?/fc. With these notations, we get the following 
computation : 

0r,e < ^^r,e ^ £^S% ^ § k') ®% E> = (3 k ®> k E', 

so that we can conclude by applying 17. 1.17f 1). 

In the general case, we consider he support S of a abd (3q/S the reduction of (3 /a. According to 
(PI), we are led to put (3 k := ((3 ) k with the help of the preceding case. Considering the definition 
of specialization along fat points, we easily check this cycle satisfies property (P2). 

Finally, property (P6) (resp. (P3), (P5)) follows from the unicity statement applying lemmas 
17.1.221 17XT7T 1) (resp. and moreover lemma 17X291 17.1. 30|) . □ 

Remark 7.1.34. In the case where x is a dominant point, the cycle (3 k defined in the previous 
proposition agrees with the one defined in l7.1.23T l). 

Lemma 7.1.35. Consider the hypothesis of \7.1.3^\ in the case where a' — Spec (O) is a dash of 
a. Let K be the fraction field of O and x the corresponding point on a. 
We suppose that f is special at x. 

Then the pre-special A[l/n]- cycle (3 ® a O exists and is uniquely defined by the property {[3 ® a 
O) (8>q K = [3k with the notations of the preceding lemma. We also put (3o '■= (3 ® a O. 

The properties (PI) to (P5) are fulfilled and in addition : 
(P6') For any extension O' jO of discrete valuation rings, (3o> — Po ®o O' ■ 

Proof. Remark that, with the notation of definition 17.1.71 flo ®o K — 0o\spec(K)- For the first 
statement, we simply apply lemma [7.1.8l and put [3o = j* (Pk) where j : Xk — > Xo is the canonical 
open immersion. 

Then properties (PI), (P3), (P4), (P5) and (P6') of the case considered in this lemma follows 
easily from the uniqueness statement and the corresponding properties in the preceding lemma 
(applying again [7X8)1 . 

It remains to prove (P2). According to (PI), we reduce to the case a = (S) for a reduced 
scheme S. We choose a birational morphism p : S — * S such that the proper transform (3 is a 
Hilbert S'-cycles. Consider a diagram of the form (*) in this case. According to property (P3), we 
can assume R' = O. 

Remark the dash Spec (R) — > S admits an extension Spec (R) — * S as p is proper. The point x 
admits an extension K'/K which lifts to a point x' : Spec (K 1 ) — > S - again Sk is a non empty 
algebraic scheme. The discrete valuation corresponding to O C K extends to a discrete valuation 
on K' as K'/K is finite. Let O' C K' be the corresponding valuation ring. The corresponding dash 
Spec (O') — > S thus admits a lifting to S corresponding to the point x' as p is proper. Considering 
a composite extension E' /K of K'/K and E/K, we have obtained a commutative diagram 

Spec (£") — Spec (C) — ^ Spec (R) 
II t 
Spec (O') § 

which lifts our original diagram (*). Let x\ (resp. x-i) be the point Spec (E)' —> S corresponding 
to the the composite through the upper way (resp. lower way) in the preceding diagram. 
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Then, P R e ®e E' = P X1 - Moreover, we get 

J7 i Ml <P5)+(P6') - (Pa) _ 

09 ®s 0) ,e < ® s O) ® b Q E' v =^^= ; (p ® g O') & , E' = /3 X2 . 

By hypothesis, /3/a is special at Spec (K') — > 5. Thus lemma [7 . 1 . 3 1 1 concludes. □ 

Theorem 7.1.36. Consider the hypothesis of \7.1.32\ 
Assume f is special at the generic points of a' . 

Then the pre-special A[l/n]- cycle (3 ® a a' exists and is uniquely determined by property (P2). 
It satisfies all the properties (PI) to (P5). 

Proof. According to lemma 17.1.221 for any point s of S' with residue field k, there exists an 
extension E/n and a fat point (R,E) (resp. (R',E)) of a (resp. a') over Spec (E) — > a (resp. 
Spec (E) — > a'). The uniqueness statement follows by applying lemma 17. 1.17( 1). 
For the existence, we write a' = n i-(Zi)s' in standard form. 

For any i £ I, let Ki be the function field of Zi and consider the canonical morphism Spec (Ki) — > 
a. Let C Xk, be the A[l/n]-cycle defined in lemma lTl.331 Let ji : X Ri — ► A' be the canonical 
immersion and put : 

(7.1.36.1) =Y, n i-3i*(PKi)- 

Then properties (PI), (P3), (P4) and (P5) are direct consequences of this definition and of the 
corresponding properties of lemma 17.1.331 

We check property (P2). Given a diagram of the form (*), there exists a unique i S I such that 
Spec (R r ) dominates Z^. Thus we get for this choice of i E I that (j3 ® Q a')fl',-E = {ji*(0Ki)) Rl E - 
Let K' be the fraction field of R' and consider the open immersion f : Xk' — ► Xr>. The following 
computation then concludes : 

□ 

Definition 7.1.37. In the situation of the previous theorem, we call the A[l/n]-cycle (3 <g) a a' the 
pullback of (3/a by a' . 

7.1.38. By construction, the cycle (3 ® a a' is bilinear with respect to addition of cycles in the 
following sense: 

(P7) Consider the hypothesis of 17.1.321 Let a[, a' 2 be cycles with domain S' such that a — 
a[ + a 2 . If (3/a is special at the generic points of a\ and a 2 , then the following cycles are 
equal in A x 5 5" : 

(3 ® a (ai + a' 2 ) = f3® a a' 1 +[3 <Z> a a 2 . 

(P7') Consider the hypothesis of 17.1.321 Let Pi, (3 2 be cycles with domain A such that (3 = 
Pi + Pi- If A. and P2 are special over a at the generic points of a' , then is special at 
the generic points of a' and the following cycles are equal in A X5 S': 

{Pi + P2) <S> a a' = Pi ® a a' + p 2 <8> a a'. 

In the theorem above, we can assume that A (resp. S, S') is the support of P (resp. a, a'). 
Thus the support of P ® Q a' is included in A Xj S'. More precisely: 

Lemma 7.1.39. Consider the hypothesis of \7.1.3S2\ and assume that X (resp. S, S' ) is the support 
of P (resp. a, a'). Then, if P/a is special at the generic points of a 1 , we obtain: 

(i) Let (A Xs S'Y°^ be the generic points of X Xs S'. Then, we can write 

P<g> a a'= m x .x 
ie(Xx s s')i°i 
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(ii) For any generic point x of X x s S' , if m x ^ 0, the image of x in S' is a generic point s' 
and the multiplicity of s' in a' divides m x in A[l/n]. 

Proof. Point (ii) is just a traduction that (3 ® a a 1 is pre-special over a'. For point (i), we reduce 
easily to the case where a is the scheme S and S is reduced. We can also assume that a' is the 
spectrum of a field k. It is sufficient to check point (i) after an extension of k. Thus we can apply 
lemma [7.1. 161 to reduce to that case where (3 is a Hilbert cycle over S. This case is obvious. □ 

Definition 7.1.40. In the situation of the previous lemma, we put 

m sv (x; S3 ® a a') := m x e A[l/n] 
and we call them the Suslin-Voevodsky's multiplicities (in the operation of relative product). 

Remark 7.1.41. Consider the notations of the previous lemma: 

(1) Assume that a is the spectrum of a field k. Then the product (3 ®u en' is always defined 
and agrees with the classical exterior product (according to (P3)). 

(2) According to the previous lemma, the irreducible components of X x g S' which does not 
dominate an irreducible component of S' have multiplicity 0: they correspond to the "non 
proper components" with respect to the operation (3 <S> a of. 

(3) Assume a' — > a = (S' S), [3 — n i- x i- Let y be a generic point of X X5S" lying over 
a generic point s' of S' . Let S' Q be the irreductible component of S' corresponding to s' . 
Consider any irreductible component So of S which contains p(s') and let [3q — 'Y^i n i- X i 
where the sums runs over the indexes % such that Xi lies over Sq. Then, according to 
(17.1.36. Q , 

m(y; (3 ® s (S')) = m(y; f3 ® So 
This is a key property of the Suslin-Voevodsky's multiplicities which explains why we have 
to consider the property that [3/a\s special at s' (see 17.3.241 for a refined statement). 

Lemma 7.1.42. Consider a morphism of cycles a 1 — > a and a pre-special morphism f : /3 — ► a 
which is special at the generic points of a. Consider a commutative square 

Spec (k') a ' 
Spec (k) >■ a 

such that k and k' are fields. Then the following conditions are equivalent : 
(i) f is special at x. 
(ii) [3 ® a a' — ► a' is special at x' . 

Proof. This follows easily from lemma [7.1.22l and property (P2). □ 

Corollary 7.1.43. Let f : (3 — > a be a special morphism. 
Then for any morphism a' — > a, [3 ® a a 1 — > a' is special. 

Definition 7.1.44. Let / : (3 — > a be a morphism of cycles and x : Spec (k) -^abea point. 
We say that / is A-universal at x if it is special at x and the cycle (3 ® a k has coefficients in A. 

In the situation of this definition, let s be the image of x in the support of a, and k s be its 
residue field. Then according to (P6), fit — (3 Ka ®\ k. Thus / is A-universal at x if and only if it 
is A-universal at s. Furthermore, the following lemma follows easily : 

Lemma 7.1.45. Let f : (3 — > a be a morphism of cycles. The following conditions are equivalent : 

(i) For any point s £ a, / is A-universal at s. 
(ii) For any point x : Spec (k) — > a, f is A-universal at x. 
(Hi) For any morphism of cycles a' — » a, [3 ® a a' has coefficients in A. 

Definition 7.1.46. We say that a morphism of cycles / is A-universal if it satisfies the equivalent 
properties of the preceding lemma. 

Of course, A-universal morphisms are stable by base change. 
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7.2. Intersection theoretic properties. 

7. 2. a. Commutativity. 

Lemma 7.2.1. Consider morphisms of cycles with support in the left diagram 

(3 X 
\ c \t 

7 — T *~S 

such that f3/a is pre-special and j/a is pseudo-dominant. 
Assume 

a = '^2n t .s ll (3 = 2_, m i- x h 7 = >^pi.ti 

iei je.J zeA 

and denote by K Si (resp. n Xj , n tl ) the residue field of s, (resp. Xj, ti) in S (resp. X, T). Consider- 
ing (i,j,l) G IxJxA such that f(xj) = g{ti) = Si, we denote by Vjj : Spec (k x . <E) Ks . Kti) ~^ XxsT 
the canonical immersion. 

Then the followin assertion holds : 
(i) (3 is special at the generic points ofj. 
(ii) The cycle (3 ® a 7 has coefficients in A. 
(in) The following equality of cycles holds 

P®al = ^2 ~ Pi -^i* ((Spec (k Vj ® Kx . k Zi ))) 

where the sum runs over I) 6 / x J x A such that f(xj) = g(tj) = Sj. 

Proof. Assertion (i) is in fact the first point of 17.1.271 Assertion (ii) follows from assertion (iii), 
which is a consequence of the defining formula (|7.1.36.ip and remark [7.1. 341 □ 

Corollary 7.2.2. Let g : T — » S be a flat morphism and (3 — X^eJ m j-(Zj)x be a pre-special 
S-cycle written in standard form. 

Then (3 / S is pre-special at the generic points ofT and 

13 ®s (T) = ^2 mj . (Zj x s T). 

The external product is by nature non commutative. The previous lemma implies it is commu- 
tative whenever it makes sense : 

Corollary 7.2.3. Consider pre-special morphisms of cycles (3 — > a and 7 — > a. 

Then [3 (resp. j) is special at the generic points ofj (resp. (3) and the following equality holds: 

P ®a 7 = 7 ®a (3- 

7.2.b. Associativity. 

f 

Proposition 7.2.4. Consider morphism of cycles (3 — ► a, a" — > a' — > a such that f is special at 
the generic points of a' and of a" . Let n be the exponential characteristic of a" . 
Then the following assertions hold: 
(i) The relative cycle (3 ® a a' /a' is special at the generic points of a" . 
(ii) The cycle ((3 ® a a') ® a i a" has coefficients in A[l/n]. 
(in) ((3 ® a a 1 ) ® a > a" = (3 <Z) a a". 

Proof. Assertion (i) is a corollary of lemma [7. 1.421 Assertion (ii) is in fact a corollary of assertion 
(iii), which in turn follows easily from the uniqueness statement in theorem 17. 1.361 □ 

Lemma 7.2.5. Let 7 (3 — ► a be two pre-special morphisms of cycles with domains Y — > X — > S . 
Consider a fat point (R, k) over a such that 7//? is special at the generic points of 
Then j/a is pre-special and the following equality of cycles holds in Y^: 

lR,k = 7 ®/8 (Pn,k)- 
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Proof. The first statement is obvious. 

We first prove: jr = 7 ®p [3r. 
Remark that (3r — > /? is pseudo-dominant. Thus 7//? is special at the generic points of [3r and the 
right hand side of the preceding equality is well defined. Moreover, according to lemma [7.2.11 we 
can restrict to the case where a = s, /3 = x and 7 = y, with multiplicity 1. Let k s , k x , k v be the 
corresponding respective residue fields, and K be the fraction field of R. 

Then, according to (|7.1.25.ip , jr — (n y <g> Ks K)y R and (3r = (k x <g) Ka K)x R - But lemma [7.2.11 
implies that 7 ®p (3r — (n y ® Km (k x ® Ks K))x r - Thus the associativity of the tensor product of 
fields allows to conclude. 

From this equality and proposition 17 . 2 . H we deduce that: 

1R ®/J R @R,k = (7 ®/3 /3fl) 0/3 fl /3fl,fe = 7 ®/3 #R,fc- 

Thus, the equality we have to prove can be written 7^ (g) 1 ^ k = r jR®p R ((3r (£> r k) and we are 
reduced to the case a = Spec (R) . 

In this case, we can assume j3 = {X} with X integral. Let us consider a blow-up X A X such 
that the proper transform 7 of 7 along p is a Hilbert cycle over X (|7.1.16p . We easily get (from 
(P3) and 17. 1.131) that 

Ik = 1® X ( x k)- 

Let Y (resp. Y) be the support of 7 (resp. 7), (7 : Y — » V the canonical projection. We consider 
the cartesian square obtained by pullback along Spec (fe) — » Spec (i?): 

>fe * Y k 



Fk 

A fc ^A fe . 

As A& C X (resp. Yk C F) is purely of codimension 1, the proper morphism pk (resp. qk) is still 
birational. As a consequence, qk*(j) — 7- Let y be a point in Y^ ~ which lies above a point 
x in jtj^ ~ A^ Then, according to (P5) and using the notations of 17.1.401 we get 

m(y; 7 ® x (X k )) = m(y; 7 <g>x (A fe )). 

This readily implies qk*(j ® x i^k}) — 7 <8>x and allows us to conclude. □ 

As a corollary of this lemma using the uniqueness statement in theorem l7. 1.361 we obtained : 

Corollary 7.2.6. Let 7 (5 A a be pre-special morphisms of cycles. 

Let x : Spec (fc) — > a be a point. If (3/a is special at x and j//3 is special at the generic points 
of (3k, then y/a is special at x. 

Let a' — > a be any morphism of cycles with domain S' — > S and n be the exponential charac- 
teristic of a' . Then, whenever it is well defined, the following equality of A[l/ n]-cycles holds: 

7 ®/3 (P ®q a') = 7 ® a a'. 

A consequence of the transitivity formulas is the associativity of our exterior product : 

Corollary 7.2.7. Suppose given the following morphisms of cycles 

a j3 7 

\ /f \ j/g 
S o- 

such that f and g are pre-specials. 

Then, whenever it is well defined, the following equality of cycles hold: 

7 ®<t (J3 ®s a) = (7 <&„ 0) ® s a 

Proof. Indeed, by the transitivity formulas 17.2.41 and 17.2.61 both members of the equation are 
equal to (7 ® a (3) ®p {f3 ®ja). □ 
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7.2.C. Projection formulas. 

Proposition 7.2.8. Consider morphisms of cycles with support in the left diagram 

X 

1 C q \ 
a' — ^ a 5' ^ S 

such that (3 /a is special at the generic points of a' . 
Consider a factorization S' T — > S . 

Then [3 /a is special at the generic points of h*(a) and the following equality of cycles holds in 
Xx s T: 

(3 ® a g*{a') = (lx Xsg)*(P ® Q a'). 

Proof. The first assuption is obvious. By linearity, we can assume S' is integral and a' is the 
generic point s of S' with multiplicity 1. Let L (resp. E) be the residue field of s (resp. g(s)). 

Consider the pullback square Xl — g ° > Xe where i and j are the natural immersions. 

X x s S' 2l x s T 

Let d be the degree of L/E if it is finite and otherwise. We are reduced to prove the equality 
gx*{j*{@L,)) = d.i*((3E). Using the functoriality of pushout and property (P6), it is sufficient to 
prove the equality go*{(3E &>e L) = d.pE- If d = 0, the morphism go induces an infinite extension 
of fields on any point of Xl which concludes. If L/E is finite, go is finite flat and [3e <S>e L 1S * ne 
usual pullback by go- Then the needed equality follows easily (see |Ful98|. 1.7.4]). □ 

Lemma 7.2.9. Let [3 — > a be a pre-special morphism of cycles with domain X ^* S. Let (i?, k) a 

fat point over a and X — > Y — > S be a factorization of p. Let fk be the pullback of f over Spec (k). 

Suppose that the support of (3 is proper with respect to f . Then /*(/?) is pre-special over a and 
the equality of cycles (f*((3)) Rk = fk*(Pn,k) holds in Y k . 

Proof. As usual, considering the support S of a, we reduce to the case where a = (S). Let K be 
the fraction field of R. As Spec (K) maps to a generic point of S, we can assume S is integral. Let 
F be its function field. We can assume by linearity that [3 is a point x in X with multiplicity 1. 

Let L (resp. E) be the residue field of x (resp. y — f{x)). Let d be the degree of L/E if it is 
finite and otherwise. Consider the following pullback square 

Spec {L® F K) — U- X x s Spec (R) = X R 

Spec (E® F K) Y x s Spec (R) = Y R . 

According to the formula (|7.1.25.1| . we obtain: 

fR*(/3n) = fR*j*({L ® F K}) = i*/ *((£ ®f K)) 

= i*/o*(/ *«£ ®f K)) = n{d.{E ® F K)) = (MP)) R . 

We are finally reduced to the case S = Spec (R) and (3 is a Hilbert cycle over Spec (R). Note 
that /*(/?) is still a Hilbert cycle over Spec(-R). As (3r^ = (3 ® R k, the result follows now from 
proposition 17. 1 . 141 □ 

Corollary 7.2.10. Consider morphisms of cycles with support in the left diagram 

(3 X 

\ c \ p 
a ' — ^ a S' >■ S 

such that (3 /a is special at the generic points of a 1 (resp. A-universal) . 
Consider a factorization X — > Y — > S of p. 
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Suppose that the support of (3 is proper with respect to f. Then /*(/3)/a is special at the generic 
points of a' (resp. K-universal) and the following equality of cycles holds in X x g S' : 



7.3. Geometric properties. 

7.3.1. We introduce a notation which will come often in the next section. Let S be a scheme and 
a = n i-(Zi)x an S'-cycle written in standard form. 

Let s be a point of S and Spec (k) —> S be a geometric point of S with k separably closed. Let 
S' be one of the following local schemes: the localization of S at s, the Hensel localization of S at 
s, the strict localization of S at s. 

We then define the cycle with coefficients in A and domain X x s 5" as: 



Remark 7.3.2. The canonical morphism S' — > S is flat. In particular, a/S is special at the generic 
points of S' and we easily get: a\s> — a <S>s S'. 

7. 3. a. Constructibility. 

Definition 7.3.3. Let S be a scheme and s G S a point. We say that a pre-special S'-cycle a is 
trivial at s if it is special at s and a ®s s = 0. 

Naturally, we say that a is trivial if it is zero. Thus a is trivial if and only if it is trivial at the 
generic points of S. 

Recall from |GD67( 1.9.6] that an ind-constructible subset of a noetherian scheme X is a union 
of locally closed subset of X. 

Lemma 7.3.4. Let S be a noetherian scheme, and a/S be a pre-special cycle. Then the set 



is ind-constructible in S . 

Proof. Let s be a point of T, and Z be its closure in S with its reduced subscheme structure. Put 
ctz = a ®s Z , defined because a is special at the generic point of Z . Given any point t of Z, we 
know that a/S is special at t if and only if az/Z is special at t (cf. I7.1.42p . But there exists 
a dense open subset U s of Z such that az\u z is a Hilbert cycle over Uz- Thus, a/S is special 
at each point of U s and U s C T. This concludes and the same argument proves the respective 
statements. □ 

7.3.5. Let I be a left filtering category and (Si)i^j be a projective system of noetherian schemes 
with affine transition morphisms. We let S be the projective limit of (Si) and we assume the 
followings: 

(1) S is noetherian. 

(2) There exists an index i 6 I such that the canonical projection S — ^ Si is dominant. 

In this case, there exists an index j/i such that for any k/j, the map pk induces an isomorphism 
S^ — > S^ on the generic points (cf. |GD67| 8.4.1]). Thus, replacing I by I/j, we can assume 
that this property is satisfied for all index i £ I. As a consequence, the following properties are 
consequences of the previous ones: 

(3) For any i G I , pi : S — > Si is pseudo-dominant and pi induces an isomorphism S^ — > . 

(4) For any arrow j — > i of /, pji : Sj — > Si is pseudo-dominant andpj; induces an isomorphism 



Proposition 7.3.6. Consider the notations and hypothesis above. Assume we are given a pro- 
jective system of cycles (aj)ie/ such that on is a pre-special cycle over Si and for any j — > i, 
otj = ai ®s 4 Sj . Put a — on ®Si S for an index i G J0 
The following conditions are equivalent: 



(fx s 1 S /).Q3 ® Q a') = (/.OS)) ® Q a'. 




T = {s G 5 I a/S is special (resp. trivial, K-universal) at s] 



AO) 
3 




'The external product is well defined because of point (3) and (4) of the hypothesis above. 
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(i) a/S is special (resp. trivial, A-universal) . 

(ii) There exists i G I such that cti/Si is special (resp. trivial, A-universal). 
(Hi) There exists i *E I such that for all j/i, ctj/Sj is special (resp. trivial, A-universal). 

Let s be point of S and s j its image in Si . Then the following conditions are equivalent: 

(i) a/S is special (resp. trivial, A-universal) at s. 

(ii) There exists i G / such that cti/Si is special (resp. trivial, A-universal) at Sj. 
(Hi) There exists i G / such that for all j/i, ctj/Sj is special (resp. trivial, A-universal) at Sj. 

Proof. Let P be one of the respective properties: "special", "trivial", "A-universal". Using the 
fact that being P at s is an ind-constructible property (from lemma [7. 3. 4[) , it is sufficient to apply 
[GD67( th. 8.3.2] to the following family of sets: 

F% = {si G Si | cti satsifies P at Si}, F = {s G S a satsifies P at s}. 

To get the two sets of equivalent conditions of the statement from op. cit. we have to prove the 
following relations: 

(1) :V( ] ^ i )eF\(I)J ji 1 (F l )(lF J1 

(2) : F = U^/r 1 ^). 

We consider the case where P is the property "special". For relation (1), we apply [771.421 which 
implies the stronger relation f~ i 1 (Fi) — Fj. For relation (2), another application of 17. 1.421 gives in 
fact the stronger relation F = f// l (Fi) for any i £ I. 

Consider a point Sj G S and put Si — fji(sj). Assume cti is special at Si. Then, applying 17.2.41 
and (P3), we get: 

(7.3.6.1) o.j ® S] Sj = (cti ® Si <8£ (8<) k{sj). 
Similarly, given s € Sj, Si = fi(s), and assuming is special at s^, we get: 

(7.3.6.2) a® s s = (oh <8> Sl Si) ®^ (si) k(s). 

We consider now the case where P is the property "trivial". Then relation (1) follows from 
(|7.3.6.ip . Relation (2) follows from (|7.3.6.ip and 17.1.17( 1). 

We finally consider the case P is the property "A-universal" . Relation (1) in this case is again a 
consequence of (|7.3.6.ip . According to (|7.3.6.2p . we get the inclusion L>i e if^ 1 (F i ) C F. We have 
to prove the reciprocal inclusion. 

Consider a point s £ S with residue field k such that a/S is A-universal at s. For any i G /, we 
put Si = fi(s) and denote by ki its residue field. It is sufficient to find an index i G I such that 
cti (£>Si Si has coefficients in A. Thus we are reduced to the following lemma: 

Lemma 7.3.7. Let (k^i^jop be an ind-field, k ~ lim nri fcj. 

Consider a family (/3i)igj such that is a ki-cycle of finite type with coefficients in Q and for 
any j/i, 0j = Pi ®^ kj. 

If for an index i G /, k has coefficients in A, then there exists j/i such that f3j has 

coefficients in A. 

We can assume that for any j/i, 0j has positive coefficients. Let Xj (resp. X) be the support 
of [3j (resp. j3). We obtain a pro-scheme (Xj)j/ i such that X — lirn Xj. The transition maps 
of (Xj)j/i are dominant. Thus, by enlarging i, we can assume that for any j/i, the induced map 
"o(-^i) — ■> no(Xj) is a bijection. Thus we can consider each element of tto(X) separately and 
assume that all the Xi are integrals: for any j/i, j3j = nj.(Xj) for a positive element nj G Q. 
Arguing generically, we can further assume Xj = Spec (Lf) for a field extension of finite type Lj 
of kj. By assumption now, for any j/i, Li (g)^ kj is an Artinian ring whose reduction is the field 
Lj. Moreover, nj = nj.lg(£j (g)^ kj) and we know that n :— ri,j.lg(£j 0^ k) belongs to A. 

Let p be a prime not invertible in A such that v p (ni) < where v p denotes the p-adic valuation 
on Q. It is sufficient to find an index j/i such that v p (rij) > 0. Let L — (Li (g)^ k) re d- Remark 
that L = lhn. i _ Iop Li. It is a field extension of finite type of k. Consider elements ai,...,a n 
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algebraically independant over k such that L is a finite extension of k(a\, a n ). By enlarging i, 
we can assume that a\, a n belongs to Li. Thus Li is a finite extension of ki(a±, a„): replacing 
fci by ki{ai, ...,a„), we can assume that Li/ki is finite. 

Let V be the subextension of L over fc generated by the p-th roots of elements of k. As L/k is 
finite, L' jk is finite, generated by elements b\, b r G £. consider an index j/i such that 61, b r 
belongs to Lj. It follows that v p (lg(Lj g)^ kjj) = w p (lg(Li g)^ fc)). Thus v p (rij) — v p (n) > and 
we are done. □ 



Corollary 7.3.8. Let S be a scheme and a be a pre-special S-cycle. 

Let s be a geometric point of S , with image s in S , and S' be the strict localization of S at s. 
Then the following conditions are equivalent: 

(i) a/S is special at s. 

(V) a/S is special at s. 

(ii) (a|s')/S" is special at s (notation of \7.3.1\ ). 

(Hi) There exists an etale neighbourhood V of s in S such that (a ®s V)/V is special at s. 

Proof. The equivalence of (i) and (i') follows trivially from definition (cf. I7.1.27[) . Recall from 
17.3.11 that a\s> — a ®s S' . Thus (i 1 ) => (ii) is easy (see I7.1.42"]) . Moreover, (ii) (Hi) is a 
consequence of the previous proposition applied to the pro-scheme of etale neighbourhood of s. 
Finally, (Hi) (i) follows from lemma [7. 1.421 □ 

Proposition 7.3.9. Consider the notations and hypothesis of \ 7. 3. 5\ Assume that S and Si are 
reduced for any i G I . 

Suppose given a projective system (Xi) i€ jo P of Si-schemes of finite type such that for any j/i, 
Xj = Xi x 5. Sj. We let X be the projective limit of (Xi). 

Then for any pre-special (resp. special, A-universal) S-cycle a C X, there exists i £ I and a 
pre-special (resp. special, A-universal) Si-cycle a,i C Xi such that a — on ®Si ffEl 

Proof. Using proposition 17.3.61 we are reduced to consider the first of the respective cases of the 
proposition. Write a = J2ree Ur -(^ r ) x m standard form. 

Consider r G 6. As X is noetherian, there exists an index i G / and a closed subscheme C Xi 
such that Z r = Z r ^ x Si S. Moreover, replacing Z r ^ by the reduced closure of the image of the 

(*) 

canonical rucip Zip — ► Z r i j we can assume that the map (*) is dominant. For any j G I /i, we 
put Z r ^ = Z Tt i X5. Sj. The limit of the pro-scheme (Z r j)j e j / iov is the integral scheme Z r . Thus, 
applying |GD67| 8.2.2], we see that by enlarging i, we can assume that for any j G I/i, Z r j is 
irreducible (but not necessarily reduced). 

We repeat this construction for every r G O, enlarging i at each step. Fix now an element j G I/i. 
The scheme Z r j may not be reduced. However, its reduction Z' r j is an integral scheme such that 
Z' r j x Sj S = Z r . We put 

r-ee 

Let z r j- be the generic point of Z' r j , and s r j be its image in Sj . It is a generic point and corresponds 
uniquely to a generic point s r of S according to the point (3) of the hypothesis 1 7 . 3 . 5l Thus ctj/Sj 
is pre-special. Moreover, we get from the above that n(z r j) (8> w ( Sr ) n(s r ) = n(z r ) where z r is the 
generic point of Z r . Thus the relation Oj ®Sj S = a follows from lemma [7.2. 11 □ 

7.3.b. Samuel's multiplicities. 

7.3.10. We give some recall on Samuel's multiplicities, following as a general reference [Bou93 , 
VIII.§7]. 

Let A be a noetherian local ring with maximal ideal m. Let M ^ be a A-module of finite type 



'This external product is denned in any case because of point (3) of the hypothesis above. 
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and q C m an ideal of A such that M/qM has finite length. Let d be the dimension of the support 
of M. Recall from loc. cit. that Samuel's multiplicity of M at q is defined as the integer: 



<(M):= lim f^lg A (M/q"M)) 



In the case M = A, we simply put e q (A) := e^(A) and e(A) := e^(A). 

We will use the following properties of these multiplicities that we recall for the convenience of 
the reader; let A be a local noetherian ring with maximal ideal m: 

Let $ be the generic points p of Spec (A) such that dim(^4/p^4) = dim A. Then according to 
proposition 3 of loc. cit.: 

(51) e q (A) = ^lg(A p ).e q (^/p). 

Let B be a local flat A- algebra such that B/mB has finite length over B. Then according to 
proposition 4 of loc. cit.: 

(52) f^) =]gB(B /mB). 

Let _B be a local flat ^4-algebra such that mB is the maximal ideal of B. Let q c A be an ideal 
such that A/qA has finite length. Then according to the corollary of proposition 4 in loc. cit.: 

(53) e^(B) =e q (A). 

Assume A is integral with fraction field K. Let B be a finite local yl-algebra such that B D A. 
Let ks/kA be the extension of the residue fields of B/A. Then, according to proposition 5 and 
point b) of the corollary of proposition 4 in loc. cit., 

, e nxB (B) _ dim K (B gu K) 

( ' e(A) ~ [k B :k A ] ■ 

Definition 7.3.11. (i) Let S = Spec (A) be a local scheme, s = m the closed point of S. 

Let Z be an S'-schcmc of finite type with special fiber Z s . For any generic point z of Z s , 
denoting by B the local ring of Z at z, we define the Samuel multiplicity of Z at z over S as the 
rational integer: 

m * (2 , z/s) = -ffi. 

In the case where Z is integral, we define the Samuel specialization of the S-cycle (Z) at s as 
the cycle with rational coefficients and domain Z s : 



(Z)® s s s= m s (z,Z/S).z. 



zezf 

Consider an S'-cycle of finite type a = ^2 ieI rii.(Zi)x written in standard form. We define the 
Samuel specialization of the S-cycle a at s as the cycle with domain X s : 

a®|s = y^m.(Zi) ®f s. 

(ii) Let S be a scheme. For any point s of S, we let S^ be the localized scheme of S at s. 
Let / : Z — > S be an S'-scheme of finite type, and z a point of Z which is generic in its fiber. 
Put s = f(z). We define the Samuel multiplicity of Z/S at z as the integer 

m s (z, Z/S) := m s (z, Z x s S( s )/S( s )). 

Consider an S'-cycle of finite type a with domain X and a point s of S. We define the Samuel 
relative product of a and s over S as the cycle with rational coefficients: 

a Of s= (a\s w ) ®f (s , s. 
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Lemma 7.3.12. Let S be a scheme, andp : Z' — > Z an S -morphism which is a birational universal 
homeomorphism. Then for any point s G S , 

(Z') ®f s = (Z) ®f s 

in (Z' s ) re d = (Z s ) re d- 

Proof. By hypothesis, p induces an isomorphism Z'^ ~ Z^ between the generic points. Given 
any irreducible component T' of Z' corresponding to the irreducible component T of Z ', we get by 
hypothesis: 

T' red ~ T red (as schemes), lg {O z >,t>) = lg (Oz.r). 
Thus, we easily concludes from the definition. □ 

7.3.13. Let Z — > S be a morphism of finite type and a z a point of Z, s = /(z). Assume z is a 
generic point of Z s . We introduce the following condition: 



V{z, Z/S) 



For any irreducible component T of -Z(z), 
T s = or dim(T) = dim(Z (2) ). 



Remark 7.3.14. This condition is in particular satisfied if Z^ is absolutely cquidimensional (and 
a fortiori if Z is absolutely cquidimensional). 
An immediate translation of (|£1[) gives: 



Lemma 7.3.15. Let S be a local scheme with closed point s and Z be an S-scheme of finite type 
such that Z s is irreducible with generic point z. 

If the condition T>(z, Z/S) is satisfied, then (Z) <S>g s — m s (z, Z / S).z. 

We get directly from (|tS2|) the following lemma: 

Lemma 7.3.16. Let S be a scheme, s be a point of S, and a — $^ e j ni.(Zi)x be an S-cycle in 
standard form such that Z\ is a flat S-scheme of finite type. 
Then a is a Hilbert S-cycle and a ®g s = a CED5 s. 

With the notations of 17.3. 1[ we get from (|<S3|) : 

Lemma 7.3.17. Let S be a scheme, s a point of S with residue field k and a an S-cycle of finite 
type. 

(i) Let S' be the Hensel localization of S at s. Then, a ®f s = (a|s') ®f' s. 

(ii) Let k a separable closure corresponding and s the corresponding geometric point of S . Let 
Sfg) oe the strict localization of S at s. Then, 

(a ®f s) ®{k=(a\s (s) ) ®| w S. 

Let us recall from |GD67l 13.3.2] the following definition: 

Definition 7.3.18. Let / : X — » S be a morphism of finite type between noetherian schemes, 
and x a point of X . 

We say / is equidimensional at x if there exists an open neighbourhood U of x in X and a 
quasi-finite pseudo-dominant S- morphism U — > for d G N. 

We say / is equidimensional if it is equidimensional at every point of X. 

Remark 7.3.19. A quasi-finite morphism is equidimensional if and only if it is pseudo-dominant. 
Note finally that a direct translation of (|£4[) gives: 

Lemma 7.3.20. Let S = Spec (A) be an integral local scheme with closed point s and fraction 
field K. Let Z be a finite equidimensional scheme and z a generic point of Z s . Let B be the local 
ring of Z at z. 
Then, 

m ^ Z ' S )= [K[x) : „(,)] • 
The following lemma is the most important computation of this subsection. 
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Lemma 7.3.21. Consider a cartesian square 

Z'^Z 

f'\ - \t 

S'^S 

and a point s' of S' , s — g(s'). Let k (resp. k' ) be the residue field of s (resp. s'). We assume 
the following conditions: 

(1) S (resp. S') is geometrically unibranch at s (resp. s'). 

(2) f and f are equidimensional of dimension n. 

(3) For any generic point z ofZ s (resp. z' ofZ s i) the condition V '(z, Z / ' S) (resp. T>(z' , Z' J S')) 
is satisfied. 

Then, the following equality holds in Z s i : 

(Z') ®f, a' = ((Z) ®f a) ®l k'. 
Proof. According to lemma [7.3. 151 we have to prove the equality: 
(7.3.21.1) J2 m s (z',Z'/S').z' = ^ m s {z, Z/S). {Spec (k(z) ® k k'))z 3 , ■ 

As / is equidimensional of dimension n, we can assume according to we can assume according to 
17.3.181 that there exists a quasi-finite pseudo-dominant S-morphism p : Z — > A§. For any generic 
point z of Z s , t — p{z) is the generic point of A". Thus applying \Si\ . we get: 

m s (z,Z/S) = m s (z,Z/A n s ). 

Consider the 5" morphism p' : Z' — > A^, obtained by base change. It is quasi-finite. As Z' / S' 
is equidimensional of dimension n, p' must be pseudo-dominant. For any generic point z' of Z s i, 
t' = p'(z') is the generic point of A™, and as in the preceding paragraph, we get 

m s {z\ Z 1 jS') = m s (z', Z'/A n s ,). 

Moreover, the residue field K t of t (resp. Kf of t 1 ) is k(t%, t n ) (resp. k'(t%, t n ) and this 
implies Spec (k(z) ® Kt K t >) is homeomorphic to Spec (n(z) ®fe k') and has the same geometric mul- 
tiplicities. Putting this and the two preceding relations in (|7.3.21.1[) . we get reduced to the case 
n = - indeed, according to [GD67, 14.4.1.1], Ag (resp. Ag,) is geometrically unibranch at t 
(resp. t'). 

Assume now n = 0, so that / and /' are quasi-finite pseudo-dominant. 

Let k be a separable closure of k and k' a separable closure of a composite of k and k' . It 
is sufficient to prove relation (|7.3.21.1[) after extension to k! (lemma 17.1.171) . Thus according to 
17.3.171 and hypothesis (3), we can assume S and S' are integral strictly local schemes. 

For any z G zi°\ the extension n(z)/k is totally inseparable. Moreover, z corresponds to a 
unique point z' G Z^ and we have to prove for any z G 3f^: 

m s (z', Z' IS') = m s (z, Z/S).\g(n(z) ® k k'). 

Let S = Spec (A), K = Frac(A) and B = O z>z (resp. S' = Spec (A 1 ), K' = Frac(A') and 
B' = Oz',z')- As B is quasi-finite dominant over A and A is henselian, B/A is necessarily finite 
dominant. The same is true for B' /A' and ()tS4|) gives the formulas: 

[k(z) : k\ [k{z ) : k J 

As B' (g>A' K' = (B (g>A K) ®k K' i the numerator of these two rationals are the same. To conclude, 
we are reduced to the easy relation 

[n(z') : k']Ag{K{z)® k k') = [k{z) : k]. 

□ 
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Definition 7.3.22. Let S be a scheme and a — J2iei n i-(Zi)x be an S'-cycle in standard form. 

We say a/S is pseudo-equidimensional over s if it is pre-special and for any i E I, the structual 
map Zi — > S is equidimensional at the generic points of the fiber Z^ s . 

Lemma 7.3.23. Let S be a strictly local integral scheme with closed point s and residue field k 
and a be an S-cycle pseudo-equidimensional over s. 

Then for any extension Spec [k 1 ) S of s and any fat point (R, k') of S over s', the following 
relation holds: 

a R ,k' = (a ®| s) ® b k k'. 
Proof. We put S' = Spec (R) and denote by s' its closed point. 

Reductions.- By additivity, we reduce to the case a = (Z), Z is integral and the structural 
morphism / : Z — ► S is equidimensional at the generic points of Z s . Any generic points of S' s , 
dominantes a generic point of Z s so that we can argue locally at each generic point x of Z s . Thus 
we can assume Z s is irreducible with generic point x. Moreover, as Z is equidimensional at x, we 
can assume according to 17.3.181 there exists a quasi-finite pseudo-dominant S-morphism 

(7.3.23.1) Z ^ A% 

Note that S is geometrically unibranch at s. Thus, applying [GD671 14.4.1] ("critere de Cheval- 
ley")) / ls universally open at x. As S' is a dash whose close point goes to s in S, it follows from 
GD67] 14.3.7] that the base change /' : Z' — > S' of / along S'/S is pseudo-dominant. 

Let T be an irreducible component of Z', with special fiber T s > and generic fiber Tri over 5". 
Then T — > S' is a dominant morphism of finite type. Thus, according to ( d)(i71 14.3.10], either 
T s > = or dim(7V ) = dim(T#-'). Moreover, the dimension of T v is equal to the transcendantal 
degree of the function field of T over K', which is equal to the transcendental degree of Z over 
K. This is n according to (|7.3.23.ip . Thus, in any case, T is equidimensional of dimension n over 
S' and this implies Z' is equidimensional of dimension n over S' . Moreover, either T s i = or 
dim(T) = n + 1 = dim(Z'). Note this implies that for any generic point z' of Z s i, the condition 
V(z',Z'/S') is satisfied. 

Middle step - We prove: a Rtk = (Z 1 ) (g)f, s'. 
According to lemma 17.3.161 

a R , k = (ZQ ® R k' = (ZQ, ®%, a'. 

But the canonical map Z' K — > Z' is a birational universal homeomorphism so that we conclude 
this step by lemma [7.3. 121 

Final step - We have only to point out that the conditions of the preceding lemma are fulfilled for 
the obvious square, and this is precisely what we need. □ 

Corollary 7.3.24. Let S be a reduced scheme, s a point of S and a an S-cycle pseudo-equidimensional 
over s. 

Let s be a geometric point of S with image s in S and 5" be the strict localization of S at s. 
We let S' = UxeaS'x be the irreducible components of S' and u\ — a ®s S\ be the restriction of a 
over S\ . 

Then the following conditions are equivalent: 

(i) a/S is special at s. 

(ii) the cycle a\ (E>g, s does not depend on A G A. 
Moreover, when these conditions are fulfilled, a <E>s s — a\ <g>g/ s. 

Proof. According to corollary 17. 3. 81 we reduce to the case S = S'. Then it follows directly from 
the preceding lemma. □ 

Corollary 7.3.25. Let S be a reduced scheme, geometrically unibranch at a point s € S , and a 
an S-cycle. The following conditions are equivalent: 
(i) a/S is pseudo-equidimensional over s. 
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(ii) a/S is special at s. 
Under these conditions, a ®s s = a ®g s. 

Remark 7.3.26. In particular, over a reduced geometrically unibranch scheme S, every cycle whose 
support is equidimensional over S is special. 

Corollary 7.3.27. Let S be a reduced scheme and s £ S a point such that S is geometrically 
unibranch at s and e(Og a ) = 1. Then for any S -cycle a, the following conditions are equivalent: 
(i) a/S is pseudo- equidimensional over s. 
(ii) a/S is A-universal at s. 

Remark 7.3.28. In particular, over a regular scheme S, every cycle whose support is equidimen- 
sional over S is A-universal. Remark also the following theorem: 

Theorem 7.3.29. Let S be an excellent scheme, s £ S a point. The following conditions are 
equivalent: 

(i) S is regular at s. 

(ii) S is geometrically unibranch at s and e(Os. s ) = 1- 
(Hi) S is unibranch at s and e(Os, s ) = 1- 

Indication of proof. We can assume S is the spectrum of a regular local ring A with closed point s. 
The implication (i) =>• (ii) follows from the fact that a normal local ring is geometrically unibranch 
(at its closed point) and from [Bou93l AC. VIII. §7, prop. 2]. (ii) =4> (Hi) is trivial. For the last 
implication, let A be the completion of the local ring A. We know from |Bou931 AC. VIII. 108, ex. 
24] that when e(A) — 1 and A is integral, A is regular. But according to [GD671 7.8.3, (vii)], the 
second condition is equivalent to the fact A is unibranch. 

Finally, we get the following theorem of Suslin and Voevodsky: 

Theorem 7.3.30. Let S be a scheme and s a point with residue field k s such that the local ring 
A of S at s is regular. Then for any equidimensional S -scheme Z and any generic point z of Z s , 

m sv (z, (Z) ® s a) = ^(-l)n gA Torf (O z , z , k s ). 

i 

Proof. We reduce to the case S = Spec (A) . Then Z is absolutely equidimensional and we can 
apply lemma [7.3.151 together with corollary 17.3.251 to get that m sv (z, (Z) ®s s) = m s (z,Z/S). 
Then the result follows from the theorem of Serre |Ser58[ IV.12, th. 1]. □ 

Remark 7.3.31. Let S be a regular scheme, X a smooth ^-scheme and a C X an S'-cycle whose 
support is equidimensional over S. Let s be a point of S and i : X s — > X the closed immersion of 
the fiber of X at s. Then the cycle i*(a) of |Ser58[ V-28, par. 7] is well defined and we get: 

a ®s s = i*(a). 
8. Finite correspondences 

8.0. In this section, 5? is the category of all noetherian schemes, We fix an admissible class of 
morphisms in 5? and assume in addition that £P is contained in the class of separated morphisms 
of finite type. 

Consider two ^-schemes X and Y. To clarify certain formulas, we will denote X x 5 Y simply 
by XY and let p^ Y '■ XY — » X be the canonical projection morphism. 
We fix a ring of coefficients A C Q. 

8.1. Definition and composition. 

8.1.1. Let S be a base scheme. For any ^-scheme X/S, we let cq(X/S, A) be the A-module 
made of the finite and A-universal ^-cycles with domain A0 Consider a morphism / : Y — » X 
of ^-schemes over S. Then the pushout of cycles induces a well defined morphism: 

f, :c a (Y/S,A)->co(X/S,A). 



With the notations of |SV00bl . c (X/S, Z) = c equi (X/S,0) when S is reduced. 
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Indeed, consider a cycle a € cq(Y/S). Let us denote by Z its support in Y and by f(Z) C X 
image of the latter by /. We consider these subsets as reduced subschemes. Note that f(Z) is 
separated and of finite type over S because X/S is noetherian, separated, and of finite type, by 
assumption 18.01 Because Z/S is proper, [GD611 5.4.3(h)] shows that f(Z) is indeed proper over 
S. Thus, the cycle f*(a) is A- universal according to corollary 17.2.101 Finally, Z/S is finite, we 
deduce that f(Z) is quasi-finite, thus finite, over S. This implies the result. 

Definition 8.1.2. Let X and Y be two ^-schemes over S. 

A finite S-correspondence from X to Y with coefficients in A is an element of 

c s (X,Y) A :=c (X x s Y/X). 

We denote such a correspondence by the symbol X+^ Y . 

In the case A = Z, we simply put cs (X, Y) := cs (X, Y) z . Through the rest of this section, 
any cycle and any finite .^-correspondence are assumed to have coefficients in A. 

Remark 8.1.3. (1) According to properties (P7) and (P7') (cf. I7.1.38|) of the relative exterior 
product, cs (X,Y) A commutes with finite sums in X and Y. 

(2) Consider a £ cs (X, Y) A . Let Z be the support of a. Then, Z is finite pseudo-dominant 
over X (by definition l7.1.18| ). This means that Z is finite equidimensional over X. 

When X is regular (resp. X is reduced geometrically unibranch and char(A") C A x ), 
any cycle a C X Xj Y whose support is finite equidimensional over X defines a finite 
^-correspondence - cf. 17.3.281 (resp. I7.3.26p . 

Moreover, in each respective case, cs(X, Y)\ is the free A-module generated by the 
closed integral subschemes Z of X Xg Y which are finite equidimensional over X. 

(3) Recall that in general, there is only an inclusion 

cs (X,Y) « z Acc s (X,Y) A . 
This inclusion is an equality if X is rcg ular (cf. 17X2^1) or char (AT) C A x £3 

Example 8.1.4. (1) Let / : X — > Y be a morphism in &>/S. 

Because X/S is separated (assumption 18 . 0| . the graph Tf of / is a closed subscheme of 
X XsY. The canonical projection Tf — > X is an isomorphism. Thus (Tf)xY is a Hilbert 
cycle over X. In particular, it is A-universal and also finite over X, thus it defines a finite 
S'-correspondence from X to Y. 
(2) Let / : Y — ► X be finite S-morphism which is A-universal (as a morphism of the associated 
cycles). Then the graph Tf of / is closed in X xg Y and the projection Tt — > X is 
isomorphic to /. Thus the cycle (Tf)xY is a finite A-universal cycle over X which therefore 
define a finite S'-correspondence */ : _X"«— > Y. 

a 8 

Suppose we are given finite S-correspondences Xm — > Y» — > Z. Consider the following diagram 
of cycles : 

(3 ® Y a ^ (3 ^ Z. 
t y 

a — Y 
t 

X 

The pullback cycle is well defined and has coefficients in A as (3 is A-universal over Y , Moreover, 
according to the definition of pullback (cf. I7.1.36| and corollarv l7.2.61 /3<8>ya is a finite A-universal 
cycle over X with domain XYZ. Note finally that according to 18.1.11 the pushout of this latter 
cycle by Vxyz ^ s an element of cs (X, Z) A . 

Definition 8.1.5. Using the preceding notations, we define the composition product of (3 and a 
as the finite S-correspondence 

[3 o a = VxyzSP ®y a) : X*-^ Z. 



Recall indeed that the Suslin-Voeodsky's multiplicities of a cycle over a scheme X can only have denominators 
whose prime factors divide the residue characteristics of X according to 17.1.361 
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8.1.6. In the case where S is regular and X, Y, Z are smooth over S, the composition product 
defined above agree with the one defined in |Deg07[ 4.1.16] in terms of the Tor- formula of Serre. In 
fact, this is a direct consequence of !7. 3.301 after reduction to the case where a and j3 are represented 
by closed integral subschemes (see also point (2) of remark [8. 1.3p . 

We sum up the main properties of the composition for finite correspondences in the following 
proposition : 

Proposition 8.1.7. Let X , Y , Z be ^-schemes over S. 

(1) For any finite S- correspondences Xu^r Y»^ ZtP^> T , we have 

(7 o 0) o a = 7 o (/3 o a) . 

(2) For any X^ Y ^Z, {T g ) YZ oa={l x x S g)*(a). 

(3) For anyX^Y*^ Z, {3o(T f ) XY = P ®y (X). 

Moreover, if f is flat, (3 o (Tf)xY = (/ X S considering the flat pullback of cycles 

in the classical sense. 

(4) For any X < — Y» — ► Z such that f is finite A-universal, 

/3°7 = (/x s lx)*(/3). 

(5) For any X»—> Y ^- Z such that g is finite A-universal, 

1 g o a — (Z) <&y ce- 
If we suppose that g is finite flat, then t goa~ (lx Xg g)*(a). 

Proof. (1) Using respectively the projection formulas 17.2.101 and 17.2. 8\ we obtain 

(7 o (3) o a = Pxyzt* ((7 ®z (3) <X>y a) 
7 o ((3 o a) = pxyzt* (l ®z {(3 ®y a)) . 
Thus this formula is a direct consequence of the associativity 17. 2. 71 

(2) Let e : r g — > Y and Pxr '■ XY g — > XZ be the canonical projections. As e is an isomorphism, 
we have tautologically (Y) = £*({Y g )). We conclude by the following computation : 

(lx Xs g)*(a) = (l x Xs g)*({Y) <8y a) = (lx x s g)*(e*(T g ) <X>y a) 

= (lx x S g)*(lx x s e)»((r 3 )®y a) = Px v g Ma) ®y a ) 

= PxYzM a )YZ ® Y a) 

The equalities labeled (*) follow from the projection formula of 17.2.101 

(3) The first assertion follows from projection formula of !7.2.8l and the fact that Yf is isomorphic 
to X : 

P o (Y f )xY = PxYZ*(P ®Y (Tf)xY) = P®Y PxyM^Xy) = P ®Y (X) 

The second assertion follows from corollary |7.2.2l 

(4) and (5): The proof of these assertions is strictly similar to that of (2) and (3) instead that 
we use the projection formula of 17.2.81 (and do not need the commutativitv FT. 2. 3| . □ 

As a corollary, we obtain that the composition of S-morphisms coincide with the composition of 
the associated graph considered as finite S-correspondences. For any S-morphism / : X — + Y, we 
will still denote by / : X»— > Y the finite S-correspondence equal to (Yf)xY- Note moreover that 
for any ^-scheme X/ S, the identity morphism of X is the neutral element for the composition of 
finite S'-correspondences. 

Definition 8.1.8. We let <^™s be * ne category of ^-schemes over S with morphisms the finite 
S'-correspondences and the composition product of definition 18. 1.51 

An object of £? c £ r s will be denoted by [X]. The category ^X°s ^ s additive, and the direct sum 
is given by the disjoint union of ^-schemes over S. We have a canonical faithful functor 

(8.1.8.1) 7 : &/S -» 9"j£ a 

which is the identity on objects and the graph on morphisms. 
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8.1.9. Given two S'-morphisms / : Y — > X and g : X' — > X such that g is finite A-universal, we 
get from the previous proposition the equality of cycles in YX'\ 

t gof=(X') ® x (Y) YX 

where Y is seen as a closed subscheme of YX through the graph of /. 

In particular, when either / or g is flat, we get (use property (P3) of 17. 1.321 or corollary |7.2.2|) : 

t gof=(X' x x Y) YX ,. 

To state the next formulas (the generalized degree formulas), we introduce the following notion: 

Definition 8.1.10. Let / : X' — » X be a finite equidimensional morphism. 
For any generic point x of X, we define the degree of / at x as the integer: 

deg x (/) = ^[Kx' : k x ] 

x' /x 

where the sums run over the generic points of X' lying above x. 

Proposition 8.1.11. Let X be a connected S-scheme and f : X' — > X be a finite S -morphism. 

Then, if f is A-universal, there exists an integer d £ N* such that for any generic point x of 
X,deg x (f)=d. 

Moreover, f o 4 f = d.lx- 

Proof. Let A' be the diagonal of X' / S. For any generic point x of X, we let A x be the diagonal 
of the corresponding irreducible component of X, seen as a closed subscheme of X. According to 
proposition 18. 1.71 and the definition of pushout, we get 

a:=/°*/ = (/xs/)*((AVx')= deg x (f)-(^x)xx. 

Considering generic points x, y of X, we prove deg x (f) = deg y (f). By induction, we can reduce 
to the case where x and y have a common specialisation s in X. Then, as a/X is special, we get 
by definition of the relative product (see more precisely IT. 1 .41(1 

a® s s = deg x (/).s = deg y (/).s 

as required. The remaining assertion then follows. □ 

The previous proposition applies in particular when / is finite flat. Assuming X is connected, 
we call d the degree of /. 

Proposition 8.1.12. Let f : X' — > X be an S -morphism which is finite, radicial and A-universal. 
Assume X is connected, and let d be the degree of f. 

Then f o f = d.lx' ■ In particular, if d is invertible in A, f is an isomorphism in ^^g- 

Proof. According to 18.1.91 * / ' o f = (X 1 ) (g>x (X') as cycles in X'X'. Let x be the generic point of 
X and k be its residue field. Let {x^, i G /} be the set of generic points of X, and for any i E I, 
k't be the residue field of x\. According to 17.2. 11 we thus obtain: 

t fof= Yl (Spec (kl® k k'j)) x'X'- 

The result now follows by the definition of the degree and the fact that for any i £ /, k[/k is 
radicial. □ 

8.2. Monoidal structure. Fix a base scheme S. Let X, X', Y, Y' be ^-schemes over S. 

Consider finite S'-corrcspondences a : X»— > Y and (3 : X'»-* Y'. Then aX' := a ®x {XX 1 ) and 
a 1 X := a'(g>x' {XX') are both finite A-universal cycles over XX'. Using stability by composition of 
finite A-universal morphisms (cf. corollarv l7.2.6j) . the cycle {aX') ®xx> {a 1 X) is finite A-universal 
over XX'. 
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Definition 8.2.1. Using the above notation, we define the tensor product of a and a' over S as 
the finite S-correspondence 

a a' = [aX') ® xx , (a'X) : XX' ^ YY'. 

Let us first remark that this tensor product is commutative (use commutativity of the exte- 
rior product I7.2.3|) and associative (use associativity of exterior product I7.2.7[) . Moreover, it is 
compatible with composition : 

Lemma 8.2.2. Suppose given finite S -correspondences : 
a:X^Y, /3 :Y -> Z, a' : X' -> Y', f3' :Y' -> Z'. Then 

09 o a) ®% r (/?' oa') = (/3 ®% r 13') o (a ^ a'). 

Proof. We put aX' = a® x {XX'), a'X = a'® x (XX') and (3Y' = f3® Y (YY'), f3'Y = p'® Y {YY f ). 
We can compute the right hand side of the above equation as follows : 

PXX>YY>ZZ>*((PY' ®yy- 0Y) ®yy- (aX' ® XX , a'X)) 

= Pxx>yy>zz>*({0Y' ®YY> d'Y) 8yy- {a'X ® xx , aX'j) 
= PXX<YY'ZZ'*(PY' ®YY> {((3'Y ®yy- a'X) ® xx , aX'fj 
= Pxx>yy>zz>* ((PY' ® YY > aX') ® xx , (f3'Y ® YY , a'X))) . 

Equality (1) follows from commutativity [7.2.31 equality (2) from associativity 17.2771 and equality 
(3) by both commutativity and associativity. 

For the left hand side, we note that using the projection formula 1 7. 2. 10[ the left hand side is 
equal to 

Pxx''YY'ZZ'*((ifi ®y a) ® x {XX')) ® xx , ((/3' ® Y > a') ® x > (XX'))). 

We are left to remark that 

((3 ® Y a) ®x (XX'} = (((3Y') ® Y y> a) ® x (XX'} = (3Y' ® Y y> aX', 

using transitivity 17.2.41 and associativity 17.2.71 We thus conclude by symmetry of the other part 
in the left hand side. □ 

Definition 8.2.3. We define a symmetric monoidal structure on the category <^X°s by putting 
[X] ®g [Y] = [X xs Y] on objects and using the tensor product of the previous definition for 
morphisms. 

8.2.4. Note that the functor 7 : £P/S — > .S^fs ^ s monoidal for the cartesian structure on the left 
hand category. Indeed, this is a consequence of property (P3) of the relative product (see 17.1. 32"]) 
and the remark that for any morphisms / : X — » Y and /' : X' — > Y' , (TfX S X')x XX i (T'jX S X) = 

F /xs/'- 

8.3. Functoriality. Fix a morphism of schemes / : T — > S. For any ^-scheme X/S, we put 
Xt — X XsT. For a pair of ^-schemes over S (resp. T-schemes) (X, Y), we put XY = X XjF 
(resp. XY T = X x T Y). 

8. 3. a. Base change. Consider a finite ^-correspondence a : X»—> Y. The cycle a®x (Xt) defines 
a finite T-correspondence from Xt to Yt denoted by a-r- 

Lemma 8.3.1. Consider finite S- correspondences X*^> Y»— > Y. 
Then (f3 o o)t = (3t c*t- 
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Proof. This follows easily using the projection formula [7. 2. 101 the associativity formula [7.2.71 and 
the transitivity formula 17.2.41 : 

PxyzAP®y a) ® x {X t )=Pxy t z t *((P ®y a) ® x (X T )) 
= Pxyz t *(P®y (« ®x <Xr») =PxYZ T ^®y (Yt))®y t (a ® x (X T ))). 

□ 

Definition 8.3.2. Let / : T — > S be a morphism of schemes. Using the preceding lemma, we 
define the base change functor 

J ■ ^A,S ^A,T 

[X/S] ~ [X T /T] 
c s (X,Y) A 3 a ' ^ a T . 

We sum up the basic properties of the base change for correspondences in the following lemma. 

Lemma 8.3.3. Take the notation and hypothesis of the previous definition. 

(1) The functor f* is symmetric monoidal. 

(2) Let /q : & / S — * & '/T be the classical base change functor on & -schemes over S. Then 
the following diagram is commutative: 

fo\ {/* 

(3) Let a : X" — > T be a morphism of schemes. Through the canonical isomorphisms (Xt)t' — 
Xt> , equality (/ o <j)* = a* o /* holds. 

Proof. (1) This point follows easily using the associativity formula 17.2.71 and the transitivity for- 
mulas OS EMI 

(2) This point follows from the fact that for any S- morphism / : X — > Y, there is a canonical 
isomorphism Tf T — » Tf XjT. 

(3) This point is a direct application of the transitivity 17.2.41 □ 

Lemma 8.3.4. Let f : T — > S be a universal homeomorphism. 
Then f* : -> Pffr is fully faithful. 

Proof. Let X and Y be ^-schemes over S. Then Xt — > X is a universal homeomorphism. Any 
generic point x of X corresponds uniquely to a generic point of Xt- Let m x (resp. m' x ) be the 
geometric multiplicity of x in X (resp. Xt). Consider a finite ^-correspondence a = ni.zi. 
For each i £ /, let Xi be the generic point of X dominated by Zj. Then we get by definition: 

/*(«) = y2 m 'x,— - z * 

iei x ' 

and the lemma is clear. □ 

8.3.b. Restriction. Consider a ^-morphism p : T — > S. For any pair of T-schemes (X, Y), we 
denote by 5xy ■ X XtY — > X x$Y the canonical closed immersion deduced by base change from 
the diagonal immersion of T/S. 

Consider a finite T-correspondence a : X»— > Y. The cycle SxY*(a) is the cycle a considered as 
a cycle in X X5 Y. It defines a finite ^-correspondence from X to Y. 

Lemma 8.3.5. Let X, Y and Z be T-schemes. The following relations are true : 

(1) For any T-morphism f : X — > Y , <5xy* ((r/)xy T ) = (Tf)xY- 

(2) For all a E c T {X, Y) A and (3 e c T (Y, Z) A , 

Sxz*((3 o a) = (<Vz*(/3)) (for* (a)). 
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Proof. The first assertion is obvious. 

The second assertion is a consequence of the projection formulas 17.2.81 and 17.2.101 and the 
functoriality of pushout : 

{5yz-M) o format)) = Pxyz*(Syz*(I3) ®y 5xyM)) 

= PXYzJxYZ*(/3 ®y a) = SxZ*PxYZ T *(P ®Y&)- 

□ 

Definition 8.3.6. Let p : T — > S be a ^-morphism. 
Using the preceding lemma, we define a functor 

n„ ■ Oficor , cacor 

Pi ■ ™A,T ^ '^A,S 

[X — ► T] ^ [X — T ^S] 
c T (X,Y) A 3a h-> 5xY*{a). 

This functor enjoy the following properties: 

Lemma 8.3.7. Let p : T — ► S be a -morphism. 

(1) The functor p$ is left adjoint to the functor p* . 

(2) For any composable & -morphisms Z — > T S , (pq)$ = P$q$. 

(3) Let : & /T — » & / S be the functor induced by composition with p. Then the following 
diagram is commutative: 

Proof. For point (1), we have to construct for schemes X/T and Y/S a natural isomorphism 
cs (p$X, Y) A ~ ct (X,p*Y) A . It is induced by the canonical isomorphism of schemes (p$X) x$Y ~ 
X x T (p*Y). 

Point (2) follows from the associativity of the pushout functor on cycles. Note also that this 
identification is compatible with the transposition of the identification of !8.3.3[ 3) according to the 
adjunction property just obtained. 

Point (3) is a reformulation of !8.3.5f 2V □ 

8.3. C. A finiteness property. 

8.3.8. We assume here that 3? is the class of all separated morphisms of finite type in S?. 

Let / be a left filtering category and (Xj)j e j be a projective system of separated S'-schemes of 
finite type with affine dominant transition morphisms. We let X be the projective limit of [Xi)i 
and assume that X is Noetherian over S. 

Proposition 8.3.9. Let Y be a & -scheme of finite type over S. Then the canonical morphism 

<p: lim c s (X l ,Y) A ^ c (X x s Y/X, A). 

is an isomorphism. 

Proof. Note that according to [AGV73, IV, 8.3.8(i)], we can assume the conditions (2) of 17. 3. 51 is 
verified for Thus conditions (1) to (4) of loc. cit. are verified. Then the surjectivity of <p 

follows from 17. 3U1 and the injectivity from 17.31)1 □ 

8.4. The fibred category of correspondences. We can summarize the preceding construc- 
tions: 



Proposition 8.4.1. The 2-functor 



A,S 

equipped with the pullback defined in \8.3.2\ and with the tensor product of \8.2.3\ is a monoidal 
& -fibred category such that the functor 



7 : 9 -» @> c A or 
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(see (|8.1.8.1[) ) is a morphism of monoidal 2^-fibred category. 

Proof. According to lemma 18.3.71 for any 2? morphisms p, p* admits a left adjoint pj. We have 
checked that 7 is symmetric monoidal and commutes with /* and pj (see respectively 18.2.41 18.3.31 
and 18.3.7)) . But 7 is essentially surjective. Thus, to prove the properties (2^-BC) and (J^-PF) 
for the fibred category 2^^ r ', we are reduced to the case of case of 2? which is easy (see example 
ll.l.27p . This concludes. □ 

Remark 8.4.2. Consider the definition above. 

(1) The category 3P c £ r is A-linear. For any scheme S, ^X°s ^ s additive. For any finite family 
of schemes (Si)i^i which admits a sum S in S 1 ", the canonical map 

Ogcor /T\ agcor 
iel 



is an isomorphism. 

(2) The functor 7 : @> —* 2P c £ r is nothing else than the canonical geometric sections of 2 s 
(see definition 1 1.1. 34[) . 



We will apply these definitions in the particular cases = Sm (resp. = S?' 1 } the class of 
smooth separated (resp. separated) morphisms of finite type. Note that we get a commutative 
square 

Sm ^ ,ym c A or 

I \ 

where the vertical maps are the obvious embeddings of monoidal SVn-fibred categories. 
Remark 8.4.3. Let S be a regular scheme. We have already seen in remark IS . 1 . 31 that 

0>Zs = & c Cs ®z Z. 

Moreover, remark 18.1.61 implies that the category J^mg'g defined here coincide with the one 
introduced in Deg07|. Finally, using again the computation of Suslin-Voevodsky's multiplicities 



in term of the Tor- formula (cf. 17.3. 30|) . we can check that the operations r*, rj, and ® tr defined 
here coincide with that of |Deg07| . 



9. Sheaves with transfers 

9.0. The category is the category of noetherian schemes of finite dimension. We fix an admis- 
sible class 2? of morphisms in 5? satisfying the following assumptions: 

(a) Any morphism in 2^ is separated of finite type. 

(b) Any etale separated morphism of finite type is in 2 s . 

We fix a topology t on y which is ^-admissible and such that: 

(c) For any scheme S, there is a class of covers £ of the form (p : W — > S) with p a 2 s - 
morphism such that t is the topology generated by £ and the covers of the form (U — > 
U U V, V -»■ U U V) for any schemes U and V in & . 

We fix a ring of coefficients A C Q. 

Note that in sections 19.41 and 19 . 51 we will apply the conventions of section 11.41 by replacing the 
class of smooth morphisms of finite type (resp. morphisms of finite type) there by the class of 
smooth separated morphisms of finite type (resp. separated morphisms of finite type). 
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9.1. Presheaves with transfers. We consider the additive category <^X°s °f definition 18 . 1 .81 and 
the graph functor 7 : &/S -> of jULSH])- 

Definition 9.1.1. A presheaf with transfers F over S is an additive presheaf of abelian groups 
over &"jf r s . We denote by PSh (^£°<j) the corresponding category. 

If A" is a ^"-scheme over S, we denote by Ag(X) the presheaf with transfers represented by X. 

We denote by 7* the functor 

(9.1.1.1) PSh(^X!s) ^PSh(^/S , ,A),F^Fo 7 . 

Note that PSh(^^°£) is obviously a Grothendieck abelian category generated by the objects 
A t g(X) for a ^-scheme X/S. Moreover, the following proposition is straightforward: 

Proposition 9.1.2. There is an essentially unique Grothendieck abelian & -premotivic cate- 
gory PSh(^™ r ) which is geometrically generated (cf. \1.1.40\ ), whose fiber over a scheme S is 
PSh (^X°s) an d su °h that the functor Ag induces a morphism of additive monoidal ^-fibred 
categories. 

(9.1.2.1) &>l or -v PSh (^X° r ) • 

Moreover, the functor (|9.1.1.1|> induces a morphism of abelian & -premotivic categories 

7* : PSh(^,A) <=» PSh(^°'') : %■ 

Proof. To help the reader, we recall the following consequence of Yoneda's lemma: 

Lemma 9.1.3. Let F : (<$^X°s)° P ™* A- mod be a presheaf with transfers. Let I be the category of 
representables preshaves with transfers over F . Then the canonical map 

lim As(X) -> F 

is an isomorphism. The limit is taken in PSh(^X°s) an ^ runs over I. 

This lemma allows to define the structural left adjoint of PSh (Pmorc) (recall f*, p$ for p a 2P- 
morphism and the tensor product) because they are indeed determined by (|9.1.2.1|1 . The existence 
of the structural right adjoints is formal. 

The same lemma allows to get the adjunction (7*, 7*). □ 

Remark 9.1.4. Note that for any presheaf with transfers F over S, and any morphism / : T — > S 
(resp. ^-morphism p : S — > S'), we get as usual f*F = f o f* (rcsp. p*F — F o p%) where the 
functor /* (resp. pj) on the right hand side is taken with respect to the ^-fibred category J 2> ™ r - 

9.2. Sheaves with transfers. 

Definition 9.2.1. A i-sheaf with transfers over S is a presheaf with transfers F such that the 
functor F o 75 is a i-sheaf. We denote by Sh^^s) the ful1 subcategory of PSh(^X°S: A ) 01 
sheaves with transfers. 

According to this definition, we get a canonical faithful functor 

7, : Sh t (<?> c A °s) ^Sh t (^/5,A),F^Fo 7 . 

Example 9.2.2. A particularly important case for us is the case when t = Nis is the Nisnevich 
topology. According to the original definition of Voevodsky, a Nisnevich sheaf with transfers will 
be called simply a sheaf with transfers. 

Remark 9.2.3. Later on, in the case = =5^*, we will use the notation A t g(X) to denote the 
presheaf on the big site =5^/ t g° r . 

Proposition 9.2.4. Let X be an ^-scheme over S . 

(1) The presheaf A'g'(X) is an etale sheaf with transfers. 

(2) Tfchar(X) C A x , Mg{X) is a qfh-sheaf with transfers. 
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Proof. For point (1), we follow the proof of |Deg 07, 4.2.4]: the computation of the pullback by 
an etale map is given in our context by point (3) of proposition 18 . 1 . 71 Moreover, the property for 
a cycle a/Y to be ^4-universal is etale-local on Y according to 17.3.81 For point (2), we refer to 
[SVOObl 4.2.7], □ 

We can actually describe explicitely representable presheaves with transfers in the following 
case: 

Proposition 9.2.5. Let S be a scheme and X be a finite etale S-scheme. Then for any & -scheme 
Y over S , 

T(Y,A%(X))=tt (Yx s X).A. 
This readily follows from the following lemma: 

Lemma 9.2.6. Let f : X — > S be an etale separated morphism of finite type. Let 7Tq mte (X j S) be 
the set of connected components V of X such that f(V) is equal to a connected component of S 
(i.e. f is finite over V). 

Then c (X/S,A) = ^ mlte {X/ S).A. 

Proof. We can assume that S is reduced and connected. 

We first treat the case where V = S. Consider a finite A-universal S-cycle a with domain S. 
Write a = X^e/ n i-(Zi}s m standard form. By definition, Z$ dominates an irreducible component 
of S thus Zi is equal to that irreducible component. 

Consider So an irreducible component of S and an index i £ I such that So D Zi is not empty. 
Consider a point s £ So fl Zi. We have obviously a s — n$.(Spec (k(s))) ^ 0. Thus there exists 
a component of a which dominates So i.e. 3j £ I such that Zj = So- Moreover, computing a s 
using alternatively Zi and Zj gives rii = rij . 

As S is noctherian, we see inductively {Zi\i £ 1} is the set of irreducible components of S and for 
any i,j £ I, nt — rij. Thus cq(S/S,A) = Z. 

Consider now the case of an etale S-scheme X. By additivity of Co, we can assume that X is 
connected. Consider the following canonical map: 

co{X/S,A) ^c (X x s X/X,A),a^> a® b s X. 

Note that considering the projection p : X Xg X ^ X 7 by definition, a ®^ X = p*{a). 

Consider the diagonal 6 : X ~> X xg X oi X/S. Because X/S is etale and separated, S is a direct 

factor of X Xg X and we can write X x g X = X UU . Because Co is additive, 

c Q (X xgX/X, A) = co{X/X, A) © c (U/X, A). 

Moreover, the projection on the first factor is induced by the map S* on cycles. Because 8*p* = 1, 
we deduce that cq(X/S,A) is a direct factor of cq(X/X, A). According to the preceding case, this 
latter group is the free group generated by the cycle (X). This latter cycle is A-universal over S, 
because X/S is flat. Thus, if X/S is finite, it is an element of cq(X/S, A) so that cq(X/S, A) = A. 
Otherwise, not any of the A-linear combination of (X) belongs to cq(X/S, A) so that cq{X/S, A) = 
0. □ 

9.3. Associated sheaf with transfers. 

9.3.1. Recall from 13. 2 .11 that we denote by (^/S) u the category of /-diagrams of objects in ,9 s / S 
indexed by a discrete category /. Given any simplicial object X of (3^/S) n , we will consider 
the complex A t g(X) of PSh (^X°s) a PPly m g the definition of 15. 1.81 to the Grothendieck ^-fibred 
category PSh(^). 

Consider a t-cover p : W — > X in j X . We denote by W% the n-fold product of W over 
X (in the category &>/X). We denote by S(W/X) the Cech simplicial object of ^ a X°s sucn 
that S n {W/X) = W£ + . The canonical morphism S(W/X) — > X is a i-hypercover according to 
definition 13.2.11 We will call these particular type of <-hypercoverings the Cech t-hypercoverings 
of X. 
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Definition 9.3.2. We will say that the admissible topology t on 3? is compatible with transfers 
(resp. weakly compatible with transfers) if for any scheme S and any i-hypercover (resp. any Cech 
i-hypercover) X — > X in the site jS, the canonical morphism of complexes 

(9.3.2.1) A*{X) -> Af(X) 

induces a quasi- isomorphism of the associated i-sheaves on & jS. 

Obviously, if t is compatible with transfers then it is weakly compatible with transfers. 

Recall from 19.2131 that, in the cases t = Nis, et, (|9.3.2.1|) is actually a morphism of complexes 
of t-sheaves with transfers. The following proposition is a generalisation of |Voe 96. 3.1.3] but its 
proof is in fact the same. 

Proposition 9.3.3. The Nisnevich (resp Stale) topology t on 3^ is weakly compatible with trans- 
fers. 

Proof. We consider a t-cover p : W — > X, the associated Cech hypercover X = S(W/X) of X and 
we prove that the map (|9.3.2.1|) is a quasi-isomorphism of t-sheaves. Recall that a point of for 
the topology t is given by an essentially affine pro-object (Vi)i e j of 8? IS. Moreover, its projective 
limit V in the category of scheme is in particular a local henselian noetherian scheme. 
It will be sufficient to check that the fiber of (|9.3.2.1|) at the point (Vi)iej is a quasi-isomorphism. 
Thus, according to proposition 18.3.91 we can assume that S = V is a local henselian scheme and 
we are to reduce to prove that the complex of abelian groups 

... -> c {W x x W/S,A) -> c (W/S,A) cq(X/S, A) -> 

is acyclic. We denote this complex by C. 

Recall that the abelian group cq(X/S) is covariantly functorial in X with respect to separated 
morphisms of finite type / : X' — > X (cf. paragraph 18. 1.1( 1. Moreover, if / is an immersion, /* is 
obviously injective. 

Let Tq be the set, ordered by inclusion, of closed subschemes Z of X such that Z/S is finite. 
Given a closed subscheme Z in To, we let Cz be the complex of abelian groups 

(9.3.3.1) ... -> c (W z xz W Z /S,A) -» c (W z /S,A) ^ c a (Z/S, A) -» 

where pz is the i-cover obtained by pullback along Z — > X. From what we have just recalled, we 
can identify Cz with a subcomplex of C . The set can be ordered by inclusion, and C is the 
union of its subcomplcxcs Cz- If is empty, then C — and the proposition is clear. Otherwise, 
J-q is filtered and wc can write: 

C= lun C z . 

Thus, it will be sufficient to prove that Cz is acyclic for any Z G JT . Because S is henselian and 
Z is finite over S, Z is indeed a finite sum of local henselian schemes. This implies that the t-cover 
pz, which is in particular etale surjective, admits a splitting s : Z — -> Wz- Then the complex 
()9.3.3.ip is contractible with contracting homotopy defined by the family 

(s x z lw S )* : co(Wz/S, A) -> c Q (W^ +1 / S, A). 

□ 

9.3.4. Considering an additive abelian presheaf G on 3? / S, the natural transformation 

X i ^ Homp Sh(5VS) (7*A^(X),G) 

defines a presheaf with transfers over S Pi We will denote by G T its restriction to the site /S. 
Note that this definition can be applied in the case where G is a t-sheaf on £P / S, because under 
the assumption 19.01 on t, it is in particular an additive presheaf. 

Definition 9.3.5. We will say that t is mildly compatible with transfers if for any scheme S and 
any t-sheaf F on jS, F r is a t-sheaf on &>/S. 

If t is weakly compatible with transfers then is it mildly compatible with transfers. 



39 A 

dually, this defines a right adjoint to the functor 7*. 
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Remark 9.3.6. Assume t is mildly compatible with transfers. Then for any scheme S, any t-cover 
p : W — > A in £P / S induces a morphism 

p. : Af(W) - Ag-(X) 

which is an epimorphism of the associated t-sheaves on 3? JS. This means that for any correspon- 
dence a G cs (Y, A), there exists a t-cover g : W — » F and a correspondence a' G cs (W, W) 
making the following diagram commutative: 



(9.3.6.1) ,j 



p 

y — ^ a 

Lemma 9.3.7. Assume t is mildly compatible with transfers. 

Let S be a scheme and P tr be a presheaf with transfers over S . We put P = P tr o 7 as a 
presheaf on £P / ' S . We denote by F the t-sheaf associated with P and by rj : P — » F the canonical 
natural transformation. 

Then there exists a unique pair (F tr ,rf r ) such that: 

(1) F tr is a sheaf with transfers over S such that F tr oj = F. 

(2) rf r : P tr — ► F tr is a natural transformation of presheaves with transfers such that the 
induced transformation 

P = (P tr 07)^ (F tr o T )=f 

coincides with rj. 

Proof. As a preliminary observation, we note that given a presheaf G on ^/S, the data of a 
presheaf with transfers G tr such that G tr o 7 = G is equivalent to the data for any ^-schemes X 
and Y of a bilinear product 

(9.3.7.1) G(X) ® z c s (Y, X) -» G(y), p ® a h-> (p, a) 

such that: 

(a) For any ^-morphism / : Y' — > y, /*(p, a) = {p,a o f). 

(b) For any ^-morphism / : A -> A', if p = f*(p'), (f*(p'),a) = (p,faa). 

(c) When A = y, for any p G F(X), (p, l x ) = p. 

(d) For any correspondence /3 G C5 (Z, y), ((p, a), /3) = (p, a o 0). 

On the other hand, the data of products of the form (|9.3.7.ip for any ^-schemes A and Y over S 
which satisfy the conditions (a) and (b) above is equivalent to the data of a natural transformation 

<t>:G^G T 

by putting (p,a)^ = [0 x (p)]y.a. 

Applying this to the presheaf with transfers P tr , we obtain a canonical natural transformation 

By assumption on £, F T is a t-sheaf. Thus there existe a unique natural transformation ip such 
that the following diagram commutes: 

P^Pr 



F-^F T 

Thus we get products of the form 19.3.7.11 associated with <f> which satisfies (a) and (b) . The 
commutativity of the above diagram asserts they are compatible with the ones corresponding 
to P tr and the unicity of the natural transformation <f> implies the uniqueness statement of the 
lemma. 

To finish the proof of the existence, we must show (c) and (d) for the product (., Consider 
a couple (p, a) G F(X) x cs (Y,X). Because F is the t-sheaf associated with P, there exists a 
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i-cover p : W — ^ X and a section p £ P(W) such that p*{p) = aw{f>)- Moreover, according to 
remark 19.3.61 we get a t-cover q : W' — > y and a correspondence a £ cj (W, W) making the 
diagram (|9 . 3 .6 . 1 [) commutative. Then we get using (a) and (b): 

Q*(p,ol)^ = (p,ao^ = (p,pod) = (p*p,a) (t> = {a v {p),a)$ = 

Because q* : F(X) — > is injective, we deduce easily from this principle the properties (c) 

and (d) and this concludes. □ 

9.3.8. Let us consider the canonical adjunction 

a* : PSh(^/S,A) <± Sh t (^/S,A) : a M 

where at,* is the canonical forgetful functor. 

We also denote by abuse a t ,» : PSh (J^g) -> Sh t (j a X?s) the obvious forgetful functor. Triv- 
ially the following relation holds: 

(9.3.8.1) 7* a t ,* = a t) * 7*. 

Proposition 9.3.9. Using the notations above, the following condition on the admissible topology 
t are equivalent: 

(i) t is mildly compatible with transfers. 

(ii) For any scheme S, the functor Of admits a left adjoint a* : PSh(^°s) ~> sh *(^A?s) 
which is exact and such that the exchange transformation 

(9.3.9.1) <hl* ~ * 1*0-1 

induced by the identification (|9.3.8.1|) is an isomorphism. 
Under these conditions, the following properties hold for any scheme S: 

(Hi) The category Sht(^^°g) is a Grothendieck abelian category. 

(iv) The functor 7* commutes with every limits and colimits. 

Proof. The fact (i) implies (ii) follows from the preceding lemma as we can put a\ r (F) = F tr with 
the notation of the lemma. The fact this defines a functor, as well as the properties stated in (ii), 
follows from the uniqueness statement of loc. cit. 

Let us assume (ii). Then (hi) follows formally because from (ii), from the existence, adjunction 
property and exactness of aj, because PSh * s a Grothendieck abelian category. Moreover, 

we deduce from the isomorphism (|9.3.9.1j) that 7* is exact: indeed, a% and 7* are exact. As 7* 
commutes with arbitrary direct sums, we get (iv). 

From this point, we deduce the existence of a right adjoint 7' to the functor 7*. Using again the 
isomorphism (|9.3.9. If) . we obtain for any i-sheaves F on & / S and any J^-scheme X/S a canonical 
isomorphism F T (X) = j-F(X). This proves (i). □ 

9.3.10. Under the assumption of the previous proposition, given any ^-scheme X/S, we will 
put A t g(X) t — a t t r A t g(X). The above proposition shows that the family A t g(X) t for ^-schemes 
X/S is a generating family in Sh t (^™g). Moreover, we get easily the following corollary of the 
preceding proposition and proposition 19. 1.21 

Corollary 9.3.11. Assume that t is mildly compatible with transfers. 

Then there exists an essentially unique Grothendieck abelian £P -premotivic category Sht(^3 2 ™' ) 
which is geometrically generated, whose fiber over a scheme S is Sh t (^3 2l ™gj and such that the 
t-sheafification functor induces an adjunction of abelian & -premotivic categories: 

a* t : PSh (^X° r ) ^ Sh t (^X° r ) :ot,.- 
Moreover, the functor 7, induces an adjunction of abelian Sfi -premotivic categories: 
(9.3.11.1) 7* : Sh t (^, A) <=> Sh t (^r) : 7*- 

Remark 9.3.12. Notice moreover that 7* = a£ 7*. 
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Proof. In fact, using the exactness of a$, given any sheaf F with transfers F over S , we get a 
canonical isomorphism 

F= lim As(X) t 

where the limit is taken in Sht(^ 2l ™ j g) and runs over the representable i-sheaves with transfers over 
F. As in the proof of l9.1.2[ this allows to define uniquely the structural left adjoints of Sht(^ a A or ). 
The existence (and uniqueness) of the structural right adjoints then follows formally. The same 
remark allows to construct the functor 7*. □ 

9.3.13. Recall from definition 15.1.91 we say that the abelian ^-premotivic category Shi(^ 2 A or ) 
satisfies cohomological i-descent if for any scheme S, and any i-hypercover X — > X in 8? /S, the 
induced morphism of complexes in Sh t (^ 2 A ° j g) 

is a quasi-isomorphism. The preceding corollary thus gives the following one: 

Corollary 9.3.14. Assume t is mildly compatible with transfers. 
Then the following conditions are equivalent: 

(i) The topology t is compatible with transfers. 

(ii) The abelian & -premotivic category Sh t (^ A or ) satisfies cohomological t-descent. 
(Hi) The abelian £P -premotivic category Sht(^3 2 A or ) is compatible with t fsee \5.lU\) . 

Proof. The equivalence of (i) and (ii) follows easily from the isomorphism (|9.3.9. 1[) . The equiv- 
alence of (ii) and (hi) is proposition 15.1.251 applied to the adjunction (|9.3.11.ip . in view of 

9.3.15. Recall (|2.1.14p that a cd-structure P on 5? is the data of a family of commutative squares, 
called P-distinguished, of the form 

(9.3.15.1) g\ Q \f 

A — *■ X 

which is stable by isomorphisms. Further, we will consider the following assumptions on P: 

(a) P is complete, regular and bounded in the sense of [VoeOObj . 

(b) Any P-distinguishcd square as above is made of ^-morphisms and k is an immersion. 

(c) Any square as above which is cartesian and such that X = A U Y, i and / being the 
obvious immersions, is P-distinguishcd. 

Then the topology tp associated with P fsee l2.1.f4f is ^-admissible and satisfy assumption ^. Of c). 
Moreover, according to [Voe00b[ 2.9], we obtain the following properties: 

(d) A presheaf F on &/S is a ip-sheaf if and only if F(0) = and for any P-distinguishcd 
square (|9.3. 15.1|) in &/S, the sequence 

-► F{X) F(Y) 8 F{A) F{B) 

is exact. 

(e) For any P-distinguished square (|9.3.15.1|) the sequence of representable pre-sheaves on 

A S (B) A S (Y) © A S (A) A S (X) 

becomes exact on the associated tp-sheaves. 

Corollary 9.3.16. Consider a cd-structure P satisfying properties (a) and (b) above and assume 
that t = tp is the topology associated with P. Then the following conditions are equivalent: 
(i) The topology t is compatible with transfers, 
(ii) The topology t is mildly compatible with transfers. 
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(iii) For any scheme S and any P- distinguished square (|9.3.15.1|) in 5? ' j 'S ', the short sequence 
of presheaves with transfers over S 

-» A%(B) -^-^ A%(Y) © A%(A) A* s r (A) -► 

becomes exact on the associated t-sheaves on jS. 

Proof. The implication (i) =>• (ii) is obvious. 

The implication (ii) =>■ (iii) follows from point (e) above and the following facts: 7* is right 
exact f corollary 19. 3. lip . -f*a t — a\ r ^* (remark [9.3. 12|) . fc* : Ag(_B) — > A^ (F) is a monomorphism 
of presheaves with transfers (use l8.1.7T 2'l and the fact fc is an immersion from assumption (b)). 

Assume (iii). Then we obtain (ii) as a direct consequence of the point (d) above. Thus, 
to prove (i), we have only to prove that the abelian ^-premotivic category Sh t (^ 2 ™ r ) satisfies 
cohomological ^-descent according to 19.3.141 

Let S be a scheme. Recall that the category D(Sht(5 a /5, A) has a canonical DG-structure (see 
for example 15.0. 17[) . The cohomological ^-descent for Sh^^^g) can be reformulated by saying 
that for any complex K of i-sheaves on 3? / S, and any i-hypercover X X, the canonical map 
of D (A- mod) 

Rffom D (sh t (^/s,A))(7*As (X) t) K) -> R#om D (sht(^/s,A))(7*As (#)t,#) 

is an isomorphism. Recall also there is the injective model structure on C(Sht(0 1 / S, A)) for which 
every object is cofibrant and with quasi-isomorphisms as weak equivalences (recall are given in 
CD09, 2.1]). Replacing K by a fibrant resolution for the injective model structure, we get for any 
simplicial objects X of ^/S u that: 

Rffom D(sht(5a / s ! A ) )(7*A* s r '(X) t , K) = Hom D{sht{ ^ /SA)) (^A t g(X) t ,K). 

Thus it is sufficient to prove that the preshcaf 

E : &>/S°*> -> C(A-mod), A » ff m D(sht( ^/ s , A ))(7*A* s r (X) t , tf) 

satisfies i-descent in the sense of 13.2.51 

We derive from (iii) that E sends a P-distinguishcd square to a homotopy cartesian square in 
D(A- mod). Thus the assertion follows from the arguments on ^-descent from I VoeOOai IVoeOOb . □ 

9.4. Examples. 

9.4.1. Assume that t is the Nisnevich topology. According to lemma [9.3.31 and corollary 19.3. 161 
t is then compatible with transfers. With the notation of corollary 19.3.111 we get the following 
definition: 

Definition 9.4.2. We denote by 

Sh tr (-,A), Sh* r (-,A) 

the respective abelian premotivic and generalized abelian premotivic categories defined in corollary 
19.3.1 II in the respective cases = S^m, 3? = S' 1 . 

From now on, the objects of Sh* r (5', A) (resp. Sh (S 1 , A)) are called the sheaves with transfers 
over S (resp. generalized sheaves with transfers over S). Let A" be a separated 5-scheme finite 
type. We let Ag (X) be the generalized sheaf with transfers represented by X (c/. I9.2.4j) . If A is S- 
smooth, we denote by Ag(X) the i-sheaf with transfers represented by X. An important property 
of sheaves with transfers is that the abelian premotivic category Sh* r (— , A) (resp. Sh tr (— , A)) is 
compatible with the Nisnevich topology on S^ra (resp. S*') according to proposition 19.3.151 Note 
moreover that it is compactly geometrically generated. 

Remark 9.4.3. Consider an extension of rings Z C A C A' C Q. Then, the canonical functor 

PSh{,^ c A ° 7 s , A) PSh(^!s> A ')> F^F® A A' 
induces a canonical functor 

Sh tr (5',A) Sh* r (5,A'). 



164 



DENIS-CHARLES CISINSKI AND FREDERIC DEGLISE 



This is evidently compatible with /*, p$, and tensor product. Thus we have defined a morphism 
of abelian premotivic categories: 

(9.4.3.1) Sh tr (-,A) «=i Sh tr (-,A'). 

9.4.4. We also have obtain an adjunction (resp. generalized adjunction) of premotivic abelian 
categories 

7*:Sh(j^m,A)^Sh tI -(-,A): 7>t 
7* :Sh(5 /4 ,A) ^Sh* r (-,A) : 7 ,. 

Note that in each case 7* is conservative and exact according to l9.3.9f iv). 

9.4.5. Let 5 be a scheme. Consider the inclusion functor <p : S^m c ^ r s — ► J^/ t g OT . It induces a 
functor 

ip* : Sh tr {S, A) -> Sh tr (S, A), F F o <p 

which is obviously exact and commute to arbitrary direct sums. In particular, it commutes with 
arbitrary colimits. 

Lemma 9.4.6. With the notations above, the functor tp* admits a left adjoint ip\ such that for 
any smooth S-scheme X, <^i(A^T(A)) = h l g(X). The functor <p\ is fully faithful. 

In other words, we have defined an enlargement of premotivic abelian categories (cf. definition 

EES) 

(9.4.6.1) <p t : Sh* r (-, A) Sh* r (-, A) : <p*. 

Proof. Let F be a sheaf with transfers. Let {X/F} be the category of representable sheaf A^ (X) 
over F for a smooth S-scheme X. We put 

ip\(F) = lim A5 1 " (A). 
{x/f} 

The adjunction property of ip\ is immediate from the Yoneda lemma. We prove that for any sheaf 
with transfers F, the unit adjunction morphism F — » ip*ip\(F) is an isomorphism. As already 
remarked, ip* commutes with colimits so that we are restricted to the case where F = A t g(X) 
which follows by definition. □ 

9.4.7. Assume now that t = cdh is the cdh-topology, and 3? = S' 1 is the class of separated 
morphisms of finite type. In this case, we get the following result according to |SV00b[ 4.3.3] 
combined with [SVOObJ 4.2.9]: 

Proposition 9.4.8. The admissible topology cdh on S** if mildly compatible with transfers. 

As a corollary, we a generalized premotivic abelian category whose fiber over a scheme S 
is the category Sh* r dh (S. A) of cdh-sheaves with transfers on S* 1 . Moreover, the restriction of 
«cdh to Sh r (S, A) induces a morphism of generalized premotivic categories; we get the following 
commutative diagram of such morphisms: 

Sh(- A)-^ghcdh(-, A) 

7* 
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9. 5. a. Representable qfh-sheaves. 

9.5.1. Let us denote by Sh q fh(S, A) the category of qfh-sheaves of A-modules over =5^/*. Remark 
that for an S-scheme X, the A-presheaf represented by X is not a sheaf for the qfh-topology. We 
denote the associated sheaf by A'g h (X). We let a q fh be the associated qfh-sheaf functor. Recall 
that for any S'-scheme X, the graph functor (|9.4.4j) induces a morphism of sheaves 

A S (X) ^ A$(X). 

We recall the following theorem of Suslin and Voevodsky (see jSVflQb, 4.2.12]): 

Theorem 9.5.2. Let S be a scheme such that char(S) C A x . Then, for any S-scheme X, the 
application of a q fh to 7x/s gives an isomorphism in Sh q fh(S, A): 

Af>(X) A%(X). 

9.5.3. Using the previous theorem, we associate to any qfh-sheaf F 6 Sh q fh(S, A) a presheaf with 
transfers 

p(F) : X -> Kom ShMSiA) (A%(X),F). 

We obviously get 7*p(F) =Fasa presheaf over y^ 1 so that p{F) is a sheaf with transfers and 
we have defined a functor 

p : Shqfl^A) ^Sh* r (S,A). 
For any S'-scheme X, piAf'iX)) = A%(X) according to the previous proposition. 

Corollary 9.5.4. Assume char(S) C A x . Let f : X' — > X be an morphism of S -schemes. 
Lf f is a universal homeomorphism, /» : Ag'(X') — > Ag(X) is an isomorphism in Sh r (S, A). 

Proof. Indeed, according to |Voe96[ 3.2.5], A*| (X') — > A^ fh (X) is an isomorphism in Sh q fh(S, A) 
and we conclude by applying the functor p. □ 

9.5.b. qfh-sheaves and transfers. 

Proposition 9.5.5. Assume char(S) C A x . Any qfh-sheaf of A-modules over the category of 
S -schemes of finite type is naturally endowed with a unique structure of a sheaf with transfers, 
and any morphism of such qfh-sheaves is a morphism of sheaves with transfers. 

In particular, the qfh- sheafification functor defines a left exact functor left adjoint to the forgetful 
functor p : Sh q fh(S, A) — * Sh* r (S, A) introduced in \9.5.3l 

Proof. It follows from theorem 19.5.21 that the category of A- linear finite correspondences is canon- 
ically equivalent to the full subcategory of the category of qfh-sheaves of A-modules spanned by 
the objects of shape A<j fll (X) for X separated of finite type over S. The first assertion is thus an 
immediate consequence of theorem 19.5.21 and of the (additive) Yoneda lemma. The fact that the 
qfh-sheafification functor defines a left adjoint to the restriction functor p is then obvious, while 
its left exactness is a consequence of the facts that it is left exact (at the level of sheaves without 
transfers) and that forgetting transfers defines a conservative and exact functor from the category 
of Nisnevich sheaves with transfers to the category of Nisnevich sheaves. □ 

Recall the following theorem: 

Theorem 9.5.6. Let F be an etale rational sheaf on J^/* . Then for any S-scheme X, and any 
integer i, the canonical map 

H^ ls (X,F)^Hl t (X,F) 

is an isomorphism. 

Proof. Using the compatibility of etale cohomology with projective limits of schemes, we are 
reduced to prove that Hl t (X,F) = whenever X is henselian local and i > 0. Let k be the 
residue field of X, G its absolute Galois group and Fq the restriction of F to Spec (fc). Then Fo is 
a G-module and according to |AGV73l 8.6], Hi t (X,F) = iP(G,F ). As G is profmite, this group 
must be torsion so that it vanishes by assumption. □ 
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Remark 9.5.7. The preceding theorem also follows formally from theorem 13.3.221 

Proposition 9.5.8. Let F be a rational qfh-sheaf on 5^g t ■ Then for any geometrically unibranch 
S -scheme of finite type X , and any integer i, the canonical map 

is an isomorphism. 

Proof. According to l9"XrJI H^ is (X,F) = H l 6t (X,F). Let p : X' -> X be the normalization of 
X. As X is an excellent geometrically unibranch scheme, p is a finite universal homeomorphism. 
It follows from [AGV731 VII, 1.1] that ffj t (X,F) = Hi t {X',F) and from [Voe96L 3.2.5] that 
H^ fh (X, F) = 7J qfh (A', F). Thus we can assume that X is normal, and the result is now exactly 
|Voe96l 3.4.1]. □ 

Corollary 9.5.9. Let S be an excellent scheme. 

(1) Let X be a geometrically unibranch S-scheme of finite type. For any point x of X , the local 
henselian scheme X^ is a point for the category of sheaves Sh q fh(S l , Q) (i.e. evaluating at 
X£ defines an exact functor). 

(2) The family of points X^ of the previous type is a conservative family for Sh q th(S l , Q). 

Proof. The first point follows from the previous proposition. For any excellent scheme A, the 
normalization morphism X' — > A is a qfh-covering. Thus the category Sh q th(S l , Q) is equivalent 
to the category of qfh-sheaves on the site made of geometrically unibranch S'-schemes of finite 
type. This implies the second assertion. □ 

9.5.10. Let S be a geometrically unibranch scheme. Considering the notations of l9.5.3l and l9.4.5l 
we introduce the composite functor: 

V* : Sh qfh (S, Q) A Sh tr (S, Q) Sh tr (S, Q). 
Proposition 9.5.11. Considering the above notation, the following conditions are true : 

(i) For any S-scheme X of finite type, ip* (Q| fh (A)) = Q%(X). 
(ii) The functor if>* admits a left adjoint ipu 
(Hi) For any smooth S-scheme X, ip\(Qfe(X)) = Q^ fh (A). 
(iv) The functor -0* is exact and preserves colimits. 
(v) The functor ip\ is fully faithful. 

According to property (iii), the functor ip\ commutes with pullbacks. In other words, we have 
defined an enlargement of abelian premotivic categories (c/. definition II. 4. 8p 

(9.5.11.1) V- : Sh fr (-,Q) t± Sh qfh (-,Q) : V* 

Proof. Point (i) follows from the fact Q^ r (A) = Q| fh (A). Recall the enlargement of (|9.4.6.1|) : 

W :Sh 4r (-,Q)^Sh ir (-,Q) :<p*. 
We define the functor ip\ as the composite : 

Sh tr (S, Q) ^ Sh tr (S, Q) ^ Sh(5, Q) ^ Sh qfh (S, Q) . 

According to the properties of the functors in this composite, ip\ is exact and preserves colimits. 
Moreover, for any smooth 5-scheme A, as Qg(A) is a qfh-sheaf over 5?$ according to 19.2.41 
^!(Q* s r (A)) = Q| fh (A) which proves (iii). Property (ii) follows from (iii) and the fact tpi commutes 
with colimits, while the sheaves Q^ r (A) for A/5 smooth generate Sh* r (,5', Q). 

For any smooth S-scheme A, T(X;ip*(F)) = F(X). Thus the exactness of ip* follows from 
corollary 19.5.91 As ip* obviously preserves direct sums, we get (iv) . 

To check that for any sheaf with transfers F the unit map F — > ip*ip\(F) is an isomorphism, we 
thus are reduced to the case where F — Qg (A) for a smooth 5-scheme A which follows from (i) 
and (iii). □ 
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10. NlSNEVICH MOTIVIC COMPLEXES 

10.0. In this section, 5? is an adequate category of E-schemes (cf. 12. Op . Any scheme in =5^ is 
assumed to be of finite dimension. 

We fix a ring of coefficients A C Q. 

10.1. Definition. We can apply the general definition of section [5] to the abelian premotivic 
category Sh tr (— , A) constructed in 19.4.21 

Definition 10.1.1. We define the (A-linear) category of (Nisnevich) motivic complexes (resp. 
stable motivic complexes) following definition 15.3.221 (resp. definition 15.2. 16j) as 

DM A = D A1 (Sh* r (- A)) 

resp. DM e f = (Sh* r (- A)) . 

Recall we have an adjunction of triangulated premotivic categories 

E°° : BMf «=► DM A : 

Usually, we denote by A t g(X) the effective motive of a smooth S'-scheme X, as an object in 
DWf(S) and we put M S (X) = S°°A t 5 r (A) which is the motive of X. Similarly, we also denote 
by Is the unit of the monoidal category DM A (S). 

Remark 10.1.2. Consider an extension of rings Z C A C A' C Q. Then we deduce from the 
adjunction (|9.4.3.ip of abelian premotivic categories an adjunction: 

(10.1.2.1) DM A i=± DM A /. 

10.1.3. Let S be a scheme. Consider the triangulated subcategory 5g of {,5 fi m c £ r s ) generated 
by complexes of one the following forms : 

k 

(1) for any distinguished square W -»- V of smooth S-schemes, 

4 , \f 
u-^x 

(2) for any smooth S'-scheme X, p : — > X the canonical projection. 

[A^] ^ [X]. 

Definition 10.1.4. We define the category DM^(S) of constructible effective motives over S as 
the pseudo-abelian envelope of the triangulated category 

We define the category DM CiA (S) of constructible motives over S as the triangulated category 
obtained from DM^(5) by formally inverting the Tate complex 

Remark 10.1.5. If S = Spec (k) is the spectrum of a field, then, essentially by definition, the cate- 
gories DM C (S) and DM%& (S) are respectively the categories DM gm (k) and DMj£(i) introduced 
by Voevodsky in [VSFOOj . 

We can use proposition l5. 2.361 and corollarv l 5 . 3 . 3 11 to obtain the following commutative diagram 

DM^(S)— DMf (S) 

DM C , A (S) >• DM A (S) 

where the horizontal maps are fully faithful, essentially surjective onto compact objects of the aim. 
Moreover, the triangulated categories DM^ (S) and DM A (S) are compactly generated. 
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Remark 10.1.6. Recall that in fact, DM C; a (resp. DM'^) are S'm-nbred monoidal categories over 
J?*, and that the horizontal maps in the preceding commutative diagram induce morphisms of 
Sm-fibred monoidal categories. 

10.1.7. To get a generalized category, we simply apply the definitions of section[5]to the generalized 
abelian premotivic category Sh* r (— , A) constructed in 19.4.21 

Definition 10.1.8. We define the (A-linear) category of generalized motivic complexes (resp. 
stable motivic complexes) following definition 15.3.221 fresp. definition 15.2. 16p as 

DMf = Df (Sh tr (-,A)) 
resp. DM a = D A i (Sh tr (- A)) . 

Given any separated S-scheme X of finite type, we will simply denote by Ms{X) the generalized 
premotive represented by X in DM \(S). 

According to 16.1.91 we obtain an enlargement of premotivic triangulated categories: 

(10.1.8.1) ipi : DM A ^ DM A : if*. 

Let S be a scheme, and X a smooth separated iS-scheme of finite type. Recall that according to 
loc. cit. the induced functor if, : BM A (S) -> DM A (g) is fully faithful. Moreover, ip\{M s {X)) = 
M S {X). Recall also that <p*(M s (X)) = M S (X). 

Remark 10.1.9. The functor if* is far from being conservative. The following example was sug- 
gested by V.Vologodsky: let Z be a nowhere dense closed subscheme of S. Then p*(Ms(Z)) = 0. 

In fact, one can see that DMa(S') is a localization of the category DM A (S) with respect to the 
objects J( such that p*( ^#) = 0. 

Note also that this context also holds in the effective setting. More precisely, we have the 
following essentially commutative diagram 

DMf DM A 

(10.1.9.1) \ \ v , 

DMf ^DM A 

where the vertical maps are enlargement of triangulated premotivic categories induced by the 
enlargement (|9.4.6.1[) . and the horizontal maps are the natural morphisms of premotivic (resp. 
generalized premotivic) triangulated categories. 

10.2. Nisnevich motivic cohomology. 

10. 2. a. Definition and functoriality. 

Definition 10.2.1. Let S be a scheme and (n,m) 6 Z 2 a couple of integer. We define the 
Nisnevich motivic cohomology of S in degree ngZ and twist to G Z with coefficients in A as the 
A-module 

H M m m s ( S > A ) = Hom DM A (S)(ls, ls(m)W)- 
Assuming to > 0, we define the unstable motivic cohomology of S in degree n 6 Z and twist 
to e Z with coefficients in A as the A-module 

H%t m Nis , eff (S,A) = Hom DMf (fl) (A§\A£(m)[n]). 

Motivic cohomology (resp. unstable motivic cohomology) is obviously contravariant with re- 
spect to morphisms of schemes. The monoidal structure allows to define easily a cup-product 
structure for this cohomology. According to proposition 15. 3.301 we get 

^ m Nis (^A)= lim Kom DMf(s) (A%(r),A%(m + r)[n}). 

r>>0 
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Remark 10.2.2. Consider an extension of rings Z C A C A' C Q. Then using the left adjoint of 
the premotivic adjunction (|10.1.2.ip . we get a canonical morphism 

H m}hs( S ^ A ) ^M.Nisl 5 '' A ')- 

It is obviously compatible with pullbacks and the product structure. 

10.2.3. Consider a separated morphism p : X — > S of finite type. Recall from the S^-fibred 
structure of DM A that Ms{X) = 'Lp^p* (1$). Using the adjunction property of the pair (Lp$,p*), 
we easily get: 

2 3 H^ m ms (X,A) = Hom DMA (x)(lx, lx(m)[n}) = HomDM A (x) (l x , lx(m)[n}) 

= Hom DMA(5) (M S (X), IsHW) . 

In particular, given any finite S'-correspondence a : X»— > Y between separated S'-schemes of finite 
type, we obtain a pullback 

^■■H^ is (Y > A)^H^ iB (X,A) 

which is, among other properties, functorial with respect to composition of finite S'-correspondences 
and extends the natural contravariant functoriality of motivic cohomology. 

In particular, given any finite A-universal morphism / : Y — > X, we obtain a pushout 

f*:H^ m ms (Y,X)^H^ ms (X,A) 

by considering the transpose of the graph of /. 

Proposition 10.2.4. Let f : Y — » X be a finite A-universal morphism of scheme. Let d > be 
its degree (cf. \8.1.10\) . Then for any element x G -ff^"Jj is ( A", A) , f*f*{x) — d.x. 

This is a simple application of proposition 18.1.111 We left to the reader the exercice to state 
projection and base change formulas for this pushout. 

Remark 10.2.5. Recall that, in the case X is regular, any finite morphism / : Y — > X such that 
any irreducible component of Y dominates an irreducible component of Y is A-universal. 

Another important application of the generalized Voevodsky premotivic category is obtained 
using the corollarv l9.5.4l 

Proposition 10.2.6. Let f : X' — > X be a separated universal homeomorphism of finite type. 
Assume that char(X) C A x . Then the pullback functor 

is an isomorphism. 

Remark 10.2.7. The preceding considerations hold similarly for the unstable motivic cohomology. 

10. 2. b. Motivic cohomology in weight and 1. Let S be a scheme and X a smooth S-scheme. For 
any subscheme F of X, we denote by Z t g(X/Y) the cokernel of the canonical morphism of sheaf 
with transfers Z^ r (y) —> (AT). As this morphism is a monomorphism, we obtain a canonical 
distinguished triangle in DM^ (S) 

Zf(Y) -> Zf(X) - Zt(X/Y) -> Zf(X)[l}. 

10.2.8. We will consider the Tate complex of sheaves with transfers over a scheme S to be defined 
by the formula 

z^(i)[i] = z'<r(G m /{i}). 

In the category of complexes, we thus obtain the canonical decomposition 

z^(G m ) = z^ezf(i)[i]. 

For any complex C of sheaves with transfers, we will consider the complex C_*(C) introduced in 
15.2.301 in the abstract case. 
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Proposition 10.2.9. Suppose S is a normal scheme. 
Then there is a canonical isomorphism in DM^ (S) 

G m 2* Z£(l)[l]. 

Remark 10.2.10. Using lemma [5.2.331 this implies that for any smooth scheme A over S, we have 
isomorphisms 

H' Nis (*, G m ) ~ Rom UM e ff{s) (Zf(X), 2%[i - 1]) ~ Kom UM , ff{s) (Zf(X), Z£(l)[l]) 

Proof. Let U be an open subscheme of Ag and X be a smooth 5-scheme. Note that X is normal 
according to [GD671 18.10.7]. Consider a cycle a of X Xg U which is finite cquidimensional over 
X. Then it is a divisor in X Xj U and according to [GD671 21.14.3], it is flat over X as X is 
normal. In particular, it is universal. As a consequence, we obtain the equality 

i?T(X;C*Z* s r ([/)) = H S ™ B {X x s U/X) 

where the left hand side is the singular cohomology groups of Suslin ( cf. [SVOObj ) . 

Suppose X and U are affine and let Z = Pg — U. According to a theorem of Suslin and 
Voevodsky (cf. [SVOObj 1. 

H^(Xx s u/x) = l rHx*sPh,xx s z) ifi = o 

1 y ' ' [0 otherwise. 

This implies that C*(Zg"[I7]) is A 1 -local, so that using lemma I5".2.33[ we get 

H s _r 9 (X x s U/X) ~ Hom DMfff(s) (Z^(X),C*(Z^([/))) ~ Hom DM(ff(s) (Z£(A), Z^(U)) 
By definition, we have a distinguished triang le in DMf (S) 

Z£(G m ) -> Z£(A^) - Z£(l)[2] - Zf(G m )[l]. 
Thus when A is affine, we obtain 

ZP +1 r(A;C*Zf (1)) = ( ^mPO if j = 

v 5 v [0 otherwise 

using that the evident map Pic(A xg P~, X U Aoo) — > Pic(A xj Pjj, Aq) is surjective and has 
for kernel the group G m (Ao). □ 

Proposition 10.2.11. Let S be a scheme and n 6 Z an integer. 
Then 



Hbm DM * (S) (Zg-,Z§-[n]) = { ^° (S) 



erwise 



(2) If S is normal, 

( Os(S)* ifn = l 
Hom DM * (s) (Z£,Z£(l)[n])=^ Pic(S) z/n = 2 

I otherwise 

Proof. The second case is a direct corollary of the previous proposition and the remark which 
follows it. For the first case, according to proposition 19.2.51 the sheaf Z^ is Nisnevich local and 
A 1 -local as a complex of sheaves. It is obviously acyclic for the Nisnevich topology. Thus, we 
conclude using again l9~2~5l in the case n = 0. □ 

The following is a (very) weak cancellation result in DM 6 -^ (S) over a normal base : 

Proposition 10.2.12. Let S be a normal scheme. Then 

Rifom(Z£(l),Z§-(l)) = Z£. 
Moreover, if m — or m = X, for any integer n > m, 

KHom(Z^(n),Z^(m)) = 0. 
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Proof. We consider the first assertion. Any smooth S'-scheme is normal. Hence it is sufficient to 
prove that for any connected normal scheme S, for any integer n£Z, 

Hom DMe , (s) (Z-(l),Zr(l)N) = { I ^° se 

Using the exact triangle 

(10.2.12.1) Z£(G m ) -> Z^A 1 ) - Z£(l)[2] ±1* 

and the second case of the previous lemma, we obtain the following long exact sequence 
■ • • -> Hom(Z t s '-(A 1 ),Z^(l)[n]) -> Hom(Z*T(G m ), Z£(l)[n]) 

-> Hom(Z* s '-(l), Z£(l)[n - 1]) - Hom^A 1 ), Zf (l)[n + 1]) - • • • 
Then we conclude using the previous lemma and the fact 

Pic(A 1 x S) = Pic(G m x S) 

whenever S is normal. 

For the last assertion, we are reduced to prove that if S is a normal scheme, for any integers 
n > and i, 

HQm DM * (s) (Z£(n),Z£[t])=0. 

This is obviously implied by the case n = 1. 

Consider the distinguished triangle p0.2.12.ip again. Then the long exact sequence attached 
to the cohomological functor Hom DM ejf ,m (— , Zg") and applied to this triangle together with the 
first case of the previous lemma allows us to conclude. □ 

10.3. Orientation and purity. For any scheme S, we let Pg° be the ind-scheme 

S _» pi _> ► pg _> p»+! _> 

made of the obvious closed immersions. This ind-scheme has a comultiplication given by the Segre 
embeddings 

Pg= x s P^P^ 

Define Z* s r (P°°) = lim Z* s r (P n ). Applying lemma [TUXlTI in the case S = Z, we obtain 
Hom DMeff(z) (Z t '-(P 00 ),Z tr (l)[2]) = Pic(P°°), 

which is a free ring of power series in one variable. Considering the canonical dual invertible sheaf 
on P°°, we obtain a canonical generator of the previous group which is a morphism of ind-objects 
of BM eff (Z) denoted by 

Z tr (P°°) -» Z tr (l)[2]. 

For any scheme S, considering the canonical projection f : S —> Spec(Z), we obtain by pullback 
along / a morphism of DM^fS) 

Z£(P£>) ^ Z*<T(1)[2]. 

Applying the left adjoint of (|10.1.2.ip in the case of the extension Z C A, we deduce a canonical 
morphism 

Ci, s :A£(PS>)-A£(l)[2]. 

Consider G m as a sheaf of groups over Sm s . Following |MV99i part 4], we introduce its clas- 
sifying space BG m as a simplicial sheaf over 57715. From proposition 1.16 of loc. cit., we 
get Hom i j(o»(g)(5+,BG m ) = Pic(S). Moreover, in Jf^{S), we obtain a canonical isomorphism 
BG m — Pg of pointed simplicial sheaf (c/. loc. cit., prop. 3.7). Thus finally, we obtain a 
canonical map of pointed sets 

Pic(S) = Hom^ (s) (5 +) BG ro ) -> Hom^. (s) (5 + , P°°) 

- Hom DMf {S) (A%, A£(P»/*)) - Hom DMf (s) (Af, A£(P~)). 
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Definition 10.3.1. Consider the above notations. We define the first motivic Chern class as the 
following composite morphism 

Pic(S) — Hom DMf (s) (Af, A%(Pf)) Hom DMf (s) (Af, A$(l)[2]) 

— » Hom DMA( s)(ls, ls(l)[2]) = Hft jVaa (S,A) 
10.3.2. The first Chern class is evidently compatible with pullback. By definition, the morphism 

Ci : Pic(S) - Hom DMf (s) (A* s r , A^(l)[2]) 

is the morphism of lemma [1 . 2 . 1 II when S is normal. In particular, it is additive in this case. One 
deduces (see below) that it is additive for any scheme S. 

The triangulated category DMa(S) thus satisfies all the axioms of |Deg08[ 2.1] (see also 2.3.1 
of loc. cit. in the regular case). In particular, we derive from the main results of loc. cit. the 
following facts: 

(1) Let p : P — > S be a projective bundle of rank n. Let c : Is — > 1^(1) [2] be the first Chern 
class of the canonical line bundle on P. Then the map 

M s (p)^^e? =0 Mi)[2i] 

is an isomorphism. This gives the projective bundle theorem in motivic cohomology for 
any base scheme. 

(2) Let i : Z — > X be a closed immersion between smooth separated S'-schemes of finite type. 
Assume i has pure codimension c and let j be the complementary open immersion. Then 
there is a canonical purity isomorphism: 

p x . z : M S (X/X -Z)-> M s {Z){c)[2c\. 

This defines in particular the Gysin triangle 

M S (X -Z)±+ M S (X) M s (Z)(c)[2c] ^ M S (X - Z)[l}. 

(3) Let / : Y — > X be a projective morphism between smooth separated S'-schemes of finite 
type. Assume / has pure relative dimension n. Then there is a Gysin morphism 

/* : M S (X) -f M s (Y)(n)[2n] 

functorial in /. We refer the reader to loc. cit for various formulas involving the Gysin 
morphism (projection formula, excess intersection,...) 

(4) For any smooth projective S'-scheme X, the premotive Ms(X) admits a strong dual. If X 
has pure relative dimension d over S, the strong dual of Ms(X) is Ms(X)(— d)[— 2d]. 

Remark 10.3.3. The last property implies in particular that for any smooth projective S'-schemes 
X and Y, if Y has pure relative dimension d over S, 

Honi DMA (S)(Ms(A),M 5 (y)) = H% d ms (X X S Y,A). 

From this, one can deduce that the analog of the category of pure motives relative to the base 
S build with the cohomology #Xl'Nis( — , A) instead of the Chow groups, admits a full embedding 
into the category DM Ci a(5), induced by the functor X/S t— > Ms(X). 

10.4. Functoriality. 

10.4.1. Note that according to definition 19.4.21 and paragraph 19.4.41 we have an adjunction of 
abelian premotivic categories 

7*:Sh(-,A)^Sh tr (-,A): 7 ,, 

which induces, by 15.3.251 and adjunction of triangulated premotivic categories 

W :D A i, A ^DM A :R 7 ,. 

The abelian premotivic category Sh tr (— , A) satisfies the assumptions of 16.01 In particular, we 
deduce from corollaries 16.3.121 and 16.3.151 the following theorem: 
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Theorem 10.4.2. The premotivic triangulated category DMa satisfies the support property. 

Moreover, for any scheme S and any closed immersion i : Z — > X between smooth S-schemes, 
DMa satisfies the localization with respect to i, (Loci). 

Thus we can apply corollary |2 . 2 . 1 21 to DMa ; recall in particular that for any separated morphism 
/ : Y — ► X of finite type, we get an adjunction 

/, :DM A (r)^DM A pO :/ ! 

such that f\ = f„ when / is proper and f' — f* when / is an open immersion. For further 
properties of these adjoint functors, we refer the reader to loc. cit. 

10.4.3. The qfh-sheafification functor (|9.5.5[) induces bv l5.3.28l a premotivic adjunction 

a* : DMq <=> DMq&.Q = S* ■ 

Theorem 10.4.4. If S is a geometrically unibranch excellent noetherian scheme of finite dimen- 
sion then the qfh-sheafification functor induces a fully faithful functor 

DMq (5) — > DMqfjj q(S') . 

Proof. Note that T)Mq (S) and D^ (Sh q fh(5, Q)) are compactly generated; see example 15.1.281 
and proposition 15.2.361 Hence this corollary follows from propositions 19.5.111 and 16.1.81 □ 

Part 4. Beilinson motives and algebraic K-theory 

11.0. In all this part, 5? is assumed to be the category of noetherian schemes of finite dimension, 
except in the sections [14] and [IH 

11. Stable homotopy theory of schemes 

11.1. Ring spectra. Consider a base scheme S. 

Recall that a ring spectrum E over S is a monoid object in the monoidal category SH(5). We say 
that E is commutative if it is commutative as a monoid in the symmetric monoidal category SH(5). 
In what follows, we will assume that all our ring spectra are commutative without mentioning it. 
The premotivic category is Z 2 -graded where the first index refers to the simplicial sphere and 
the second one to the Tate twist. According to our general convention, a cohomology theory 
represented in SH is Z 2 -graded accordingly: given such a ring spectrum E, for any smooth S- 
scheme X , and any integer (i, n) € Z 2 , we get a bigraded ring: 

E n -\X) = Hom SH (s)(S 00 X + ,^(i)[n]). 

When X is a pointed smooth S-scheme, it defines a pointed sheaf of sets still denoted by X and 
we denote by E n,t {X) for the corresponding cohomology ring. 

The coefficient ring associated with E is the cohomology of the base E** :— E**(S). The ring 
E**(X) (resp. E**(X)) is in fact an ^"-algebra. 

11.1.1. We say E is a strict ring spectrum if there exists a monoid in the category of symmetric 
Tate spectra E' and an isomorphism of ring spectra E ~ E' in SH(5 f ). In this case, a module 
M over the monoid E in the monoidal category SH(S') will be said to be strict if there exists an 
.E'-module M ' in the category of symmetric Tate spectra, as well as an isomorphism of i?-modules 
M ~ M' in SH(5). 

11.2. Orientation. 

11.2.1. Consider the infinite tower 

pi _>p| _>..._> p»_>... 

of schemes pointed by the infinity. We denote by P5 5 the limit of this tower as a pointed Nisnevich 
sheaf of sets and by 1 : ~P\ — > P|? the induced inclusion. Recall the following definition, classically 
translated from topology: 
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Definition 11.2.2. Let £ be a ring spectrum over S. An orientation of E is a cohomology class 
c in E' 2,1 (P¥?) such that t*(c) is sent to the unit of the coefficient ring of E by the canonical 
isomorphism £' 2 » 1 (P^) = E°>°. 

We then say that (E, c) is an oriented ring spectrum. We shall say also that E is orientable if 
there exists an orientation c. 

According to |MV99| 1.16 and 3.7], we get a canonical map for any smooth S'-scheme X 

Pic(X) = H\X,G m ) -> Hom W) (A + ,P°°) - Hom SH( s) (£°°X+, E^P 00 ) 

(the first map is an isomorphism whenever S is regular (or even geometrically unibranch)). Given 
this map, an orientation c of a ring spectrum E defines a map of sets 

ci, x :Pic(A) ->E?*(X) 

which is natural in X (and from its construction in |MV99j . one can check that c = Ci,p«> (0(1))). 
Usually, we put c\ = ci t x- 

Example 11.2.3. The original example of an oriented ring spectrum is the algebraic cobordism 
spectrum MGL introduced by Voevodsky (c/. |Voe98] ). 

Remark 11.2.4. When E is a strict ring spectrum, the category E-mod satisfies the axioms of 
|Deg08[ 2.1] (see example 2.12 of loc.cit.). 

Recall the following result, which first appeared in [VezOlj : 

Proposition 11.2.5 (Morel). Let (E,c) be an oriented ring spectrum. 
Then: 

E**(Pf) =E**[[c}] 

E**(Pf xPf)=E**[[x,y]] 

where x (resp. y) is the pullback of c along the first (resp. second) projection. 

Remark 11.2.6. When E is a strict ring spectrum, this is Deg08] 3.2] according to remark Hi. 2. 41 
The proof follows an argument of Morel ( Deg08 ; , lemma 3.3]) and the arguments of op.cit., p. 
634, can be easily used to obtain the proposition arguing directly for the cohomology functor 
X i ► E*'*(X). 

11.2.7. Recall the Segre embeddings 

pn ^ pm ^ p)i+m-fiim 

define a map 

a : Pf 5 x T>f -> Pf. 

It gives the structure of an iJ-group to P|P in the homotopy category Jtf(S). Consider the 
hypothesis of the previous proposition. Then the pullack along a in i?-cohomology induces a map 

E**[[c}] ^ E**[[x,y}] 

and following Quillen, we check that the formal power series c*(c) defines a formal group law over 
the ring E**. 

Definition 11.2.8. Let (E, c) be an oriented ring spectrum and consider the previous notation. 
The formal group law Fe(x, y) := cr*(c) will be called the formal group law associated to (E, c). 

Recall the formal group law has the form: 

Fe(x,v) = x + y+ ^2 a ij- xl y j 

i+j>0 

with dij = aji in E~ 2l ~ 2 i'~ l ~ J . 

The coefficients describe the failure of additivity of the first Chern class c\ . Indeed, assuming 
the previous definition, we get the following result: 

Proposition 11.2.9. Let X be a smooth S-scheme. 
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(1) For any line bundle L/X, the class ci(L) is nilpotent in E**(X). 

(2) Suppose X admits an ample line bundle. For any line bundles L,L' over X, 

c x {L x ® L 2 ) = F B (ci(Li) )Cl (L 2 )) e E 2 '\X). 

We refer to |Deg08| 3.8] in the case where E is strict; the proof is the same in the general case. 
Recall the following theorem of Vezzosi (cf. [VezOll 4.3]): 

Theorem 11.2.10 (Vezzosi). Let (E,c) be an oriented spectra over S, with formal group law Fe- 
Then there exists a bijection between the following sets: 

(i) Orientation classes d of E. 

(ii) Morphisms of ring spectra MGL — > E in SH(5). 

(Hi) Couples (F, ip) where F is a formal group law over E** and if is a power series over E** 
which defines an isomorphism of formal group law: tp is invertible as a power series and 
F E (<p(x),<p(y)) = F(x,y). 

11.3. Rational category. In what follows, we shall use frequently the equivalence of premotivic 
categories ( see 15.3. 3Tj) 

SHq ^ Da 1 , a i 

and shall identify freely any rational spectrum over a scheme S with an object of T)j^i(S,A). 

12. Algebraic K-theory 

12.1. The K-theory spectrum. We consider the spectrum KGLs which represents homotopy 
invariant K-theory in SH(5) according to Voevodsky (see jVoe981 6.2], |Rio09l 5.2] and [PPR07] ). 
It is characterized by the following properties: 

(Kl) For any morphism of schemes / : T — ► S, there is an isomorphism f*KGLs — KGLt in 
SH(T). 

(K2) For any regular scheme S and any integer n, there exist an isomorphism 

Hom SH( 5) (l S [n],KGL s ) - K n (S) 

(where the right hand side is Quillen's algebraic K-theory) such that, for any morphism 
/ : T — > S of regular schemes, the following diagram is commutative: 

Horn ( 1 5 [n] , KGL S ) ->• Horn (/* l s [n] , f* KGL S ) = Horn ( 1 T [n] , KGL T ) 

K n (S) K n (T) 

(where the lower horizontal map is the pullback in Quillen algebraic K-theory along the 
morphism / and the upper horizontal map is obtained by using the functor /* : SH(S') — > 
SH(T) and the identification (Kl)). 
(K3) For any scheme S, there exists a unique structure of a commutative monoid on KGLs 
which is compatible with base change - using the identification (Kl) - and induces the 
canonical ring structure on Ko(S). 

Thus, according to (Kl) and (K3), the collection of the ring spectrum KGLs for any scheme S 
form an absolute ring spectrum. As usual, when no confusion can arise, we will not indicate the 
base in the notation KGL. 

Note that (Kl) implies formally that the isomorphism of (K2) can be extended for any smooth 
S-scheme X (with S regular), giving a natural isomorphism: 

Hom S H(s) (E°°X + [n], KGL) - K n (X) . 
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12.2. Periodicity. 

12.2.1. Recall from the construction the following property of the spectrum KGL: 

(K4) the spectrum KGL is a P 1 -periodic spectrum in the sense that there exists a canonical 
isomorphism 

KGL ^ RHom (£°°P^, KGL) = KGL(-l)[-2}. 

As usual, P^ is pointed by the infinite point. 
This isomorphism is characterized uniquely by the fact that its adjoint isomorphism (obtained by 
tensoring with lg(l)[2]) is equal to the composite 

(12.2.1.1) 7u : KGL(1)[2] ^* KGL A KGL A KGL. 

where u : S^P 1 — » KGL corresponds to the class [0(1)] — 1 in Ko(P 1 ) through the isomorphism 
(K2) and /i is the structural map of monoid from (K3). 

Using the isomorphism of (K4), the property (Kl) can be extended as follows: for any smooth 
^-scheme X and any integers (i, n) G Z 2 , there is a canonical isomorphism: 

(12.2.1.2) KGL n,i {X) K 2i _ n (X). 

Remark 12.2.2. The element u is invertible in the ring KGL*'*(S). Its inverse is the Bott element 
£ KGL 2 ' 1 (S). If the ring spectrum KGL is oriented (c/. I11.2.2[) by the class 

p.(p(l)] - 1) G KGL 2 ^(P°°), 

the corresponding formal group law is the multiplicative formal group law: 

F(x,y) = x + y + P^.xy. 

12.3. Modules over algebraic K-theory. 

Theorem 12.3.1 (Rondigs, Spitzweck, 0stvaer). The spectrum KGL can be represented canoni- 
cally by a cartesian monoid KGL' , as well as by a homotopy cartesian commutative monoid KGL 
in the fibred model category of symmetric P 1 -spectra, in such way that there exists a morphism of 
monoids KGL' -> KGL which is a termwise stable A 1 -equivalence. 

Proof. For any noetherian scheme of finite dimension 5, one has a strict commutative ring spec- 
trum KGLg which is canonically isomorphic to KGLg in SH(5) as ring spectra; see [RS0O9] . One 
can check that the objects KGL S do form a commutative monoid over the diagram of all noe- 
therian schemes of finite dimension (i.e. a commutative monoid in the category of sections of the 
fibred category of P 1 -spectra over the category of noetherian schemes of finite dimension), either 
by hand, by following the explicit construction of loc. cit., either by modifying its construction 
very slightly as follows: one can perform mutatis mutandis the construction of loc. cit. in the P 1 - 
stabilization of the A 1 -localization of the model category of Nisnevich simplicial sheaves over (any 
essentially small adequate subcategory of) the category all noetherian schemes of finite dimension, 
and get an object KGL , whose restriction to each of the categories Sm/S is the object KGL S . 
From this point of view, we clearly have canonical maps f*{KGL s ) — > KGL ^ for any morphism 
of schemes / : T — > S. The object KGL is homotopy cartesian, as the composed map 

Lf*(KGL s ) ^ Lf*(KGLg) -> f*(KGL .) -> KGL P T ~ KGL T 

is an isomorphism in SH(T). Consider now a cofibrant resolution 

KGL 's-p C c(7,) -> ^ Gi Spoc(Z) 

in the model category of monoids of the category of symmetric P 1 -spectra over Spec(Z); see 
theorem l4.1.3l Then, we define, for each noetherian scheme of finite dimension S, the P 1 -spectrum 
KGL' S as the pullback of KGL' Spec ^ along the map / : S — > Spec (Z). As the functor /* is a left 
Quillen functor, the object KGL' S is cofibrant (both as a monoid and as a P 1 -spectrum), so that 
we get, by construction, a termwise cofibrant cartesian strict P 1 -ring spectrum KGL' , as well as 
a morphism KGL' — » KGL which is a termwise stable A 1 -equivalence. □ 
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12.3.2. For each noetherian scheme of finite dimension S, one can consider the model categories 
of modules over KGL' S and KGlP s respectively; see 14.2.21 The change of scalars functor along the 
stable A 1 -equivalence KGL' S — + KGV? S defines a left Quillen equivalence, whence an equivalence 
of homotopy categories: 

Eo(KGL' s -mod) ~ Eo(KGL s - mod). 

We put 

Ho(AGL- mod)^) = Ho(#G£§-mod) , 

and call this category the homotopy category of KGL-modules over S. By definition, for any 
smooth S'-scheme X, we have a canonical isomorphism 

Rom sliis) ^°°(X + ),KGL[n]) ~ Kom KGL {KGL S (A), KGL[n]) 

(where KGL S (X) = KGL S Ag £°°(X + ), while Uom KGL stands for Hom Ho (*:GL-mod)(,S))- 

According to (Kl) and (K3), for any regular scheme X, we thus get a canonical isomorphism: 

(12.3.2.1) e s : Rom KGL (KGL s [n}, KGL S ) K n (S). 

Using Bott periodicity (K4), and the compatibility with base change, this isomorphism can be 
extended for any smooth S'-scheme X and any pair (n, m) £ Z 2 : 

(12.3.2.2) e x/s : Kom KGL (KGL s (X), KGL s {m)[n\) -^-» K 2m _ n (X). 

Corollary 12.3.3. The categories Ho( AGL- mod) (S) form a motivic category, and the functors 

SH(S) -> Ho(AGL-mod)(S) , M i-» AGI A5 M 
define a morphism of motivic categories 

SH -» Ho(AGL-mod) 
over ifte category of noetherian schemes of finite dimension. 

Proof. This follows from the preceding theorem and from 14.2.111 and 14.2.161 □ 
12.4. K-theory with support. 

12.4.1. Consider a closed immersion i : Z — > S with complementary open immersion j : U — > S. 
Assume S is regular. 

We use the definition of (G1181, 2.13] for the K-theory of S with support in Z denoted by K+(S). 
In other words, we define K Z {S) as the homotopy fiber of the restriction map 

RT(S, KGL S ) = K(S) -» K(U) = RT(U, KGL S ) , 

and put: K%(S) = n n (K z (S)). 

Applying the derived global section functor Rr(S l , — ) to the homotopy fiber sequence 

(12.4.1.1) i\ vKGLs -> KGL S — > j* j*KGLs , 
we get a homotopy fiber sequence 

(12.4.1.2) RT(5, i| vKGL s ) -> RT(S, KGL S ) Rr(t/, KGL S ) 

from which we deduce an isomorphism in the stable homotopy category of S^-spectra: 

(12.4.1.3) Rr(Z, vKGL s ) = RT(S,ui KGL s ) ~ A Z (S) . 

We thus get the following property: 
(K6) There is a canonical isomorphism 

Hom S H(s) (lsM,« ! AGL s ) -> if n z (5) 

which satisfies the following compatiblities: 
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(K6a) the following diagram is commutative: 

Hom(l[n + l],j m j*KGL s ) Hom(l[n], iaKGL s ) ->■ Hom(l[ra], KGL S ) 

\ \ \ 

K n+l {U) ^ K%(S) *■ K n {S) 

where the upper horizontal arrows are induced by the localization sequence (|12.4.1.ip , 
and the lower one is the canonical sequence of K-theory with support. The extreme 
left and right vertical maps are the isomorphisms of (K2); 
(K6b) for any morphism / : Y — > S of regular schemes, k :T — > Y the pullback of i along 
/, the following diagram is commutative: 

Horn (l[n], in' KGL S ) Horn (/*%], f*i\v KGL S ) Horn (H>], hk' KGL Y ) 
\ . \ 
KZ(S) ~ Kl{Y) 



where the lower horizontal map is given by the functoriality of relative K-theory 
(induced by the funtoriality of K-theory) and the left one is obtained using the functor 
/* of SH, the canonical exchange morphism f*i\v — > hk f* and the identification 
(Kl). 

This property can be extended to the motivic category Ho(KGL- mod) and we get a canonical 
isomorphism 

(12.4.1.4) a : Hom KGL (KGL s [n},inKGL s ) -^-» K%{S) 

satisfying the analog of (K6a) and (K6b). 
12.5. Fundamental class. 

12.5.1. Consider a cartesian square of regular schemes 

k 




with i a closed immersion. We will say that this square is Tor-independant if Z and S' are 
Tor-independant over S in the sense of [BGI711 III, 1.5]: for any % > 0, Torf (O z , O s >) = 00 

In this case, when we assume in addition that all the schemes in the previous square are regular 
and that i is a closed immersion we get from [TT901 3.180 

the formula 

/**» = Kg* : K % {Z) -> K*(S') 

in Quillen K-theory. An important point for us is that there exists a canonical homotopy between 
these morphisms at the level of the Waldhausen spectra(3 According to the localization theorem 
of Quillen Qui73, 3.1], we get: 

Theorem 12.5.2 (Quillen). For any closed immersion i : Z — > S between regular schemes, there 
exists a canonical isomorphism 

m:K^(S)^K n (Z). 

Moreover, this isomorphism is functorial with respect to the Tor-independant squares as above, 
with i a closed immersion and all the schemes regular. 



^For example, when t is a regular closed immersion of codimension 1, this happens if and only if the above 
square is transversal. 

When all the schemes in the square admit ample line bundles, we can refer to |Qui73| 2.11]. 

42 

In the proof of Quillen, one can also trace back a canonical homotopy with the restriction mentioned in the 

preceding footnote. 



TRIANGULATED CATEGORIES OF MIXED MOTIVES 



170 



Remark 12.5.3. In the condition of this theorem, the following diagram is commutative by con- 
struction: 

K n {Z) i. 

where the non labelled map is the canonical one. 

Definition 12.5.4. Let i : Z — > S be a closed immersion between regular schemes. 
We define the fundamental class associated with i as the morphism of ifGI^modules: 

: i^KGLz -► KGL S 

defined by the image of the unit clement 1 through the following morphism: 

K (Z) ^ K§{S) ^ Uom KGL (KGL s ,ia KGLs) = Kom KGL (i*KGL z , KGL S ). 
We also denote by rfi : KGLz — » vKGL$ the morphism obtained by adjunction. 

Remark 12.5.5. The fundamental class has the following functoriality properties. 

(1) By definition, and applying remark [12.5.31 the composite map 

KGL S iJ*(KGL s ) = i*KGL z ^ KGL S 

corresponds via the isomorphism eg to i*(l) £ Kq(S). According to [BGI71, Exp. VII, 
2.7], this class is equal to A_i(iVj) where Ni is the conormal sheaf of the regular immersion 
i. 

(2) In the situation of a Tor-independant square as in ll2.5.11 remark that f*rji = r\^ through 
the canonical exchange isomorphism = k^g* — apply the functoriality of e$ from 
(K6b) and the one of q^. 

(3) Using the identification vi* — 1, we get v[ i = rrji. Consider a cartesian square as in ll2.5.i1 
and assume / is smooth. Then the square is Tor-independant and we get g*^ = r)' k using 
the exchange isomorphism g*r = k'f*. 

12.6. Absolute purity for K-theory. 

Proposition 12.6.1. For any closed immersion i : Z — » S between regular schemes, the following 
diagram is commutative: 

Eom KGL (KGL z [n\, KGL Z ) — Rom KGL (KGL z [n},iKGL s ) 

ez (*) e« 

K n (Z) ^ K*(S) 

Proof. In this proof, we denote by [— , — ] the bifunctor Y{oh\k G l{— , —)■ 
Step 1: We assume that i : Z — > S admits a retraction p : S — > Z. 

Consider a KGL-\inea.r map a : KGL z [n] —* KGL Z . Then, 77- (a) corresponds by adjunction to the 
composition 

i*KGL z [n] i*KGL z ^ KGL S . 

Applying the projection formula for the motivic category Ko(KGL- mod), we get: 

= <g> i*p*{a)) = i*(l) ®p*(a). 

Here 1 stands for the identity morphism of the K GL- module KGL Z . This shows that ^[(a) 
corresponds by adjunction to the composite map: 

m ®p*(a) : i*KGL z [n] = i*KGL z [n] <g> KGL S -> KGLs <8> KGL S = KGL S 

(the tensor product is the K GL- linear one). By assumption, i* : K*(Z) — > K*(S) admits a 
retraction which implies the canonical map Oi : K^(S) — > K*(S) admits a retraction (c/. remark 
112.5. 3[) . To check that the diagram (*) is commutative, we can thus compose with d. 
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Recall the first point of remark 112.5.51 applying property (K6a) and the fact the isomorphism 
es ■ [KGLs[n], KGLs] — ► K n (S) is compatible with the algebra structures, we are finally reduced 
to prove that 

i,(a)=i»(l)/(a)£]f I ,(S). 

This follows from the projection formula in K-theory (see |Qui73[ 2.10] and |TT90[ 3.17]). 
Step 2: We shall reduce the general case to Step 1. We consider the following deformation to the 
normal cone diagram: let D be the blow-up of Ag in the closed subscheme {0} x Z, P be the 
projective completion of the normal bundle of Z in S and s be the canonical section of P/Z; we 
get the following diagram of regular schemes: 



(12.6.1.1) 



S- 



Sl 3 A 1 - 30 



D 



Z 



P 



where sq (resp. s±) is the zero (resp. unit) section of over Z. These squares are cartesian 
and Tor-independant in the sense of 1 12.5.11 The maps sq and si induce isomorphisms in K-theory 
because Z is regular. Thus, the second point of remark fl 2 . 5 . 51 allows to reduce to the case of the 
immersion s which was done in Step 1. □ 

12.6.2. Consider a cartesian square 




such that S and Z are regular, i is a closed immersion and / is smooth. In this case, the following 
diagram is commutative 



Rom KGL {KGL z {T)[n], KGL Z ) 



n, 



■ Rom KGL (KGL z {T)[n},t'KGL s ) 



Hom KGL (KGLr[n], k l KGL x ) 



Rom KGL (KGL T [n}, KGL T ) 

using the adjunction (g$, g*), the exchange isomorphism g*v ~ k' f* (which uses relative purity for 
smooth morphisms) and the third point of remark Tl 2. 5. 51 In particular, the preceding proposition 
has the following consequences: 



S between regular 



Theorem 12.6.3 (Absolute purity). For any closed immersion i : Z 
schemes, the map 

rfi : KGL Z -> i KGL s 
is an isomorphism in the category Ho(KGL-mod)(Z) (or in SH(Z)). 

Corollary 12.6.4. Given a cartesian square as above, for any pair (n,m) S Z 2 , the following 
diagram is commutative: 



Bom(KGL s (X),i*KGL z (m)[n]) 



Rom(KGL z (T), KGL z (m)[n}) 



e T/Z 



Rom(KGL s {X), KGL s {m)[n} 



e x/s 



K2m-n{T) 



m — n 



where the vertical maps are the isomorphisms (|12.3.2.2|) . 
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12.7. Trace maps. 

12.7.1. Let S be a regular scheme. Let Y be a smooth iS-scheme. The canonical map 

Pic(T) - K (Y) ^ Rom KGL {KGL s (Y),KGL s ) ^ Rom KGL (KGL s (Y), KGL s (l)[2}) 

defines representable Chern classes in the category Ko(KGL- mod) (5); they corresponds to the 
orientation defined in remark [12. 2. 21 

Let p : P — > S be a projective bundle of rank n. Let v = [0(1)] — 1 in K n (P). It corresponds 
to a map : KGLs(P) — » KGLs- According to De g08[ 3.2] and our choice of Chern classes, the 
following map 

KGL S (P) KGLsftM 

0<i<n 

is an isomorphism. As j3 is invertible, it follows that the map 



(12.7.1.1) VP/S : KGL S (P) ^ ^ p % K GL S 

0<i<n 



is an isomorphism as well. Using this formula, the map Hom(yjp/<j, KGLs) is equal to the isomor- 
phism of Quillen's projective bundle theorem in K-theory (cf. |Qui73[ 4.3]): 

n 

fp/s ■■®K4S) -> K*(P), (S ,...,S n )» J2p*(Si).v l . 

i=0 i 

Let p* : K*(P) — > K*(S) be the pushout by the projective morphism p. According to the 
projection formula, it is K* (iS')-linear. In particular, it is determined by the n + 1-uple (ao, a n ) 
where a, = p*(v l ) £ Ko(S) through the isomorphism fp/s- Let Oj : KGLs — > KGLs be the map 
corresponding to aj. 

Definition 12.7.2. Consider the previous notations. We define the trace map associated to the 
projection p : P — > S as the morphism of KGL-modules 

, * ,_i n 

Tr« GL : p*{KGLp) = TLHom(KGL s {P), KGL S ) 7 > KGL S (a °'-^ n) : KGL S . 

i=0 

From this definition, it follows that Tr p represents the pushout by p in K-theory: 

Tr KGL 

Kom KGL (KGL s [n},p*KGL P ) Rom KGL ( KGL S [n], KGL S ) 

II 

Bom KGL (KGL P [n},KGLp) 

up I 

K n (P) K n (S) 

Consider moreover a cartesian square: 




such that / is smooth. From the projective base change theorem, we get f*p*p* = q*q*g* ■ Using 
this identification, we easily obtain that /* Tr p = Tr g . Thus, we conclude that the map 

Tr KGL 

Kom KGL (KGL s {Y)[n},p*KGLp) — 2— > Rom KGL (KGL s {Y)[n}, KGL S ) 
represents the usual pushout map 

q* : K n (Q) K n (Y) 
through the canonical isomorphisms (I12.3.2.2p . 
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12.7.3. Consider a projective morphism / : T — > S between regular schemes and choose a factor- 
ization 

T^P ^> S 

where i is a closed immersion and p is the projection of a projective bundle. Let us define a 
morphism 

rj^KGL 

Trf^f : f,KGL T = pJ*KGL T ^ p*KGL P — !—> KGL S . 
According to 112.6.41 and the previous paragraph, for any cartesian square 




such that a is smooth, the following diagram is commutative. 

Rom KGL (KGL S (X), /. KGL T (m) [n] ) ^ > Uom KGL (KGL s (A) , KGL S (m) [n] ) 

(12.7.3.1) R m KGL (KGL T (Y), KGL z (m)[n]) 

&Y/T 

K2m-n(Y) " >" K 2m -n(X) 

Definition 12.7.4. Considering the above notations, we define the trace map associated to / as 
the morphism 

Trf GL = Tcffif : fJ*KGL s KGL S . 

Remark 12.7.5. By definition, the trace map Drjr is a morphism of i-fGZ^modules. As a conse- 
quence, the map obtained by adjuntion 

r]' f : KGL T ~ f*KGL s -► f KGL S 

is also a morphism of AGL-module. This implies that the morphism rfj (and thus also Tr^ GL ) is 
completely determined by the element 

n) e ttom KGL {KGL Tl f'KGL s ) ~ Kom sli{T) {l Tl f KGL S ) . 

Moreover, as p is smooth, there is a canonical isomorphism p KGLg — KGLp (by relative purity 
for p and by periodicity; see Rio09, lemma 6.1.3.3]). From there, we deduce from theorem 112.6.31 
that we have a canonical isomorphism 

fKGL s ^ i'KGLp ~ KGL T . 

This implies that we have an isomorphism: 

Kom sli{T) (l T J-KGL s ) ~ K (T) . 

Hence the map 77^ is completely determined by a class in Kq(T). The problem of the functoriality of 
trace maps in the motivic category Ho(AGL- mod) is thus a matter of functoriality of this element 
rj'j: in K , which can be translated faithfully to the problem of the functoriality of pushforwards 
for K . 

However, the only property of trace maps we shall use here is the following. 

Proposition 12.7.6. Let f : T — > S be a finite flat morphism of regular schemes such that the 
Os-module /*Ot is (globally) free of rank d. Then the following composite map 

rp KGL 

KGL S -> f*f*KGL s » KGL S 
is equal to d.\KGL s in Ho(KGL-mod)(S) (whence in SH(S)). 
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Proof. Let tp be the composite map of Ho(KGL- mod) (5) 

KGL S -> f*f*KGL s — f -> KGL S . 

As <p is ifGLs-linear by construction, it corresponds to an element 

cp e HomjfGL ( KGLs , #GZ S ) Hom SH (s)(ls, ffGLs) ~ K (S) . 

According to the commutative diagram (|12.7.3.1|) . if we apply the functor HomgH(s)(ls, — ) to (p, 
we obtain through the evident canonical isomorphisms the composition of the usual pullback and 
pushforward by / in K-theory: 

K (S) ^K Q (T) ^Ko(S). 

With these notations, the element of Ko(S) corresponding to tp is the pushforward of It = 
f*(ls) by /, while the element corresponding to the identity of KGLs is of course I5. Under our 
assumptions on /, it is obvious that we have the identity /*(ly) = d.ls G Kq(S). This means 
that (p is d times the identity of KGLs- □ 



13. BEILINSON MOTIVES 

13.1. The 7-flltration. 

13.1.1. We denote by KGLq the Q-localization of the absolute ring spectrum KGL, considered 
as a cartesian section of Dai, q. From Tjio09, 5.3.10], this spectrum has the following property: 

(K5) For any scheme S, there exists a canonical decomposition 

KGL^s *®KGL®g 
iez 

compatible with base change and such that for any regular scheme S, the isomorphism of 
(K2) induces an isomorphism: 

Rom UAl(s<Q) (Q s (X)[n],KGL^s) K$(S) := Gr^K n (S) Q 

where the right hand side is the z-th graded piece of the 7-filtration on K-theory groups. 
We will denote by 

tt, : KGL Q . S -> KGL^ S , 

resp. Li : KGL (i) s -» KGL^s 

the projection (resp. inclusion) defined by the decomposition (K3) and we put pi — tipi for the 
corresponding projector on KGLq.s- 

Definition 13.1.2 (Riou). We define the Beilinson motivic cohomology spectrum as the rational 
Tate spectrum H B ,s = KGL (0) 5. 

Remark 13.1.3. Note that, by definition, for any morphism of schemes / : T — » S, we have 
J*Hb,s — H BT . 

Lemma 13.1.4. The isomorphism j u of (|12.2.1.1|) is homogenous of degree +1 with respect to 
the graduation (K5). In other words, for any integer i £ Z, the following composite map is an 
isomorphism 

KGL {l \l)[2] ±U KGLq(1)[2] KGLq ^ KGlM +1 K 
For any integer i € Z, we thus get a canonical isomorphism 
(13.1.4.1) H B (i)[2i] ^UKGL®. 
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Proof. It is sufficient to check that, for j ^ i + 1, 

P 3 ° 7« ° -Pi = 0- 
Pj °lu 1 °Pi = 

in HomD Al (s.Q)(^GLQ, KGLq). But according to [Rio091 5.3.1 and 5.3.6], we have only to check 
these equalities for the induced endomorphism of Kq (seen as a presheaf on the category of 
smooth schemes over Spec (Z)). This follows then from the compatibility of the projective bundle 
isomorphism with the 7-filtration; see |BGI71[ Exp. VI, 5.6]. □ 

13.1.5. Recall from NS0O8 a that KGLq is canonically isomorphic (with respect to the orientation 
112. 2. 2[) to the universal oriented rational ring spectrum with multiplicative formal group law 
introduced in [NS0O8] . The isomorphism of the preceding corollary shows in particular that Hb 
is obtained from KGLq by killing the elements f3 n for In particular, this shows that Hb 

is canonically isomorphic to the spectrum denoted by LQ in [NS0O8], which corresponds to the 
universal additive formal group law over Q. This implies that Hb has a natural structure of a 
(commutative) ring spectrum. 

Proposition 13.1.6. The multiplication map 

H : H B ® H B -> H B 

is an isomorphism. 

This trivially implies that the following map is an isomorphism: 
(13.1.6.1) I^tj-.Hb^Hb^Hb. 

Proof. It is enough to treat the case S = Spec (Z). We will proove that the projector 

if) '. Hb ® Hb Hb ^ H B <8 H B 

is an isomorphism (in which case it is in fact the identity). We do that for the isomorphic ring 
spectrum LQ. 

Let H top Q be the topological spectrum representing rational singular cohomology. In the ter- 
minology of INS0O8I , LQ is a Tate spectrum representing the Landweber exact cohomology wich 
corresponds to the Adams graded Mt7* algebra Q obtained by killing every generators of the 
Lazard ring MU*. The corresponding topological spectrum is of course H top Q. 
According to NS0O8, 9.2], the spectrum E = LQ&LQ is a Landweber exact spectrum correspond- 
ing to the M[/*-algebra Q ®mu, Q = Q. In particular, the corresponding topological spectrum 
is simply H top Q. Thus, according to [NS0O8[ 9.7], applied with F = E = LQ ® LQ, we get an 
isomorphism of Q-vector spaces 

End(LQig) LQ) = Hom Q (Q, £**) = Q. 

Thus ip — X.Id for A 6 Q. But A = is excluded because if) is a projector on a non trivial factor, 
so that we can conclude. □ 

13.2. Localization with respect to rational K-theory. 

Definition 13.2.1. Let S be any scheme. 

We say that an object E of D A i (S, Q) is Hb -acyclic if Hb <E) E = in D A i (S, Q) . A morphism 
of D A i (S, Q) is an Hb- equivalence if its cone is 7?B-acyclic (or, equivalently, if its tensor product 
with Hb is an isomorphism). 

An object M of D A i (S, Q) is HB-local if, for any iJe-acyclic object E, the group Hom(_B, M) 
vanishes. 

We denote by DMb(S) the Verdier quotient of D A i(S', Q) by the localizing subcategory made 
of i?B-acyclic objects (i.e. the localization of D A i(5', Q) by the class of i?B-equivalences). 
The objects of DMb (S) are called the Beilinson motives. 

Proposition 13.2.2. An object E o/D A i(S f , Q) is HB-acyclic if and only if we have KGLq<E>E = 
0. 
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Proof. This follows immediately from property (K5) (see I13.1.1[) and lemma 113.1.41 □ 

Proposition 13.2.3. The localization functor D ^i (S ', Q) — » DMb(5) admits a fully faithful right 
adjoint whose essential image in T)j^i(S,Q,) is the full subcategory spanned by H^-local objects. 
More precisely, there is a left Bousfield localization of the stable model category of symmetric Tate 
spectra Sp(5, Q) by a small set of maps whose homotopy category is precisely DMb(<5). 

Proof. For each smooth iS-scheme X and any integers n,i € Z, we have a functor with values in 
the category of Q-vector spaces 

Fx.aa = Hom DAl(s , Q) (S 00 Q s (X), J ff B ® (-)(*)[«]) : Sp(5, Q) -> Q-mod 

which preserves filtered colimits. We define the class of H^-weak equivalences as the class of 
maps of Sp(5, Q) whose image by Fx,n,i is an isomorphism for all X and n, i. By virtue of 
BekOQj Prop. 1.15 and 1.18], we can apply Smith's theorem [BekOOi Theorem 1.7] (with the class 
of cofibrations of Sp(5, Q)), which implies the proposition. □ 

Remark 13.2.4. We shall often make the abuse of considering DMb(S) as a full subcategory in 
Da 1 q(^), with an implicit reference to the preceding proposition. 

Note that Hb -acyclic objects are stable by the operations /* and /j, so that we obtain a 
premotivic category DMb together with a premotivic adjunction: 

[3* : D A i,q «=* DM B : /?*■ 

Proposition 13.2.5. The spectrum Hb is Hb -local and the unit map t)h b : 1 — ► Hb is an 
Hb~ equivalence in D A i(5, Q). 

Proof. The unit map rj : Is — > Hb,s is an _ffB-equivalence by 113.1.51 

Consider a rational spectrum E such that E ® Hb = and a map f : E —> Hb ■ It follows 
trivially from the commutative diagram 

/ 




that / = 0, which shows that Hb is -He -local. □ 

Corollary 13.2.6. The family of ring spectra Hb,s comes from a cofibrant cartesian commutative 
monoid of the symmetric monoidal fibred model category of Tate spectra over the category 

of schemes. 

Proof. By virtue of proposition 113.2.51 and of corollary 14.1.91 there exists a cofibrant commuta- 
tive monoid in the model category of symmetric Tate spectra over Spec (Z) which is canonically 
isomorphic to Hb z i n D A i (Spec (Z) , Q) (as commutative ring spectrum). For a morphism of 
schemes / : S — > Spec (Z), we can then define Hb,s as the pullback of Hb.z (at the level of the 
model categories); using proposition 14. 1 . ITl we see that this defines a cofibrant cartesian commu- 
tative monoid on the fibred category of spectra which is isomorphic to Hb,s as commutative ring 
spectra in D A i (5, Q). □ 

13.2.7. From now on, we shall assume that Hb is given by a cofibrant cartesian commutative 
monoid of the symmetric monoidal fibred model category of Tate spectra over the category of 
schemes. By virtue of propositions 14.2.101 and [4.2. 16|) . we get the motivic category Ko(Hb- mod) 
of i/B-niodules, together with a commutative diagram of morphisms of premotivic categories 

D a i,q ^Ho(iiB-niod) 



DM B 

(any ifs-acyclic object becomes null in the homotopy category of i?B-modules by definition, so 
that Hb ® (— ) factors uniquely through DMb by the universal property of localization). 
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Proposition 13.2.8. The forgetful functor U : Ho(H^-mod)(S) — > D A i (S, Q) is fully faithful. 
Proof. We have to prove that, for any i?B,s-module M, the map 

H B .s <g> M — > M 

is an isomorphism in D A i ,q{S). As this is a natural transformation between exact functors which 
commute with small sums, and as D A i q is a compactly generated triangulated category, it is 
sufficient to check this for M = Hb,s ® E, with E a (compact) object of D A i q(<S) (see 14.2.6]) . In 
this case, this follows immediately from the isomorphism (|13.1.6.1|) . □ 

Theorem 13.2.9. The functor DMb(<S*) — > Ho(i/B,s-mod) is an equivalence of categories. 

Proof. This follows formally from the preceding proposition by definition of DMb (see for instance 
[GZnTl Chap. I, Prop. 1.3]). □ 

Remark 13.2.10. The preceding theorem shows that the premotivic category Ho(i?B-mod) as 
well as the morphism D A i q — > Ho(He- mod) are completely independent of the choice of the 
strictification of the (commutative) monoid structure on given by corollary 1 13. 2. 61 

Corollary 13.2.11. DMb — Ho(_ffB-mod) is a Q-linear motivic category. 

Proof. This follows from proposition ^. 2.161 and theorcm ll3.2. 91 that DMb is pregeometric (because 
D A i q is so, by |6T2~2"l) . We conclude with corollary [2~4~T8l □ 

Remark 13.2.12. One can prove also that DMb is motivic much more directly: this follows from the 
fact that D a i q is motivic and that the six Grothcndicck operations preserve ifs-acyclic objects, 
so that all the properties of D A i q induce their analogs on DMb by the 2-universal property of 
localization (we leave this as an easy exercise for the reader). 

Definition 13.2.13. For a scheme X, we define its Beilinson motivic cohomology by the formula 

H«{X, Q(p))= Hom DME (x)(lx, ljf (p)[g]) • 

We can now justify the terminology of Beilinson motives: 

Corollary 13.2.14. For any regular scheme X , we have a canonical isomorphism 

H«(X,Q(p))~GrPK 2p _ q (X) Q . 

Note also the following nice description of Beilinson motives: 

Corollary 13.2.15. Let E be a rational spectrum over S. The following conditions are equivalent: 
(i) E is a Beilinson motive (i.e. is in the essential image of the right adjoint of the localization 

functor D A i q — > DMb ); 
(ii) E is Hu-local; 

(Hi) the map r\ ® 1e '■ E — » ® E is an isomorphism; 

(iv) E is an H^-module in D A i q; 

(v) E is admits a strict H^-module structure. 

If, in addition, E is a commutative ring spectrum, these conditions are equivalent to the following 
ones: 

(Ri) E is orientable; 
(Rii) E is an H^-algebra; 

(Riii) E admits a unique structure of H^- algebra; 

And, if E is a strict commutative ring spectrum, these conditions are equivalent to the following 
conditions: 

(Riv) there exists a morphism of commutative monoids — > E in the stable model category of 
Tate spectra; 

(Rv) there exists a unique morphism He — » E in the homotopy category of commutative monoids 
of the category of Tate spectra. 
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Proof. The equivalence between statements (i)-(v) follows immediately from ll3.2.9l If E is a ring 
spectrum, the equivalence with (Ri) , (Rii) and R(iii) is a consequence of 111.2.101 and of the fact 
that MGLq is He-local; see |NS0O8l Cor. 10.6]. It remains to prove the equivalence with (Riv) 
and (Rv). Then, E is H B -\ocal if and only if the map E — > H B <8> E is an isomorphism. But this 
map can be seen as a morphism of strict commutative ring spectra (using the model structure 
of 14.1.81 applied to the model category of Tate spectra) whose target is clearly an i?B-algebra, so 
that (Riv) is equivalent to (ii). It remains to check that there is at most one strict f/E-algebra 
structure on E (up to homotopy), which follows from the fact that H B is the initial object in the 
homotopy category of commutative monoids of the model category given by theorem 14 . 1 . 81 applied 
to the model structure of proposition 113.2.31 □ 

Corollary 13.2.16. One has the following properties. 

(1) The ring structure on the spectrum H B is given by the following structural maps ( with the 
notations of \13.1.l\) . 

H B ® H B KGLq ® KGL Q KGLq ^ H B , 

q Vkgl^ KGLq ^> H B ■ 

(2) The map to : H B —> KGLq is compatible with the monoid structures. 

(3) Let H B [t, t^ 1 ] — ® ieZ H B (i)[2i] be the free H B -algebra generated by one invertible gener- 
ator t of bidegree (2, 1). Then the section u : Q(l)[2] — > KGLq induces an isomorphism 
of H B -algebras: 

iv-.H^r 1 ]^ KGLq. 

Proof. Property (1) follows from properties (2) and (3). Property (2) is a trivial consequence of 
the previous corollary. Using the isomorphisms (|13.1.4.1[) of lemma 113.1.41 we get a canonical 
isomorphism 

iez 

Through this isomorphism, the map j' u corresponds to the Adams decomposition (i.e. to the 
isomorphism (K5) of 113.1.1]) from which we deduce property (3). □ 

Remark 13.2.17. One deduces easily, from the preceding proposition and from [13.1.6( another 
proof of the fact that KGLq is a strict commutative ring spectrum. 

The isomorphism (3) is in fact compatible with the gradings of each term: the factor H B .t l is 
sent to the factor KGL^ l \ Recall also the parameter t corresponds to the unit /3 _1 in KGL*'* . 

Corollary 13.2.18. The Adams decomposition is compatible with the monoid structure on KGLq: 
for any integer i, j, I such that I ^ i + j . the following map is zero. 

KGL® ® KGL^ KGLq <g> KGLq KGLq KGL^ 

13.3. Motivic proper descent. 

Proposition 13.3.1. The motivic category DM B is separated on the category of noetherian quasi- 
excellent schemes. 

Proof. According to 12.3.91 it is sufficient to check that, for any finite surjective morphism / : T — > 
S, the pullback functor 

/* : DMb(5) — > DMb(T) 

is conservative. 

We proceed by noetherian induction on S. Using the localization property of DMb and the 
induction hypothesis, we can replace S by any dense open subscheme U, and / by the finite 
surjective morphism / Xj U. Thus, as S is quasi-excellent, we can assume it is regular. As / is 
finite surjective and T is quasi-excellent, we can even assume that T is regular. We can further 
assume that S and T are reduced (cf. I2.3.6p . As / is generically flat, we may assume that / is 
flat. Reasonning on each connected component of T, we can even suppose that / is globally free 
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of rank d — i.e. there exists an isomorphism of O^-modules /*Ot — Og. It is sufficient to prove 
that, for any Beilinson motive E over S, the adjunction map 

is a monomorphism in DMb. Using the projection formula in DMb applied to the finite morphism 
/ (point (v) of theorem 12.4.21]) . this latter map is isomorphic to 

(Ab -/./*(#b)) 

We are finally reduced to prove that the map i?E, s ~^ f*f*Hs,s is a monomorphism in DMb 
(any monomorphism of a triangulated category splits). As H B ,s is a direct factor of KGLqs, it 
is sufficient to find a retraction of the adjunction map 

KGLq^s —> f*f* KGLq^s , 

which follows from proposition 112.7.61 □ 

According to theorem 13.3.361 we deduce from the preceding proposition the following result: 

Theorem 13.3.2. The motivic category DMb satisfies h-descent over noetherian quasi- excellent 
schemes of finite dimension: for any such scheme X, any h-hypercovering p : 3£ — > X, and for 
any Beilinson motive E over X , the map 

p* : RT(X,E) -> RT(^,E) = RlimRr(l"„,£) 

n 

is an isomorphism in the derived category of the category of Q -vector spaces. 
13.4. Motivic absolute purity. 

Theorem 13.4.1. Let i : Z — > S be a closed immersion between regular schemes. Assume i is of 
pure codimension n. 

Then, considering the notations of \13.1.f\ definition \ 12. 5. 4\ and the identification (|13.1.4.1jl . 
the composed map 

H B>Z ^ KGLqz ^ i'KGL Q<s ^ i l H BtS (n)[2n] 

is an isomorphism. 

Proof. We have only to check that the above composition induces an isomorphism after applying 
the functor Hom(Qs(A), — (a) [b]) for a smooth S'-scheme X and a couple of integers (a, b) € Z 2 . 
Using Remark I12.5.5f 3). this composition is compatible with smooth base change and we can 
assume X — S. Let us consider the projector 

Pa : K^(S) Q = K r (S/S - Z) Q -» K r (S/S - Z) Q 

induced by n a oL a : KGLq — > KGLq, and denote by Kr (S/S—Z) (with r — 2a — b) its image. By 
virtue of Propostion [12.6.11 we only have to check that the following composite is an isomorphism: 

Pi : K^(Z) ^ K r (Z) Q ^ K r (S/S - Z) Q ^ R(. a+n \S/S - Z). 

From [12.5.21 the morphism pi is functorial with respect to Tor-independant cartesian squares of 
regular schemes (cf. 112. 5. 1|) . Thus, using again the deformation diagram (|12.6. 1 . we get a 
commutative diagram 

Ki a) {Z) > ^r a) (A^) "< K { r a) (Z) 

Pi Ps 

K ( r a+n) {S/S - Z) »- K { r a+n) (D/D - A x z ) -< K ( r a+n) {P/P - Z) 

in which any of the horizontal maps is an isomorphism (as a direct factor of an isomorphism). 
Thus, we are reduced to the case of the closed immersion s : Z — * P, canonical section of the 
projectivisation of a vector bundle E (where E is the normal bundle of the closed immersion i). 
Moreover, as the assertion is local on Z, we may assume E is a trivial vector bundle. 
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Let p : P — > Z be the canonical projection, j : P—Z — > P the obvious open immersion. Consider 
the element w = [0(1)] — 1 S K (P). Because v has virtual rank 0, it belongs to Kq(P). 
Recall that, according to the projective bundle formula, the horizontal lines in the following 
commutative diagram are split short exact sequences: 

K r (P/P - Z) Q — ^ K r (P) Q C K r (P - Z) Q 

| | | 

->- K { r a+n) (P/P -Z)^ K^ a+n) (P) K { r a+n) {P-Z)^ 0. 

By assumption on E, v n lies in the kernel of j* and the diagram allows to identify the graded 
piece Ki a+n) (P/P - Z) with the submodulc of K ( r a+n) (P) of the form K ( r a) {Z).v n . 

On the other hand, j*s» = 0: there exists a unique element e £ K (Z) such that s»(l) = p*(e).v n 
in Kq(P). From the relation p„s»(l) = 1, we obtain that e is a unit in K (Z), with inverse the 
element p*(v n ). By virtue of [BGI711 Exp. VI, Cor. 5.8], p*(v") belongs to the 0-th 7-graded part 
of Ko(P)q so that the same holds for its inverse e. In the end, for any element z £ K r (Z), we get 
the following expression: 

s*( z ) = s*(l.s*p*(z)) = s*(l).p*(z) = p*(e.z).v n . 
Thus, the commutative diagram 

K { r a) {Z) K r (Z) Q K r (P/P - Z) Q Ki a+n \p/P - Z) 

V 

Kr(P) Q Ki n) (P) 

implies that the isomorphism q.7 1 preserves the 7-filtrations (up to a shift by n). Hence it induces 
an isomorphism on the graded pieces by functoriality. □ 

14. CONSTRUCTIBLE MOTIVES 

14.0. Consider as in l2.0l a base scheme S and an adequate category 5? of 5-schemes. In sections 
I14.ll and ll4.3l we assume in addition: 

(a) Any scheme in 5? is quasi-excellent. 

We let as usual Sm be the adequate class of morphisms in 5? which are smooth of finite type, and 
we fix a stable combinatorial .Sm-fibred model category ^# over £f such that: 

(b) Ho(./#) is a motivic category over 5? . 

(c) Ho(.<#) is r-generated where r is a set of twists which is stable under negative Tate twists. 
As usual, the geometric section of Ho(^f) will be denoted by M. 

This situation will be fixed in this entire section with a notable exception for paragraph 1 1 4 . 2 . II 
and proposition 114.2.21 which can be applied to an arbitrary category endowed with an ad- 
missible class of morphisms 2? , and to a cofibrantly generated ^-fibred model category ^# over 

14.1. Finiteness theorems. The aim of this section is to define the notion of r-constructibility 
in Ho( t ^) and to study its stability properties under six operations of Grothendieck. 

Definition 14.1.1. For a scheme X in S*, we denote by Ho(^#) c (X) the sub category of t- 
constructible objects in Ho(.^#)(A); see ll.4.7l 

Proposition 14.1.2. Assume that, for any scheme X, the triangulated category Ho(.-#)(X) ad- 
mits finite sums and that, for any smooth X scheme Y and any n £ t, the object Mx(Y){n} is 
compact. Then, an object o/Ho(^)(A) is r- constructible if and only if it is compact. 




Proof. If 2? is any compactly generated triangulated category, then, for any small family C of 
compact generators, the thick triangulated category of & generated by C consists exactly of the 
compact objects of SF . □ 
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Example 14.1.3. If S is a noetherian scheme of finite dimension, then the constructible objects of 
T)j±i(S, A) (resp. of DMu(5)) are precisely the compact objects. 

Proposition 14.1.4. If M and N are r- constructible in Ho(^)(X), so is M (g) x N. 

Proof. For a fixed M, the full subcategory of Ho(^)(X) spanned by objects such that M <S> X N 
is r-constructible is a thick triangulated subcategory of Ho(./4f)(X). In the case M is of shape 
Mx(y){n} for Y smooth over X and n S r, this proves that M ®\ N is r-constructible whenever 
N is. By the same argument, using the symmetry of the tensor product, we get to the general 
case. □ 

Similarly, one has the following conservation property. 

Proposition 14.1.5. For any morphism f : X — » Y of schemes, the functor 

Lf* : Ylo{Jf){Y) -> Ba{JK){X) 
preserves r-constructible objects. If moreover f is smooth, the functor 

L/j : Ho(uT)P0 -» Ho(uT)(y) 
also preserves r-constructible objects. 

Corollary 14.1.6. The categories Ho(^#) c (X) form a thick triangulated monoidal Sm-fibred sub- 
category o/Ho( t <#). 

Proposition 14.1.7. Let X a scheme, and X = {J ieI Ui a covering of X by open subschemes. 
An object M o/Ho(^#)(A) is r-constructible if and only if its restriction to Ui is r-constructible 
in Ho(^#)(J7i) for all i 6 I. 

Proof. This is a necessary condition by |14.1.51 For the converse, as X is noetherian, it is sufficient 
to treat the case where / is finite. Proceeding by induction on the cardinal of I it is sufficient 
to treat the case of a covering by two open subschemes X = U U V. For an open immersion 
j :W — > X, write Mw = Ljj j*(M). If the restrictions of M to U and V are r-constructible, then 
so is its restriction to U D V, and we have a distinguished triangle 

M un v -> Mu © My — »■ M — » Mc/ny[l] 

in which Mw is constructible for W = U,V,U D V (using 114.1.51 again) , from which we deduce 
that M is r-constructible. □ 

Corollary 14.1.8. For any scheme X and any vector bundle E over X , the functors Th(E) and 
Th(—E) preserve r-constructible objects in Ho(./#)(X). 

Proof. To prove that Th{E) and Th(—E) preserves r-constructible objects, by virtue of the 
preceding proposition, we may assume that E is trivial of rank r. It is thus sufficient to prove that 
M(r) is r-constructible whenever M is so for any integer r. For we may assume that M = lx {n} 
for some n € r ( using [T4.1.5[) . this is true by assumption on r; see !14.0f c). □ 

Corollary 14.1.9. Let f : X — > Y a morphism of finite type. The property that the functor 

R/„ : Ho(^)(X) ^ Ho(^#)(Y) 

preserves r-constructible objects is local on Y with respect to the Zariski topology. 

Proof. Consider a finite Zariski covering {v t : Yi — > y},- e j, and write fi : X; — > y for the pullback 
of / along Vi for each i in /. Assume that the functors R/j,* preserves r-constructible objects; we 
shall prove that R/* has the same property. Let M be a r-constructible object in Ho(^#)(X). 
Then for i £ I, using the smooth base change isomorphism (for open immersions), we sec that the 
restriction of R/„ (M) to Yi is isomorphic to the image by R/j * of the restriction of M to X i: hence 
is r-constructible. The preceding proposition thus implies that R/*(M) is r-constructible. □ 

Proposition 14.1.10. For any closed immersion i : Z — > A, the functor 

Hi, : Ho(.,#)(Z) -> Ho(.^)(A) 

preserves r-constructible objects. 
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Proof. By virtue of corollary 114.1.91 we may assume that X is affine. The category Ho(^) c (Z) 
is then the thick subcategory of Ho(.#)(Z) generated by the objects of shape Mz(Y ){n} for Y 
affine and smooth over Z, and n S r. By virtue of [GD671 18.1.1], for any affine and smooth 
Z-scheme Yq, there exists a smooth and affine X-scheme Y whose pullback along i is isomorphic 
to Yq. Therefore, the category Ho(^) c (Z) is the the thick subcategory of Ho(^#)(Z) generated 
by the objects of shape Lz*(M), where M is a r-constructible object in Ho(^)(X). To prove 
the proposition, it is thus sufficient to prove that the functor Ri* Lz* preserves T-constructible 
objects. Let j : U — * X be the complement open immersion. We then have distinguished triangles 

L?«r(M) M -f Ri„ Lz*(Af) Lj tt i*(M)[l] . 

If M is r-constructible, then so is Ljjj j*(M) by virtue of 114.1.51 which concludes. □ 

Corollary 14.1.11. Let i : Z — > X fee a closed immersion with open complement j : U —* X . an 
object M ofHo(^)(X) is r-constructible if and only if j*{M) and Li*(A/) are r-constructible in 
Ho(^#)(J7) and Ho(^#)(Z) respectively. 

Proof. We have a distinguished triangle 

Lji M -> Rz* L»*(M) -+ Lj t f(M)[l] . 

Hence this assertion follows from propositions 114.1.51 and 114.1.101 □ 

Proposition 14.1.12. If f : X —>Y is proper, then the functor 

Rf. : Ho(^#)(X) -> Ho{JZ)(Y) 

preserves r-constructible objects. 

Proof. We shall first consider the case where / is projective. As this property is local on Y 
(corollary I14.1.9|l . we may assume that / factors as a closed immersion % : X — > Py followed by 
the canonical projection p : P y — » V. By virtue of proposition 1 14 . 1 . IU1 we can assume that / = p. 
In this case, the functor Rp* is isomorphic to Lpjj composed with the quasi-inverse of the Thorn 
endofunctor associated to the cotangent bundle of p; see l2.4.2T1 (iii). Therefore, the functor Rp* 
preserves r-constructible objects by virtue of proposition 1 1 4 . 1 . 5l and of corollarv ll4.1.8l The case 
where / is proper follows easily from the projective case, using Chow's lemma and cdh-descent 
(the homotopy pullback squares (13.3.8. lj) ). by induction on the dimension of X. □ 

Corollary 14.1.13. If f : X —>Y is separated of finite type, then the functor 

/, : Ho(.#)(X) — Ho(^)(F) 

preserves r-constructible objects. 

Proof. It is sufficient to treat the case where / is either an open immersion, either a proper 
morphism, which follows respectively from 114.1.51 and 114.1.121 □ 

Proposition 14.1.14. Let X be a scheme. The category of r-constructible objects in Ho(~#)(X) 
is the smallest thick triangulated subcategory which contains the objects of shape R/*(1x'{h}), 
where f : X' —> X is a (strictly) projective morphism, and n 6 r. 

Proof. See |Ayo07a[ lemma 2.2.23]. □ 

Theorem 14.1.15 (Gabber's weak local uniformisation). Let X be a scheme, and Z C X a 
nowhere dense closed subscheme. Then there exists a finite h-covering {fi : Yi — * X}i e i such that 
for all i in I, fi is a morphism of finite type, the scheme Yi is regular, and f~ (Z) is either empty 
or the support of a strict normal crossing divisor in Yi . 

See |Gab05[ 111109] for a sketch of proof. A complete argument will be appear in |ILO] , Note 
that, if we are only interested by schemes of finite type over Spec(i?), for R either a field, a 
complete discrete valuation ring, or a Dedekind domain whose field of functions is a global field, 
this is an immediate consequence of de Jong's resolution of singularities by alterations; see |dJ96] , 
One can also deduce the case of schemes of finite type over an excellent noetherian scheme of 
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dimension lesser or equal to 2 from |dJ97j ; see theorem 114.3.51 and corollary 114.3.61 below for a 
precise statement. 

Lemma 14.1.16. Let j : U — > X be a dense open immersion in . Then, there exists the 
following data: 

(i) a finite h-covering {/j : Yi — > X}i^i such that for all i in I, fi is a morphism of finite 
type, the scheme Yi is regular, and f[~ (U) is either Yi itself or the complement of a strict 
normal crossing divisor in Yi; we shall write 

f:Y = Y[Y l ^X 

for the induced global h-covering; 
(ii) a commutative diagram 



(14.1.16.1) 




in which: p is a proper birational morphism, X' is normal, u is a Nisnevich covering, and 
q is a finite surjective morphism. 

Let T (resp. T' ) be a closed subscheme of X (resp. X' ) and assume that for any irreducible 
component Tq of T, the following inequality is satisfied: 

(14.1.16.2) codimx'(T') >codim x (T ), 

Then, possibly after shrinking X in an open neighbourhood of the generic points of T in X , one 
can replace X" by an open cover and X'" by its pullback along this cover, in such a way that we 
have in addition the following properties: 

(Hi) p(T') C T and the induced map T' — > T is finite and pseudo-dominant)^ 
(iv) if we write T" = u (T'), the induced map T" — > T" is an isomorphism. 

Proof. The existence of / : Y —> X as in (i) follows from Gabber's weak uniformisation theorem, 
while the commutative diagram (114.1. 16. ip satisfying property (ii) is ensured by lemma [3.3.271 

Consider moreover closed subschemes T C X and T' C X' satisfying (|14. 1 . 16.2|) . 

We first show that, by shrinking X in an open neighbourhood of the generic points of T and 
by replacing the diagram (|14.1.16.1[) by its pullback over this neighbourhood, we can assume 
that condition (iii) is satisfied. Note that shrinking X in this way does not change the condition 
(|14.1.16.2[) because codimx(T ) does not change and codimx'(T") can only increase 

Note first that, by shrinking X, we can assume that any irreducible component Tq of T 1 dom- 
inates an irreducible component Tq of T. In fact, given an irreducible component Tq which does 
not satisfies this condition, p(Tq) is a closed subscheme of X disjoint from the set of generic points 
of T and replacing X by X - /(Tq), we can throw out Tq. 

Further, shrinking X again, we can assume that for any pair (Tq,Tq) as in the preceding 
paragraph, p(Tq) C T . In fact, in any case, as p(Tq) is closed we get that T C p{Tq). Let Z be 
the closure of p{T(y) — T in X. Then Z does not contain any generic point of T (because p(Tq) is 
irreducible), and p(Tq) D (X — Z) c Tq. Thus it is sufficient to replace X by X — Z to ensure this 
assumption. 



Recall from [77T731 that this means that any irreducible component of T" dominates an irreducible component 

of T. 

^Remember that for any scheme X, codimx(£?) = +oo. 
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Consider again a pair (Tq, T ) as in the two preceding paragraphs and the induced commutative 
square: 

n — ~x> 

(14.1.16.3) po p 

T *X 

We show that the map po is generically finite. In fact, this will conclude the first step, because 
if it is true for any irreducible component Tq of T", we can shrink X again so that the dominant 
morphism po : Tq — > Tq becomes finite. 

Denote by d (resp. c) the codimension of T in X (resp. Tq in X'). Note that (|14.1.16.2[) gives 
the inequality d > c. Let to be the generic point of Tq, O the localization of X at to and consider 
the pullback of (|14.1.16.3j) : 

w — *-0' 

(14.1.16.4) 90 9 

M — ^n. 

We have to prove that dim(VK') = 0. Consider an irreducible component O,' of ft' containing W 7 . 
As q is still proper birational, O corresponds to a unique irreducible component CIq of ft such that 
q induces a proper birational map fl — > Qo. According to |GD67| 5.6.6], we get the inequality 

dim(D ) < dim(O )- 

Thus, we obtain the following inequalities: 

dim(W') < dim(ft ) - codim n > (W') < dim(ft ) - codimnj (W) < dim(Q) 

As this is true for any irreducible component Q' Q of Vt', we finally obtain: 

dim(W') < dim(fi) - codimn'(W) <c-d 

and this concludes the first step. 

Keeping T' and T as above, as the map from T" to T' is a Nisnevich covering, it is a split 
epimorphism in a neighbourhood of the generic points of T' in A'. Hence, as the map X' — » A 
is proper and birational, we can find a neighbourhood of the generic points of T in X over which 
the map T" — > T" admits a section s : T' — > T" '. Let 5 be a closed subset of A" such that 
T" = s(T') U 5 (which exists because A" A' is etale). The map (A" - T") n (A" — S) —> X' 
is then a Nisnevich covering. Replacing A" by (A" - T") U (A" - S) (and X'" by the pullback of 
A'" -> A" along {X" - T") II (X" - S) A'), we may assume that the induced map T" -> T' is 
an isomorphism, without modifying further the data f,p,T and T' . This gives property (iv) and 
ends the proof the lemma. □ 

14.1.17. Let & be a full Open-fibred subcategory of Ho(^#) (where Open stands for the class of 
open immersions). We assume that & has the following properties. 

(a) for any scheme A in 5? , 2?{X) is a thick subcategory of Ho(^)(A) which contains the 
objects lx{n}, n s r; 

(b) for any separated morphism of finite type / : A — > Y in ^ is stable under /i; 

(c) for any dense open immersion j : U — > A, with A regular, which is the complement of a 
strict normal crossing divisor, Rj*(l[/{n}) is in S?(U) for any n G r. 

Properties (a) and (b) have the following consequences: any r-constructible object belongs to 3?; 
given a closed immersion i : Z — > X with complement open immersion j : U — * A, an object M 
of Ho(^)(A) belongs to ST(X) is and only if j*(M) and Li*(M) belongs to &(U) and ^(Z) 
respectively; for any scheme A in 5? , the condition that an object of Ho(^)(A) belongs to &(X) 
is local over A for the Zariski topology. 



- codimjv (W ). 
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Theorem 14.1.18. Under the assumptions of \14-l.T7\ if moreover Ho(^#) is Q-linear and sep- 
arated, then, given a morphism of finite type f : X — > Y , for any T-constructible object M of 
Ko(j?)(X), the object R/*(M) belongs to &(Y). 

Proof. It is sufficient to prove that, for any dense open immersion j : U — > X , and for any n £ t, 
the object Rj*(l(y{n}) is in i^. Indeed, assume this is known. We want to prove that R/*(M) 
is in &{Y) whenever M is r-constructible. We deduce from property (b) of 114.1.171 and from 
proposition 114. 1.141 that it is sufficient to consider the case where M = tx{n}, with n 6 r. Then, 
as this property is assumed to be known for dense open immersions, by an easy Mayer- Vietoris 
argument, we see that the condition that R/*(lx{^}) belongs to & is local on X with respect to 
the Zariski topology. Therefore, we may assume that / is separated. Consider a compactification 
of /, i.e. a commutative diagram 

Y^Y 

f 

X 

with j a dense open immersion, and / proper. By property (b) of 114.1.171 we may assume that 
/ = j is a dense open immersion. 

Let j : U — ► X be a dense open immersion. We shall prove by induction on the dimension of 
X that , for any n £ r, the object Rj*(l^{n}) is in S? . The case where X is of dimension < 
follows from the fact the map j is then an isomorphism, which implies that Ljj ~ Rj* , and allows 
to conclude (because & is Open-fibred). 

Assume that dim A > 0. Following an argument used by Gabber |Gab05j in the context of 
^-adic sheaves, we shall prove by induction on c > that there exists a closed subscheme TcXof 
codimension > c such that, for any n £ r, the restriction of Hj*(ljj{n}) to X — T is in &{X — T). 
As X is of finite dimension, this will obviously prove theorem 114.1.181 

The case where c = is clear: we can choose T such that X — T = U. If c > 0, we choose 
a closed subscheme T of X, of codimension > c — 1, such that the restriction of Rj*(l(/{n}) to 
X — T is in 2? . It is then sufficient to find a dense open subscheme V of X, which contains all 
the generic points of T, and such that the restriction of R_7»(lj/{n}) to V is in 3F; for such a V, 
we shall obtain that the restriction of Rj*(l;y{n}) to V U (X — T) is in 3* , the complement of 
V U (X — T) being the support of a closed subscheme of codimension > c in X. In particular, 
using the smooth base change isomorphism (for open immersions), we can always replace A by a 
generic neighbourhood of T. It is sufficient to prove that, possibly after shrinking X as above, the 
pullback of Rj»(l[7{n}) along T — + A is in (as we already know that its restriction to A — T 
is in 

We may assume that T is purely of codimension c. We may assume that we have data as 
in points (i) and (ii) of lemma 114.1.161 We let j' : U' — > A' denote the pullback of j along 
p : X' — > X. Then, we can find, by induction on c, a closed subscheme T 1 in A', of codimension 
> c — 1, such that the restriction of Rj*(l(y {n}) to A' — T" is in ST, By shrinking A, we may 
assume that conditions (iii) and (iv) of lemma 114.1.161 are fulfilled as well. 

For an A-scheme w : W — > A and a closed subscheme Z C W, we shall write 

<p(W, Z) = Rw, Ri* Li* Rjw,* 3w(^-w{n}) > 

where i : Z ^ W denotes the inclusion, and jw '■ Wjj — » stands for the pullback of j along w. 
This construction is functorial with respect to morphisms of pairs of A-schemes: if W — > W is a 
morphism of A-schemes, with Z' and Z two closed subschemes of W and respectively, such 
that Z' is sent to Z, then we get a natural map <p(W, Z) — > tp(W' , Z'). Remember that we want 
to prove that (p(X,T) is in This will be done via the following lemmas (which hold assuming 
all the conditions stated in lemma [14. 1.161 as well as our inductive assumptions). 

Lemma 14.1.19. The cone of the map <p(X,T) -> <p(X',T') is in S? . 

The map <p(X,T) -> cp(X',T') factors as 

^(A,T) - ^(A'^-^T)) - T'). 
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By the octahedral axiom, it is sufficient to prove that each of these two maps has a cone in 3 . 

We shall prove first that the cone of the map <£(A',p _1 (T)) — > ip(X',T') is in 3? . Given an 
immersion a : S — > A', we shall write 



M s = a\ La*(M) 



We then have distinguished triangles 



1 p- 1 {T)-T' — ► M p -i( T ) — > 1V1T' — > JWp-i(T)- 

For M — R^(l;7'{n}) (recall j' is the pullback of j along p) the image of this triangle by Rp* 
gives a distinguished triangle 

ip(X',p- x (T)) -» <^(A',T') -> R^(M p 



M„ 



<[1] 



Rp*(M 3 



p-i(T)-T 



) 



)[1] 



As the restriction of M = Hj^lw {n}) to X' — T' is in i/" by assumption on T", the object 
M p -xrr)-T' 15 m ^ as wei l (by property (b) of !14.1.l7l and because 3" is Open- fibred), from which 
we deduce that Tlp*(M p -i/T)-T') is m & (using the condition (iii) of lemma [14.1.161 and the 
property (b) of I14.1.17j) . 

Let V be a dense open subscheme of X such that p _1 (V") — » F is an isomorphism. We 
may assume that V C U, and write i : Z — > {/ for the complement closed immersion. Let 
pu : U' — — > {/ be the pullback of p along j, and let Z be the reduced closure of Z in X. 
We thus get the commutative squares of immersions below, 



Z — ^ Z Z' ■ 

i and 



U- 



X 



u'- 



Z' 



X' 



where the square on the right is obtained from the one on the left by pulling back along p : X' — > X . 
As p is an isomorphism over V, we get by cdh-descent (proposition 13 . 3 . 9|) the homotopy pullback 
square below. 

lu{n} *- Rpu^(lu'{n}) 



Ri*Li*(l z {n}) ^Ri*Li*Rpi7,*(l!7'{n}) 

If a : T — > X denotes the inclusion, applying the functor Ra* La* Rj„ to the commutative square 
above, we see from the proper base change formula and from the identification Rj* Ri» ~ RZ* Rfc* 
that we get a commutative square isomorphic to the following one 

<p(X,T) *<p(X',p-\T)) 



v{z, znT) — - <p(z', P -\z n r)) , 

which is thus homotopy cartesian as well. It is sufficient to prove that the two objects (f(Z, ZnT) 
and <p(Z' \p~ x {Z n T)) are in ST. It follows from the proper base change formula that the object 
ip(Z, Z fl T) is canonically isomorphic to the restriction to T of RZ» Rfc»(l^{ri}). As dimZ < 
dim A, we know that the object Rfc*(l.z{n}) is in 3". By property (b) of 114.1. 17t we obtain 
that Lp(Z,Z n T) is in ST. Similarly, the object <p(Z' ,p~ 1 (Z n T)) is canonically isomorphic to 
the restriction of Rp* RZ* Rfc^(l^/{n}) to T, and, as dimZ' < dim A' (because, p being an 
isomorphism over the dense open subscheme V of A, Z' does not contain any generic point of 
A'), RK(l z >{n}) is in ST. We deduce again from property (b) of 114.1. 171 that ip(Z' ,p~ l {Z C\T)) 
is in 3 as well, which achieves the proof of the lemma. 

Lemma 14.1.20. The map <p(X',T') -> tp(X",T") is an isomorphism in Ho(^)(A). 
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Condition (iv) of lemma [14.1.161 can be reformulated by saying that we have the Nisnevich distin- 
guished square below. 

X" - T" > X" 



X' — T' ■ 



X' 



This lemma follows then by Nisnevich excision (proposition 13.3.4")) and smooth base change (for 
etale maps). 

Lemma 14.1.21. Let T'" be the pullback ojT" along the finite surjective morphism X'" — > X" . 
The map tp(X" ,T") cp(X"' ,T"') is a split monomorphism in Ho(^#)(X). 

We have the following pullback squares 



rp/i 



rpll 



x'- 



■U" 



X" 



U' 



in which j" and j'" denote the pullback of j along pu and puq respectively, while s and t are the 
inclusions. By the proper base change formula applied to the left hand square, we see that the 
map ip(X",T") — > ip(X'", T'") is isomorphic to the image of the map 

R£'(lir« W) -> R<Z* R<Z* Rj':(lu»{n}) -> Rg* Rj? (lu,»{n}) . 



by R/»Ls*, where / : T" 
assumption) . As Rq* Rf" 



* T is the map induced by p (note that / is proper as T" ~ T" by 
Rj'J Rqc/,*, we are thus reduced to prove that the unit map 



lu»{n} -► R g;7 ,*(lc/'''W) 



X' is 



is a split monomorphism. As X" is normal (because X' is so by assumption, while X" 
etale), this follows immediately from corollary |3.3.39l 

Now, we can finish the proof of theorem 114.1.181 Consider the Verdier quotient 

D = Ko{.^)(X)/3 r (X) . 

We want to prove that, under the conditions stated in lemma [14. 1.161 we have ip(X, T) ~ in D. 
Let 7r : T'" — > T be the map induced by puq : X 1 " —> X. If a : T"" — > V denotes the map induced 
by g : X'" — » y, and j'y : ^c/ — > ^ the pullback of j by /, we have the commutative diagram 
below. 

<p(X, T) <p(X'», T'") 



R7r* La* Rj^*(ly (7 {n}) 

By virtue of lemmas 114.1.191 114.1.211 and 114.1.201 the horizontal map is a split monomorphism 
in D. It is thus sufficient to prove that this map vanishes in D, for which it will be sufficient 
to prove that R7r* La* Rjy*(l>v{n,}) is in 3~ . The morphism 7r is finite (by construction, the 
map T" — » T' is an isomorphism, while the maps T'" —> T" and T' —> T are finite). Under this 
condition, ST is stable under the operations R7r* and La*. To finish the proof of the theorem, 
it remains to check that Rjy*(ly [/ {n}) is in ST , which follows from property (c) of 114.1.171 (and 
additivity) . □ 

Definition 14.1.22. We shall say that Ho(^#) is weakly r-pure (or simply weakly pure) if it 
satisfies the following two conditions. 

(a) For any closed immersion i : Z — > X between regular schemes in S*, the image of tx {n}, 
n G r, by the exceptional inverse image functor v : Ho(^#)(A) — > Ho(.>tf)(Z) is r- 
constructible. 
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(b) For any scheme X, any n G r, and any r-constructible object M in Ho(./#)(X), the object 
RHomx(tx{n}, M) is r-constructible. 

Remark 14.1.23. Condition (b) of the definition above will come essentially for free if the ob- 
jects 1a"{»} arc 0-invcrt.iblc with r-constructible (8-quasi-inverse (which will hold in practice, 
essentially by definition). 

Example 14.1.24. By virtue of theorem ll3.4.1i the motivic category DMb is weakly pure. 

Lemma 14.1.25. Assume that Ho(^#) is weakly r-pure. Let i : Z — » X a closed immersion, with 
X regular, and Z the support of a strict normal crossing divisor. Then v(tx{n}) is r-constructible 
for any n G r. As a consequence, if j : U — + X denotes the complement open immersion, then 
Rj*(]L[/{n}) is r-constructible for any n G r. 

Proof. The first assertion follows easily by induction on the number of irreducible components of 
Z, using proposition 1 14. 1.71 The second assertion follows from the distinguished triangles 

Ri*i ! (M) -» M -» Rj, j*(M) -> Ri* i ] (M)[l] 

and from lemma [14. 1.101 □ 

Theorem 14.1.26. Assume that Ho(^#) is Q-linear, separated, and weakly r-pure. Then, for 
any morphism of finite type f : X — > Y , the functor 

R/» : Ho{JK){X) -> Ho(.#)(F) 

preserves r-constructible objects. 

Proof. By virtue of propositions 1 1 4 . 131 and [T4 . 1 . 1 21 as well as of lemma [T4. 1.251 if Ho(^#) is weakly 
r-pure, we can apply theorem 114.1.181 where & stands for the subcategory of r-constructible 
objects. □ 

Corollary 14.1.27. Assume that Ho(^#) is Q-linear, weakly r-pure, and separated. For any 
scheme X, and for any couple of r-constructible objects M and N in Ho(^#)(X) ; the object 
HHomx(M,N) is r-constructible. 

Proof. It is sufficient to treat the case where M = L/jj(ly{n}), for n G r and / : Y — > X a 
smooth morphism. But then, we have, by transposition of the SYra-projection formula, a natural 
isomorphism: 

RHom x (M,N) ~ R/* RHom(l Y {n}, f*(Nj) . 
This corollary follows then immediately from proposition 114.1.51 and from theorem 114.1.261 □ 

Corollary 14.1.28. Assume that Ho(^) is Q-linear, weakly r-pure, and separated. For any 
closed immersion i : Z — > X , the functor 

i- : Ho(>r)(X) Ho(^)(Z) 

preserves r-constructible objects. 

Proof. Let j : U — > X be the complement open immersion. For an object M of Ho(^#)(X), we 
have the following distinguished triangle. 

Ri* i ! (M) -> M -> Rj* j*(M) -> Ri* i ! (Af)[l] . 

By virtue of proposition 1 1 4 . 1 . 71 and theorem ll4. 1.261 if M is r-constructible, then Rj, j*(M) have 
the same property, which allows to conclude. □ 

Lemma 14.1.29. Let f : X — » Y be a separated morphism of finite type. The condition that the 
functor /• preserves r-constructible objects in Ho(^#) is /oca? ower X and over V /or the Zariski 
topology. 
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Proof. If u : X' — > X is a Zariski covering, then we have, by definition, u* = u' , so that, by 
proposition 114. lTTl the condition that /' preserves r-constructibility is equivalent to the condition 
that u* /• ~ (fu)~ preserves r-constructibility. Let v : Y' — ► Y be a Zariski covering, and consider 
the following pullback square. 




We then have a natural isomorphism u* /• ~ g~ v* , and, as u is still a Zariski covering, we deduce 
again from proposition 114. 1.71 that, if g- preserves r-constructibility, so does f'. □ 



Proposition 14.1.30. Assume that Ho(.4#J is Q-linear, weakly r-pure, and separated. Then, for 
any separated morphism of finite type f : X — > Y , the functor 

f :Ho(uT)(y) -^Ho(.^)(X) 

preserves r-constructible objects. 

Proof. By virtue of the preceding lemma, we may assume that / is affine. We can then factor / 
as an immersion i : X — > Ay followed by the canonical projection p : A y — > y. The case of an 
immersion reduces to the case of an open immersion (|14.1.5[) and to the case of a closed immersion 
(|14.1.28p . Thus we may assume that / = p, in which case p ] ~ p*(— )(n)[2n], so that we conclude 
by |14.1.5l and ll4.1.10l □ 

In conclusion, we have proved: 

Theorem 14.1.31. If Ho(J') is Q-linear, weakly r-pure, and separated, then r-constructible 
objects o/Ho(./#) are closed under the six operations of Grothendieck (induced by morphisms of 
finite type). In particular, Ho(^) c is a motivic category. 

14.2. Continuity. 

14.2.1. Let {S a } ae A be a pro-object in S*, with transition maps in and such that S = 
lim ^ A S a is representable in .y (we assume that A is a partially ordered set to keep the notations 
simple). For each index a, we denote by p a : S — > S a the canonical projection. Given an index 
ctQ G A and an object E ao in ^(S ao ), we write E a for the pullback of E ao along the map 
S a -> S ao> and put E = p* a (E a ). 

For each index a £ A, we choose a small set 7 a (resp. J a ) of generating cofibrations (resp. of 
generating trivial cofibration) in Ho(^)(S a ). We also choose a small set I (resp. J) of generating 
cofibrations (resp. of generating trivial cofibration) in Ho(^)(S). 

Consider the following assumptions. 

(a) Wc have / C IUaKCQ and J C \J aeA P*a( J <*)- 

(b) For any index ao, if C Qo and i? Qo are two objects of ^C(S ao ), with C Qo either a source or 
a target of a map in I ao U J Q[) , the natural map 



hm Hom^ r(Scv )(C a , J B Q ) Hom^ (s) (C, J5) 



is bijective. 



Proposition 14.2.2. Under the assumptions of \14-2.1\ for any index ao G A, i/ie pullback functor 
P*a ' - / ^('5'ao) ~~ * °d({S) preserves fibrations and trivial fibrations. Moreover, given an index 
ao £ A, as well as two objects C ao and E ao in ^(S aa ), if C ao belongs to smallest full subcategory 
o/Ho(^#)(S , ao ) which is closed under finite homotopy colimits and which contains the source and 
targets of I ao , then, the canonical map 



lim Hom Ho (^)( Sa )(C a , E a ) — > Hom Ho (_^)( S) (C, E) 



is bijective. 
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Proof. We shall prove first that, for any index ao £ A, the pullback functor p* a preserves fibrations 
and trivial fibrations. By assumption, for any a > ao, the pullback functor along the ^-morphism 
S a — ► S ao is both a left Quillen functor and a right Quillen functor. Let E aa — ► F ao be a trivial 
fibration (resp. a hbration) of J({S aa ). Let i : C — > D a generating cofibration (resp. a generating 
trivial cofibration) in ^(S). By condition (a) of 114.2. 1( we may assume that there exists a\ £ A, 
a cofibration (resp. a trivial cofibration) i ai : C ai —> D ai , such that i — p* ai {i ai )- We want to 
prove that the map 

Rom(D,E) -> Hom(C,£;) x Hom(c ,f) Hom(D,F) 
is surjective. But, by condition (b) of 114.2.11 this map is isomorphic to the filtered colimit of the 
surjective maps 

Kom(D a ,E a ) -> Hom(C a) E a ) x Ho m(c Q ,f Q ) Hom(Z? Q , F a ) 

with a > sup(ao, act), which proves the first assertion. To prove the second assertions, we may 
assume that C ao is cofibrant and that E ao if fibrant. The set of maps from a cofibrant object 
to a fibrant object in the homotopy category of a model category can be described as homotopy 
classes of maps. Therefore, using the fact that p* ao preserves cofibrations (and trivial cofibrations), 
fibrations and trivial cofibrations, we see it is sufficient to prove that the map 

lim Hom.jr( Sa )(C a ,E a ) -> Hom^ (s) (C, E) 

aSA 

is bijective for some nice cofibrant replacement of C Qo . But the assumptions on C ao imply that 
it is weakly equivalent to an object C' aQ such that the map — » C' aa belongs to the smallest 
class of maps in ^(S aa ), which contains I ao , and which is closed under pushouts and (finite) 
compositions. We may thus assume that C aa — C' ao . In that case, C ao is in particular contained 
in the smallest full subcategory of ^(S ao ) which is stable by finite colimits and which contains 
the source and targets of I ao . As filtered colimits commute with finite limits in the category of 
sets, we conclude by using again condition (a) of 114.2.11 □ 

Definition 14.2.3. We say that Ho(^#) is continuous if, given any scheme S in J?, and any 
projective system of schemes {5* Q } in S*, with affine transition maps, such that S = lim S a , for 
any index ao, and for any object E aa in Ho(^)(S' Qo ), the map 

Urn Hom Ho (^)( Stl )(lsJ)i},£ a ) -> Hom Ho( ^ )(s) (l s {n}, E) 

is bijective for any n £ r. 

The property of continuity allows to describe r-constructible objects over S in terms of t- 
constructible objects over the S a 's as follows. 

Proposition 14.2.4. Assume that Ho(^#) is continuous. Consider a scheme S in 5? , as well as a 
projective system of schemes {S a } in ,5f with affine transition maps, such that S = lim S a - Then, 
for any index ao, and for any objects C ao and E ao in Ho(^#)(S , ct0 ), if C ao is r-constructible, then 
the canonical map 

(14.2.4.1) lim Rom^^s^iCa, E a ) -> Hom Ho (^)(s)(C,-E) 

is bijective. Moreover, the canonical functor 

(14.2.4.2) 2-limHo(^r) c (5 Q ) Ho(.#) c (5) 

a 

is an equivalence of monoidal triangulated categories. 

Proof. To prove the first assertion, we may assume, without loss of generality, that C ao = 
Ms a (X ao ){n} for some some smooth S^-scheme of finite type X ao , and n £ r. Consider an 
object E ao in Ho(^#)(S' ct0 ). For a > ao, write X a (resp. E a ) for the pullback of X ao (resp. of 
E ag ) along the map S a — > i5 ao . Similarly, write X (resp. E) for the pullback of X ao (resp. of 
E ao ) along the map S — ► S ag . We shall also write E' a (resp. E') for the pullback of E a (resp. E) 
along the smooth map X a — > S a (resp. X — > S). Then, {X a } is a projective system of schemes 
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in 5? , with affine transition maps, such that X — lim X a . Therefore, by continuity, we have the 
following natural isomorphism, which proves the first assertion. 

lim Hom Ho( ^)( So ) (M Sa (X a ){n}, E a ) ~ lim Hom Ho (^)(x Q ) {«-}, E' a ) 

a a 

~Hom Ho (.^)(X)(lxW,£') 
~Hom Ho( ^ )(5) (Af 5 (X){n}, £) 

Note that the first assertion implies that the functor Q14.2.4.2p is fully faithful. Note that pseudo- 
abelian triangulated categories are stable by filtered 2-colimits. In particular, the source of the 
functor (|14.2.4.2|) can be seen as a thick subcategory of Ho(^#)(S). The essential surjectivity 
of (|14.2.4.2[) follows from the fact that, for any smooth S-scheme of finite type X, there exists 
some index a, and some smooth S a -scheme X a , such that X ~ S x$ a X a ; see [GD671 8.8.2 and 
17.7.8]: this implies that the essential image of the fully faithful functor (|14.2.4.2[) contains all the 
objects of shape Ms{X){n} for n 6 r and X smooth over S, so that it contains Ho(./#) c (S), by 
definition. □ 

An example: 

Theorem 14.2.5. The motivic categories D^i a an d DMjj are continuous. 

Proof. It is easy to check that, if Dai, a is continuous (for A = Q), then Ho(iJB-rnod) ~ DMrj is 
continuous as well. Hence it is sufficient to prove that Dai, a is continuous. We have fully faithul 
functors 

D A i,a(S)-P A i, a (S) 

fsee 16.1.91) . so that is is sufficient to prove that D A i^ is continuous. Using proposition 15.3.301 it 
is even sufficient to prove that D^ . is continuous. Let Sh Nis (S, A) be the abelian category of 
Nisnevich sheaves of A-modules over the category of affine S-schemes of finite type. We can see 
— A 1 a(^) as * ne m ^ subcategory of the derived category of D(Sh Nis (S, A)) spanned by A 1 -local 
complexes. As, for any morphism of schemes / : T — ► S, the pullback functor 

/* :D(Sh Nis (5,A))^D(Sh Nis (5,A)) 

preserves AMocal complexes, it is sufficient to prove the property of continuity, as stated in 
definition ll4.2.31 for the derived categories of Nisnevich sheaves. By Zariski descent, it is sufficient 
to prove the property stated in dcfinition ll4.2.3l in the case where S is affine. Consider the descent 
structure (Q,TC) on the category Sh Nis (5', A) of Nisnevich sheaves over the category of affine S'- 
schemes of finite type (in the sense of CD09 , definition 2.2]), where Q is the generating family made 
of objects of shape Ag(A), for X affine of finite type over S, while TL is made of the complexes of 
shape 

A S (W) A S (U) ffi A S (V) A S (X) 

for any Nisnevich distinguished square made of affine S'-schemes of finite type ( cf. 12. 1 .15(1 

4 , \ f 
U X. 

This descent structure defines a model category structure on the category C(Sh Nis (S, A)), whose 
weak equivalences are the quasi-isomorphisms; see }CD09[ 2.5]. The explicit description of the 
generating sets of cofibrations and of trivial cofibrations given by [CD091 2.2 and 2.3] allow then 
to apply directly proposition 114.2.21 thanks to [GD671 17.7.9]. □ 

Lemma 14.2.6. Let a : X — > Y be a morphism in £f . Assume that X = lim X a , where {Aq,} 
is a projective system of smooth affine Y -schemes. //Ho(^) is continuous, then, for any objects 
E and F in Ho(^#)(y), with E t- constructive, there is a canonical isomorphism 

La* RHom Y (E, F) ~ RHomx (La* (E) , La*(F)) . 
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Proof. We have 

Ra*RHomx(l>a*(E),La*(F)) ~ RHom Y {E,Ra* La*(F)) , 
so that the map F — > Ra* lia*(F)) induces a map 

RHom Y (E, F) -> Ra* RHomx(La* (E), La*(F)) , 
hence, by adjunction, a map 

La* RHom Y {E,F) -> Momx(La*(£), La*(F)) . 

We already know that the later is an isomorphism whenever a is smooth. 

Let us write a a : X a — * Y for the structural maps. Let C be a r-constructible object in 
Ho(./#)(A). By proposition 114.2.41 we may assume that there exists an index ao, and a t- 
constructible object C aa in Ho(^#)(X Qo ), such that, if we write C a for the pullback of C Qo along 
the map X a — > A Qo for a > ao, we have isomorphisms: 

Hom(C,La* RHom Y (E,F)) ~limHom(C a ,La* RHom Y (E,F)) 

a 

~ lim Hom(C Q , Rffomjf (La* (E) , La*, (i* 1 ))) 

a 

~limHom(C' a La* (F),La* (F)) 

a 

~Hom(C <S>x La*(E),La*(F)) 

~Hom(C, RHom x {La*(E),La*(F))) . 

As r-constructible objects generate Ho(^#)(X), this proves the lemma. □ 

14.2.7. Let A be a scheme in 5? . Assume that, for any point x of X, the corresponding morphism 
i x : Spec {& x x) A is in ^ (where K denotes the henselisation of x ). Consider at last a 
scheme of finite type Y over A, and write 

a x :Y x = Spec (^ >x ) x x y -» F 

for the morphism obtained by pullback. Finally, for an object E of Ko(^£)(Y), let us write 

E x =ha* x (E). 

Proposition 14.2.8. Under the assumptions of \14-2.7\ if moreover Ho(^-#) is continuous, then, 
the family of functors 

Ho(^)(y) -> Ho(.-#)(F x ) , £ — ► i?.,; , a; £ A , 

is conservative. 

Proof. Let 15 be an object of Ko(^)(Y) such that E x ~ for any point x of A. For any r- 
constructible object C of Ho(^#)(F), we have a presheaf of S^-spectra on the small Nisnevich site 
of A: 

F:U\ — > F{U) = RKom(M Y (U x x Y),RHom Y {C, E)) . 
It is sufficient to prove that F(X) is acyclic. As Ho(^#) satisfies Nisnevich descent (|3.3.4|) . it is 
sufficient to prove that F is acyclic locally for the Nisnevich topology, i.e. that, for any point x 
of A, the spectrum F(Spec W'x x)) ^ s acyclic. Writing Spec \G X x) as the projective limit of the 
Nisnevich neighbourhoods of a; in A, we see easily, using proposition I14.2T41 and lemma fl4.2.6l 
that, for any integer i, ?r l (F(Spec (0 x ,x)) - Hom(C x , E x [i]) ~ 0. □ 

Recall that a morphism of rings u : A — > B is regular if it is flat, and if, for any prime ideal 
p in A, with residue field n(p), the «;(p)-algebra n(p) ®a B is geometrically regular (equivalently, 
this means that, for any prime ideal q of B, the A-algebra B q is formally smooth for the q-adic 
topology). We recall the following great generalization of Neron's desingularisation theorem: 

Theorem 14.2.9 (Popescu). A morphism of noetherian rings u : A — > B is regular if and only if 
B is a filtered colimit of smooth A-algebras of finite type. 

Proof. See |Pop85l [Spi99| . □ 
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Proposition 14.2.10. Let S be an excellent noetherian and henselian scheme. Write S for its 
completion along its closed point, and assume that both S and S are in 5? . Consider an S-scheme 
of finite type X, and write i : S Xg X — > X for the induced map. //Ho(^#) is continuous, then 
the pullback functor 

Li* : T3d{JK){X) — Eo{^)(S x s X) 

is conservative. 

Proof. As S is excellent, the map S — > S is regular. By Popescu's theorem, we can then write 
S = lim S a , where {S a } is a projective system of schemes with affine transition maps, and such 

that each scheme S a is smooth over S. Moreover, as S and S have the same residue field, and as 
S is henselian, each map S a has a section. Write X a = S a x$ X, so that we have X = lim X a . 

< a 

Consider a r-constructible object C and an object E in Ho(^#)(X). Then, as the maps X a — ► X 
have sections, it follows from the first assertion of proposition 114.2.41 that the map 

Hom HoW ( X) (C,£) -> Rom Ho{ ^ ){SxsX) (Li*(C),Li*(E)) 

is a monomorphism (as a filtered colimit of such things). Hence, if Li*(E) ~ 0, for any r- 
constructible object C in Ho(^#)(X), we have Hom Ho (^)(A)(Cj ^) — 0. Therefore, as r-construc- 
tible objects generate Ho(./tf)(X), we get E ~ 0. □ 

Proposition 14.2.11. Let a : X — > Y 6e a regular morphism in y . //Ho(^#) is continuous, then, 
for any objects E and F in Ho(^)(Y), with E r-constructible, there is a canonical isomorphism 

La* RHom Y (E, F) ~ RHom x (La* (E), La*(F)) . 

Proof. We want to prove that the canonical map 

La* RHom Y (E,F) -» RHom x (La* (E),La* (F)) 

is an isomorphism, while we already know it is so whenever a is smooth. Therefore, to prove the 
general case, we see that the problem is local on X and on Y with respect to the Zariski topology. 
In particular, we may assume that both X and Y are affinc. By Pospecu's theorem, we thus have 
X = lim X a , where {X a } is a projective system of smooth affine F-schemes. We conclude by 
lemma nfeol □ 

Proposition 14.2.12. Consider the following pullback square in . 

X'^^X 

9 f 

Y'—r+Y 

b 

Assume that f is separated of finite type and that b is regular. Then, ifHo(^f) is continuous, for 
any object E in Ho(^)(Y), there is a canonical isomorphism in Ho(^)(X'): 

La*f l (E)~g [ -Lb*(E). 

Proof. We have a canonical map 

/'(£)-» Ra* g ] Lb* (E) ~ f R6* L6* (E) , 
which gives, by adjunction, a natural morphism 

La* f -(E) ~+g l Lb*(E). 

The latter is invertible whenever b is smooth: this is obvious in the case of an open immersion, so 
that, by Zariski descent, it is sufficient to treat the case where b is smooth with trivial cotangent 
bundle of rank d; in this case, by relative purity (|2.4.21l (iii)), this reduces to the canonical 
isomorphism a f ~ g b' evaluated at E(— d)[— 2d]. To prove the general case, as the condition 
is local on X and on Y for the Zariski topology, we may assume that / factors as an immersion 
X — ► Py, followed by the canonical projection P y — > Y. We deduce from there that it is sufficient 
to treat the case where / is either a closed immersion, either a smooth morphism of finite type. 
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The case where / (hence also g) is smooth follows by relative purity (|2.4.21[) : we can then replace 
/■ and g' by /* and g* respectively, and the formula follows from the fact that ha* f* ~ g*Lb* . 
We may thus assume that / is a closed immersion. As g is a closed immersion as well, the functor 
g\ is conservative (it is fully faithful). Therefore, it is sufficient to prove that the map 

Lb* /, f (E) ~ gi La* f\E)^g { j Lb* (E) 

is invertible. Then, using proposition ll4.2.11l (which makes sense because f\ preserves r-construc- 
tibility by |14. 1.12")) . and the projection formula, we have 

Lb*f,f(E) ~Lb*TLHom Y (Mlx),E) 

~ RHom Y , {Lb* f, ( l x ) , Lb* (E) ) 
~ RHom Y >(g\{lx'),W*(E)) 
~g ]g 'Lb*(E) 7 

which achieves the proof. □ 

Lemma 14.2.13. Let f : X — > Y be a morphism in 5? . Assume that X = lim X a and Y = 

lim Y a , where {X a } and {Y a } are projective systems fo schemes with affine transition maps, while 
f is induced by a system of morphisms f a : X a — » Y a . Let cxq be some index, C aa a r-constructible 
object o/Ho(^#)(y" Qo ), and E ao an object o/Ho(^#)(X Qo ). //Ho(^#) is continuous, then we have 
a natural isomorphism of abelian groups 

lim HomHo(^)(Y Q )(C Q ,R/ Q ,*(£a)) ~ Hom Ho{ ^ ){Y )(C, TLf*(E)) . 

Proof. By virtue of proposition 114. 2T4l we have a natural isomorphism 

lim Hom H o(^)(x«)(L/a(C Q ),S Q ) ~ Hom Ho (^)(y)(L/*(C), E) . 

Q>Q(| 

The expected formula follows by adjunction. □ 
Proposition 14.2.14. Consider the following pullback square in 5? . 

X'^^X 

9 f 

Y'—^Y 

b 

with b regular. //Ho(^#) is continuous, then, for any object E in Ho[y4K){X) , there is a canonical 
isomorphism in Ho(^)(Y'): 

Lb* R/„ (E) ~R 5 , La*(E). 

Proof. This proposition is true in the case where b is smooth (by definition of SWi-fibred categories), 
from which we deduce, by Zariski separation, that this property is local on Y and on Y' for the 
Zariski topology. In particular, we may assume that both Y and Y' are affine. Then, by Popescu's 
theorem 114. 2. 91 we may assume that Y' = lim Y' a , where {Y^} is a projective system of smooth 
y-algebras. Then, using the preceding lemma as well as proposition 114. 2T4l we reduce easily the 
proposition to the case where b is smooth. □ 

Proposition 14.2.15. Assume that Ho(^#) is continuous, Q-linear and semi-separated, and 
consider a field k, with inseparable closure k' , such that both Spec(fc) and Spec(/c') are in ,y. 
Given a k-scheme X write X' = k' (E>k X , and f : X' — > X for the canonical projection. Then the 
functor 

Lf* : Ho(^)(X) -> Ho(^)(X') 

is an equivalence of categories. 
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Proof. It follows immediately from proposition 114. 2T4l and from proposition 12.1. 151 1 hat the functor 

Lf* : Ho(>f) c p0 -> Ho(^) c (X') 

is an equivalence of categories. Similarly, for any objects G and E in Ko(^£)(X), if G is t- 
constructible, the map 

Homn (j')(x) (G, E) -> Hom H o(.#)(x) (L/* (C) , L/* (£)) 

is bijective. As r-constructible objects generate Ho(^)(X), this implies that the functor 

L/* : Ho(.#)(X) - Ko(JH){X') 

is fully faithful. As the latter is essentially surjective on a set of generators, this implies that it is 
an equivalence of categories ( see 11.3. 19|) . □ 

Here is a slightly more general version of proposition 113.3.11 

Proposition 14.2.16. The motivic category DMb is separated on noetherian schemes of finite 
dimension. 

Proof. As in the proof of 113. 3. II it is sufficient to prove that, given a finite surjective morphism 
/ : T — > S, the pullback functor /* : DMe(5) — > DMb(T) is conservative. By virtue of proposition 
114.2. 8( we may assume that S is henselian. Using the localization property, we may even assume 
(by induction on the dimension) that S is the spectrum of a field. Replacing T by its reduction, 
we may thus assume that both S and T are regular. We can then conclude by a trace argument, 
as in the proof of proposition 1 1 3 . 3 . Tl □ 

Corollary 14.2.17. The motivic category DMb satisfies etale descent on noetherian schemes of 
finite dimension. 

Proof. This follows from the preceding proposition and from theorem 13.3.311 □ 

14.3. Duality. The aim of this section is to prove a local duality theorem in Ho(^#) (sec ll4.3.28l 
and 114.3.31) . 

14.3.1. Recall that an alteration is a proper surjective morphism p : X' — > X which is generically 
finite, i.e. such that there exists a dense open subscheme U C X over which p is finite. 

Definition 14.3.2 (de Jong). Let X be a noetherian scheme endowed with an action of a finite 
group G. A Galois alteration of the couple (X, G) is the data of a finite group G', of a surjective 
morphism of groups G' — > G, of an alteration X' — > X, and of an action of G' on X', such that: 

(i) the map X' — > X is G'-equivariant; 

(ii) for any irreducible component T of X, there exists a unique irreducible component T 1 of 
X' over T, and the corresponding finite field extension 

k(T) G C k(T') G ' 

is purely inseparable. 

In practice, we shall keep the morphism of groups G' — > G implicit, and we shall say that (X' — > 
X, G') is a Galois alteration of (X, G). 

Given a noetherian scheme X, a Galois alteration of X is a Galois alteration (X' —> X, G) 
of (X, e), where e denotes the trivial group. In this case, we shall say that X' — > X is a Galois 
alteration of X of group G. 

Remark 14.3.3. If p : X 1 — > X is a Galois alteration of group G over X, then, if X and X' are 
normal, irreducible and quasi-excellent, p can be factored as a radicial finite surjective morphism 
X" -> X, followed by a Galois alteration X' -v X" of group G, such that fc(X") = k(X') G (just 
define X" as the normalization of X in k(X') G ). In other words, up to a radicial finite surjective 
morphism, X is generically the quotient of X' under the action of G. 
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Definition 14.3.4. A noetherian scheme S admits canonical dominant resolution of singularities 
up to quotient singularities if, for any Galois alteration S' — ► S of group G, and for any G- 
equivariant nowhere dense closed subscheme Z' C S' , there exists a Galois alteration (p : S" — > 
S", G') of (S', G), such that S" is regular and projective over S, and such that the inverse image 
of Z' in S" is contained in a G'-equivariant strict normal crossing divisor (i.e. a strict normal 
crossing divisor whose irreducible components are stable under the action of G'). 

A noetherian scheme S admits admits canonical resolution of singularities up to quotient singu- 
larities if any integral closed subscheme of S admits canonical dominant resolution of singularities 
up to quotient singularities. 

A noetherian scheme S admits wide resolution of singularities up to quotient singularities if, 
for any separated S-scheme of finite type X, and any nowhere dense closed subscheme Z c X , 
there exists a projective Galois alteration p : X' — > X of group G, with X' regular, such that, 
in each connected component of X', Z' = p^ x (Z) is either empty, either the support of a strict 
normal crossing divisor. 

Theorem 14.3.5 (de Jong). If an excellent noetherian scheme of finite dimension S admits 
canonical resolution of singularities up to quotient singularities, then any separated S -scheme of 
finite type admits canonical resolution of singularities up to quotient singularities. 

Proof. Let X be a integral separated S'-scheme of finite type. There exists a finite morphism 
S' — » S, with S' integral, an integral dominant S'-scheme X' and a radicial extension X' — ► X 
over S, such that X' has a geometrically irreducible generic fiber over S'. It follows then from 
(the proof of) |dJ97[ theorem 5.13] that X' admits canonical dominant resolution of singularities 
up to quotient singularities, which implies that X has the same property. □ 

Corollary 14.3.6 (de Jong). Let S be an excellent noetherian scheme of dimension lesser or equal 
to 2. Then any separated scheme of finite type over S admits canonical resolution of singularities 
up to quotient singularities. In particular, S admits wide resolution of singularities up to quotient 
singularities. 



If we work with rational coefficients, resolution of singularities up to quotient singularities is 
almost as good as classical resolution of singularities: we have the following replacement of the 
blow-up formula. 

Theorem 14.3.7. Assume that Ho(.#) is Q-linear and separated. Let X be a scheme in '. 
Consider a Galois alteration p : X' — » X of group G , as well as a closed subscheme Z C X , such 
that U — X — Z is normal, and such that the induced map pu : U' — p _1 (C7) — > U is a finite 
morphism. Then the pullback square 



Proof. See |dJ971 corollary 5.15]. 



□ 



Z' 



X' 



(14.3.7.1) 



v 



Z 



X 



induces an homotopy pullback square 



M 



(Rp*L P *(M)) G 



(14.3.7.2) 



RuLi*(M) 



(Ri»Rg* Lq* Li*(M)) G 



for any object M of Ho(^#)(X). 

Proof. We already know that, for any object N of Ho(^#)(L r ), the map 
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is an isomorphism (|3.3.38|) . The proof is then similar to the proof of condition (iv) of theorem 

Ksm □ 

Remark 14.3.8. Under the assumptions of the preceding theorem, applying the total derived 
functor RHomx(-,-E) to the homotopy pullback square (|14.3.7.2[) for M = tx, we obtain the 
homotopy pushout square 

(«! q\ q' v{E)) G >~ (p\p-(E)) G 

(14.3.8.1) 

i\i'{E) ^E 

for any object E of Ho(..#)(X) . 

Corollary 14.3.9. Assume that Ho(^#) is Q-linear and separated. Let B be a scheme in ,5f , 
admitting wide resolution of singularities up to quotient singularities. Consider a separated B- 
scheme of finite type S, endowed with a closed subscheme T C S. The category of r-constructible 
objects in Ho(^#)(5 l ) is the smallest thick triangulated subcategory which contains the objects of 
shape R/*(lx{"}) for n E r, and for f : X — > S a projective morphism, with X regular and 
connected, such that f~ l (T) re d is either empty, either X itself, either the support of a strict 
normal crossing divisor. 

Proof. Let Ho(^#) (S)' be the smallest thick triangulated subcategory of Ho(^) (S) which contains 
the objects of shape Hf*(lx{n}) for n E r and / : X — > S a projective morphism with X regular 
and connected, while /~ 1 (T) re( i is empty, or X itself, or the support of a strict normal crossing 
divisor. We clearly have Ho(..#)(5')' C Ho(^#) c (5) (|14.1.12p . To prove the reverse inclusion, 
by virtue of 114.1.141 it is sufficient to prove that, for any n E r, and any projective morphism 
/ : X — » S, the object R/*(lx{^}) belongs to Ho(^)(S)' . We shall proceed by induction on the 
dimension of X . If X is of dimension < 0, we may replace it by its reduction, which is regular. 
If X is of dimension > 0, by assumption on B, there exists a Galois alteration p : X 1 — > X of 
group G, with X' regular and projective over S (and in which T becomes either empty, either X' 
itself, either the support of a strict normal crossing divisor, in each connected component of X'). 
Choose a closed subscheme Z C X, such that U = X — Z is a normal dense open subscheme, and 
such that the induced map r : U' = p _1 (?7) — > U is a finite morphism, and consider the pullback 
square (114.3. 7. 1|) . As Z and Z' = p^ 1 (Z) are of dimension smaller than the dimension of X, we 
conclude from the homotopy pullback square obtained by appyling the functor R/» to (|14.3.7.2p 
for M = l x {n}, n E r. □ 

Definition 14.3.10. Let 5 be a scheme in . An object R of Ho(./#)(5 f ) is r-dualizing if it 
satisfies the following conditions. 

(i) The object R is r-constructible. 

(ii) For any r-constructible object M of Ho(^)(S), the natural map 

M -> RHom s (R.Homs{M, R),R) 

is an isomorphism. 

Remark 14.3.11. If Ho(^#) is weakly r-pure, Q-linear and separated, then, in particular, the six 
operations of Grothendieck preserve r-constructibility in Ho(^#) (|14.1.31J) . Under this assumtion, 
for any scheme X in S^, and any £g>-invertible object U in Ho(^#)(A) which is r-constructible, 
its quasi-inverse is r-constructible: the quasi-inverse of U is simply its dual [/ A = RHom(U, lx), 
which is r-constructible by virtue of 114.1.271 

Proposition 14.3.12. Assume that Ho(^#) is weakly r-pure, Q-linear and separated, and con- 
sider a scheme X in . 

(i) Let R be a r-dualizing object, and U be a r-constructible ®-invertible object in Ho(^)(X). 
Then U ®g R is r-dualizing. 
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(ii) Let R and R' be two r-dualizing objects in Ho(,#)(^). Then the evaluation map 

RHom s (R, R') ®^R^R' 

is an isomorphism. 

Proof. This follows immediately from |Ayo07a[ 2.1.139]. □ 

Proposition 14.3.13. Consider an open immersion j : U — > X in .y. If R is a r-dualizing object 
in Ho(^)(X), then j'{R) is r-dualizing in Ho(^#)(C7). 

Proof. If M is a r-constructible object in Ho(^#)(?7), then j\(M) is r-constructible, and the map 

(14.3.13.1) j,(M) -> RHom x (B.Homx(j\(M),R),R) 
is an isomorphism. Using the isomorphisms of type 

M ~j* j,(M) = r ji(M) and j*RHom x {A, B) ~ Rtfomt/Cf (A), - 
we see that the image of the map (|14.3.13.1[) by the functor j* — j ] is isomorphic to the map 

(14.3.13.2) M -> RHomu (RHom u (M, j' (R)) , j ] (R)) , 

which proves the proposition. □ 

Proposition 14.3.14. Let X be a scheme in 5? , and R an object in Ho(^#)(X). Assume there 
exists an open covering X = [J ieI Ui such that the restriction of R on each of the open subschemes 
Ui is r-dualizing in Ho(^)(Ui). Then R is r-dualizing. 

Proof. We already know that the property of r-constructibility is local with respect to the Zariski 
topology (|14.1.7jl . Denote by ji : Ui — > X the corresponding open immersions, and put R4 = j\(R). 
Let M be a r-constructible object in Ho(^#)(X). Then, for all % £ I, the image by j* — j± of the 
map 

M -» RHom x (RHom x (M, R), R) 

is isomorphic to the map 

j*{M) -» RHomjj^RHomu^jtiM)^)^) . 

This proposition thus follows from the property of separation with respect to the Zariski topology. 

□ 

Corollary 14.3.15. Let f : X — » Y be a separated morphism of finite type in . Given an object 
R o/Ho(^#)(y), the property for f '(R) of being a r-dualizing object in Ho(^#)(X) is local over 
X and over Y for the Zariski topology. 

Proposition 14.3.16. Assume that Ho(^#) is weakly r-pure. Let i : Z — > X be a closed immer- 
sion and R be a r-dualizing object in Ro(M)(X). Then i (R) is r-dualizing in Ho(M)(Z). 

Proof. As Ho(./#) is weakly r-pure, we already know that i'(R) is r-constructible. For any objects 
M and R of Ho(^)(Z) and Ro{ytf){X) respectively, we have the identification: 

i\ RHom z (M,r(R)) ~ RHom x {i\{M), R) . 

Let j : U — > X be the complement immersion. Then we have 

rRHom x {i\{M),R) ~ RHomu(j* i\(M),f(R)) ^0, 

so that 

RHom x (i\(M),R) ~ i\ Li*RHom x (i\(M), R) . 
As ii is fully faithful, this provides a canonical isomorphism 

Li*RHom x (i\(M),R) ~ rRHom x , (i\(M), R) . 
Under this identification, we see easily that the map 

i\(M) -> RHom x (RHom x {i\(M),R),R) 
is isomorphic to the image by it of the map 

M -> RHomz(RHom z (M,i (R)),r{R)) . 
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As i\ is fully faithful, it is conservative, and this ends the proof. □ 

Proposition 14.3.17. Assume that Ho(^#) is weakly r-pure, Q-linear and separated, and con- 
sider a scheme B in which admits wide resolution of singularities up to quotient singularities. 
Consider a separated B -scheme of finite type S, and a t -constructive object R in Ho(^#)(S'). The 
following conditions are equivalent. 

(i) For any separated morphism of finite type f : X — > S , the object f'(R) is T-dualizing. 

(ii) For any projective morphism f : X — > S, the object f (R) is T-dualizing. 

(Hi) For any projective morphism f : X — > S, with X regular, the object f '(R) is T-dualizing. 

(iv) For any projective morphism f : X — > S , with X regular, and for any n S t, the map 

(14.3.17.1) t x {n} -> KHomx(RHom x (l x {n}, f(R)), f'(R)) 
is an isomorphism in Ho(^#)(X). 

//, furthermore, for any regular separated B-scheme of finite type X, and for any n G r, the object 
\ x {n\ is -invertible, then these conditions are equivalent to the following one. 
(v) For any projective morphism f : X — > S, with X regular, the map 

(14.3.17.2) l x -» HHom x (f'(R)),f(R)) 
is an isomorphism in Ho(^#)(A). 

Proof. It is clear that (i) implies (ii), which implies (iii), which implies (iv). Let us check that 
condition (ii) also implies condition (i). Let / : X — > S be a morphism of separated i?-schemes 
of finite type, with S regular. We want to prove that f'{ls) is T-dualizing, while we already 
know it is true whenever / is projective. In the general case, by virtue of corollary 114.3.151 we 
may assume that / is quasi-projective, so that / = pj, where p is projective, and j is an open 
immersion. As f' ~ j' p\ we conclude with proposition ll4.3.13l Under the additional assumption, 
the equivalence between (iv) and (v) is obvious. It thus remains to prove that (iv) implies (ii). It 
is in fact sufficient to prove that, under condition (iv), the object R itself is T-dualizing. To prove 
that the map 

(14.3.17.3) M -> RHom x (RHom x (M,R),R) 

is an isomorphism for any T-constructible object M of Ho(^#)(S'), it is sufficient to consider the 
case where M — Rf st (l x {n}) — f\(t x {n}), where n € t and / : X — > S is a projective morphism 
with X regular (|14.3.9|) . For any object A of Mo(M)(X), we have canonical isomorphisms 

RHom s (fi(A),R) ~ R/* RHom x (A, f{R)) 

= f,KHom x (A,f'(R)), 

from which we get a natural isomorphism: 

RHom s (RHom s (f { {A), R), R) ~ f { RHom x (RHom x {A, f(R)),f(R)) . 

Under these identifications, the map (|14.3.17.3p for M — f\(t x {n}) is the image of the map 
(114.3. 17. 1[) by the functor ft. As (|14.3.17.ip is invertible by assumption, this proves that R is 
T-dualizing. □ 

Lemma 14.3.18. Let X be a scheme in ,5f , and R be an object o/Ho(^#)(X). The property for 
R of being (^-invertible is local over X with respect to the Zariski topology. 

Proof. Let i? A = RHom(R, l x ) be the dual of R. The object R is <g>-invertible if and only if the 
evaluation map 

R A <8>^ R — » t x 

is invertible. Let j : U — > X be an open immersion. Then, for any objects M and N in Ho(^)(A), 
we have the identification 

j*RHom x {M,N) ~ RHomu(j*(M),j*(N)) . 

In particular, we have j*(R A ) — j*(R) A . As j* is monoidal, the lemma follows from the fact that 
Ho(^#) has the property of separation with respect to the Zariski topology. □ 
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Definition 14.3.19. We shall say that Ho(^#) is r-pure (or simply pure) if it satisfies the following 
conditions: 

(i) Ho(^#) is weakly r-pure (|14.1.22|) ; 

(ii) for any closed immersion between regular schemes i : Z — > S in J^, the object i ! (ls) is 
®-invertible (i.e. the functor r(ls) <8>5 (— ) is an equivalence of categories); 

(ii) for any regular scheme X in ,5^ , and for any n £ r, the map 

IxM -> R#omx(R#omx(lx{n}, lx), l x ) 
is an isomorphism. 

Example 14.3.20. The motivic category DMb is pure over excellent noetherian schemes (|13.4. 1|) . 

Remark 14.3.21. Note that, whenever the objects l x {n} are <g)-invertible (which will be the case 
in practice) , conditions (i) and (ii) of the preceding definition arc equivalent to the condition that 
i'(tx) is r-constructible and <g>-invertible for any closed immersion i between regular separated 
schemes in 5^ , while condition (iii) is then automatic. This principle gives easily the property of 
r-purity when £f is made of schemes of finite type over some field: 

Proposition 14.3.22. Assume that consists exactly of schemes of finite type over a field k, 
and that one of the following conditions is satisfied: 

(a) the field k is perfect; 

(b) Ho(^#) is semi-separated (2.1.11)) . 

If the objects l{n} are ®-invertible in Ho(^#)(Spec (k)) for all n G r, then Ho(^#) is r-pure. 

Proof. For any fc-scheme of finite type / : X — ► Spec (k), as the functor L/* is symmetric monoidal, 
the objects l x {n} are ®-invertible in Ho(~#)(X) for all n £ r. Therefore, as stated in remark 
114.3.211 we have only to prove that, for any closed immersion i : Z — > X between regular fc-schemes 
of finite type, the object i (lx) is €5-invertible and r-constructible. We may assume that X and 
Z are smooth (under condition (a), this is clear, and under condition (b), by virtue of proposition 
12.1.131 we may replace k by any of its finite extensions). Using [14.3.181 and 114.1.71 we may also 
assume that X is quasi-projective and that Z is purely of codimension c in X , while the normal 
bundle of i is trivial. This proposition is then a consequence of relative purity (j2.4.2ip . which 
gives a canonical isomorphism r(tx) — lz(— c)[— 2c]. □ 

Proposition 14.3.23 (Poincare duality). For any separated smooth morphism of finite type f : 
Y — > X, the object /'(l x ) is ®-invertible in Ho(^)(Y), and we have an isomorphism 

In particular, we have a canonical isomorphism 

Mx(F)~/,/ ! (l x ). 

If moreover f is proper, then, for any object M of Yio(~4K)(X) , we have a natural isomorphism 

R J ffomx(/ ! / ! (lx),M)~R/*(lr)«) x M. 

In other words, Mx(Y) ~ // ! (lx) is then a rigid object, with dual f\(ly) — R/*(ly). 

Proof. To prove the first assertion, by virtue of lemma 114.3.181 we may assume that / is strictly 
quasi-projective, in which case, this follows from relative purity; see theorem l2.4.21l (iii). We have 
a natural map 

/ ! (lx)®y f*(M)^f(M) 
defined as follows. Such a map corresponds by adjunction to a map 

/ ! (lx) -» RHom Y (Lf*(M)J { (M)) ~ fRHom x (M,M) . 
The latter morphism is defined as the image by f' of the unit map 

M -> RHom x (M,M) . 
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The property that the map f'(tx)® Y f*{M) — > f'(M) is invertible is local for the Zariski topology 
on X and on Y , so that we assume that / is strictly quasi-projective with trivial cotangent bundle. 
We may then conclude again by relative purity. 
Observe that, we also have: 

R/„(/*(M)) *B.f,Hom Y (lY ) M)^RfJRHomY(J*{lx),f*(M))^BMom x (f0Y),M). 
On the other hand: 

RHom x (/, /' ( l x ) , M) ~ TLf*RHom Y (/' ( l x ) , /' (M) ) . 
As, f(l x ) ®y f*(M) ~ / ! (M), and as f(l x ) is invertible, we have canonical isomorphisms 
f*(M) ~ RHom Y (l Y , f*(M)) ~ R#om y (/'(l x ), /'(M)) , 

from which we get: 

RHom x (f t (l Y ),M) ~RHom x (fj'(l x ),M). 

By the (enriched) Yoneda lemma, we thus get: M X (Y) ~ f\f'(t X )- 

Finally, if / is smooth and proper, we have f\ ~ R/*, so that we also have the following 
canonical isomorphisms. 

R/.(ly) ®x M ~ ®^ M ~ /|(/*(M)) ~ R/*(/*(M)) ~ KHom x (M x (Y) , M) . 

This achieves the proof. □ 

Corollary 14.3.24. Assume that .y consists of schemes of finite type over a field k and that 
Ho(^#) /ias the following properties: 

(a) it is r-pure; 

(b) for any n 6 t, l{n} is rigid; 

(c) either k is perfect, either Ho(^) is continuous. 

Then, any t- constructive object o/Ho(^)(fc) is rigid. 

Proof. By 114.2. 15( it is sufficient to treat the case where k is perfect. It is well known that rigid 
objects form a thick subcategory of Ho(./#). Thus we conclude easily from corollary 114.3.91 and 
proposition 114.3.231 □ 

Lemma 14.3.25. Assume that Ho(^) is T-pure. Then, for any projective morphism f : X — » S 
between regular schemes in ,5f , the object / (I5) is (^-invertible and r-constructible. 

Proof. As, for any open immersion j : U — > X, one has j* = j' , we deduce easily from lemma 
114.3.181 (resp. proposition 114.1.7)) that the property for / (Is) of being (gi-invertible (resp. t- 
constructible) is local on S for the Zariski topology. Therefore, we may assume that S is separated 
over B and that / factors as a closed immersion i : X — > followed by the canonical projection 
p : Pg — > S. Using relative purity for p, we have the following computations: 

f\t s ) ~ vp-{t s ) ~ z ! (l P g(n)[2n]) ~ i l (l P n)(n)[2n] . 

As i is a closed immersion between regular schemes, the object r(lp™) is (g>-invertible and r- 
constructible by assumption on Ho(^), which implies that /'(Is) is 0-invertible and r-constructible 
as well. □ 

Definition 14.3.26. Let B a scheme in J/. We shall say that Zoca/ duality holds over B in Ho(^#) 
if, for any separated morphism of finite type / : X — > 5, with 5 regular and of finite type over i?, 
the object /'(Is) is r-dualizing in Ho(~#)(X). 

Remark 14.3.27. By definition, if Ho(^#) is weakly r-pure, and if local duality holds over B in 
Ho(^#), then the restriction of Ho(^#) to the category of B-schemes of finite type is r-pure. A 
convenient sufficient condition for local duality to hold in Ho(.#) is the following (in particular, 
using the result below as well as proposition ll4.3.2"2l local duality holds almost systematically over 
fields). 
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Theorem 14.3.28. Assume that Ho(^) is r-pure, Q-linear and separated, and consider a scheme 
B in 5? which admits wide resolution of singularities up to quotient singularities (e.g. B might be 
any scheme which is separated and of finite type over an excellent noetherian scheme of dimension 
lesser or equal to 2 in 5? ; see \14-.3.Tj\ ). Then local duality holds over B in Ho(^). 

Proof. Let S be a regular separated B-scheme of finite type. Then, for any separated morphism 
of finite type / : X — > S, the object / (Is) is r-dualizing: lemma [14.3.251 implies immediately 
condition (iv) of proposition 114. 3. 17l The general case (without the separation assumption on S) 
follows easily from corollarv ll4.3.14l □ 

Proposition 14.3.29. Consider a scheme B in .y . Assume that Ho(^#) is r-pure, and that local 
duality holds over B in Ho(^). Consider a regular B -scheme of finite type S. 

(i) An object ofHo(^)(S) is r-dualizing if and only if it is r-constructible and ®-invertible. 
(ii) For any separated morphism of S -schemes of finite type f : X — > Y, and for any r- 
dualizing object R in Ho(^#)(T), the object f'(R) is r-dualizing in Ho(^#)(X). 

Proof. As the unit of Ho(^#)(5) is r-dualizing by assumption, proposition 114.3.121 implies that an 
object of Ho(^)(S) is r-dualizing if and only if it is r-constructible and <g)-invertible. 

Consider a regular -B-scheme of finite type S, as well as a separated morphism of i'-schemes of 
finite type / : X — > Y, as well as a T-dualizing object R in Ho(^#)(F). To prove that f'(R) is 
r-dualizing, by virtue of corollary 1 1 4 . 3 . 1 41 we may assume that Y is separated over S. Denote by 
u and v the structural maps from X and Y to S respectively. As we already know that v(ts) is 
r-dualizing, by virtue of proposition ll4.3.121 there exists a r-constructible and (g)-invertible object 
U in Ho(^#)(y) such that U <g>y R ~ i> (ls). As the functor L/* is symmetric monoidal, it 
preserves Cg)-invertible objects and their duals, from which we deduce the following isomorphisms: 

u'-(l s )~fv [ (l s ) 

~f(U®^ R) 

~ f'RHom Y (U A ,R) 

~HHom x (Lf*(U A ),f(R)) 

~RHom x (Lr(U) A ,f(R)) 

~Lf*(U) ® x f(R). 

The object a ! (lg) being r-dualizing, while L/*({7) is r-constructible and invertible, we deduce 
from proposition 114. 3.121 that f'(R) is r-dualizing as well. □ 

14.3.30. Assume that Ho(^#) is r-pure, Q-linear and separated, and consider a scheme B in S*, 
such that local duality holds over B in Ho (.<#). Consider a fixed regular B-scheme of finite type 
S, as well as a r-constructible and <g)-invertible object R in Ho(^#)(5) (in the case S is of pure 
dimension d, it might be wise to consider R = ls(d)[2d], but an arbitrary R as above is eligible by 
I14.3.29[) . Then, for any separated S'-schcmc of finite type / : X — > S, we define the local duality 
functor 

D x : Ho(^){X) op -> Ho(uT)P0 

by the formula 

D X (M) = KHom x (M, f'(R)) . 
This functor Dx is right adjoint to itself. 

Corollary 14.3.31. Under the assumptions of \14-3.3d\ we have the following properties. 

(a) For any separated S -scheme of finite type X, the functor Dx preserves r-constructible 
objects. 

(b) For any separated S-scheme of finite type X , the natural map 

M -» D X (D X (M)) 
is an isomorphism for any r-constructible object M in Ho(^#)(A). 
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(c) For any separated S-scheme of finite type X, and for any objects M and N in Ho(^#)(X), 
if N is r-constructible, then we have a canonical isomorphism 

D X {M®\ D X (N)) ~ RHom x (M,N) . 

(d) For any morphism between separated S-schemes of finite type f :Y — » X , we have natural 
isomorphisms 

Dy(f*(M))~f(D x (M)) 
f*(D x (M))~Dy(f(M)) 

D x (f\(N)) ~ f,(Dy(N)) 

MD Y (N)) ~ D x (f,(N)) 

for any r-constructible objects M and N in Ho(^#)(X) and Ho(*#)(Y) respectively. 

Proof. Assertions (a) and (b) are only stated for the record^: see 114.1.271 To prove (c), we see 
that we have an obvious isomorphism 

D X (M ® x P) ~ RHom x (M,D x (P)) 

for any objects M and P. If N is T-constructible, we may replace P by D X (N) and get the 
expected formula using (b). The identification Dy f* — /' D x is a special case of the formula 

KHomy (/* (A), /'(£?)) ~ /' KHom x (A, B) . 

Therefore, we also get: 

/• D x ~ D Y f* Dx * D Y f D\ ~Dyf. 
The two other formulas of (d) follow by adjunction. □ 

15. Comparison theorems 
15.1. Comparison with Voevodsky motives. 
15.1.1. We consider the premotivic adjunction of 110.4.11 

(15.1.1.1) 7* : D A i,q «=* DMq : 7 * . 

For a scheme S, 7* (Is) is a (strict) commutative ring spectrum, and, for any object M of DMq (5), 
7*(M) is naturally endowed with a structure of 7 J „(ls)-module. On the other hand, as we have 
the projective bundle formula in DMq(5) (|10.3.2[) . 7* (Is) is orientable (|11.2.10p . which implies 
that, for any object M of DMq (S), 7*(M) is an f/rj.s-module, whence is iJB-local (|13.2.15p . As 
consequence, we get a canonical factorization of (|15.1.1.1|) : 

(15.1.1.2) D A i,q ^ DM B ^ DMq. 
Consider the commutative diagram of premotivic categories 



d A i iQ ^l_dm q 



(15.1.1.3) 



pit 



D a i,q^-DMq 



in which the two vertical maps are the canonical enlargements, and, in particular, are fully faithful 
(see [6X81) . 



^^We have put to much assumptions here: in fact, if Ho(^#) is T-pure and if local duality holds over B in 
Ho(./#), the six Grothendieck operations preserve r-constructible objects on the restriction of Ho(^#) to _B-schemes 
of finite type; we leave this as a formal exercice for the reader. 
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Let t denotes either the qfh-topology or the h-topology. We also have the following commutative 
triangle 

D A i Q DM -=L^ DM, 
(15.1.1.4) M — Q ^ *' Q 

a* 

in which both a* and a* are induced by the i-sheafification functor; see 15.3.341 and 110.4.31 We 
obtain from (|15.1.1.2|) , (|15.1.1.3p , and (| 15. 1 . 1 .4[) the commutative diagram of premotivic categories 
below, in which x$ — f*Q^^3%. 



D a i,q — - — DMb 



(15.1.1.5) 



From now on, we shall fix an excellent noetherian scheme of finite dimension S. 

Theorem 15.1.2. We have canonical equivalences of categories 

DM B (S) ~ DM qft , Q (5) ~ DM h , Q (S) 

(recall that, for t — qfh, h 7 DM ti q(5) stands for the localizing subcategory of DM t q(<S') ; spanned 
by the objects of shape £°°Q5(A")(n) 7 where X runs over the family of smooth S-schemes, and 
n < is an integer; see \5.3.5^\ ). 

Proof. Let t denote the qfh-topology or the h-topology. We shall prove that the functor 

Xtt :DM B (S)^DM tiQ (S) 
is fully faithful, and that its essential image is precisely DM^q. The functor 

AiDMb^Dai^) 

is fully faithful, so that its composition with its left adjoint (3* is canonically isomorphic to the 
identity. In particular, we get isomorphisms of functors: 

X« - Xi P* P* - «* Pi P* ■ 
The right adjoint of a* is fully faithful, and its essential image consists of the objects of D A i q(S) 
which satisfy t-descent (I5.3.32|) . On the other hand, the functor is fully faithful, and an object of 
Da 1 ,q('S') satisfies i-descent if and only if its image by pjj satisfies t-descent ()6.1.11|) . By virtue of 
theorem ll3.3.21 this implies immediately that xj is fully faithful. Let DM ij q(5) be the localizing 
subcategory of DM t ^{S) spanned by the objects of shape E°°Q(X)(n), where X runs over the 
family of smooth S'-schemes, and n < is an integer (|5.3.34p . We know that DM ii q(5) is compactly 
generated fsee l5.1.28ll5.2.36l and l5.3.3lj) . and that xj is a fully faithful exact functor which preserves 
small sums as well as compact objects from DMb (S) to DMt Q(S'). As, by construction, there 
exists a generating family of compact objects of DM t q(S') in the essential image of Xh ^ s implies 
that xu induces an equivalence of triangulated categories DMe(S') — DM(,q(S') fsee ll. 3.19]) . □ 

Let us underline the following result which completes corollarv ll3.2.15l 

Theorem 15.1.3. Let E be an object of D A i (S, Q). The following conditions are equivalent: 
(i) E is a Beilinson motive; 
(ii) E satisfies h-descent; 
(Hi) E satisfies qfh- descent; 

Proof. We already know that condition (i) implies condition (ii) (theorem 113.3. 2j) . and condition 
(ii) implies obviously condition (iii). It is thus sufficient to prove that condition (iii) implies 
condition (i). If E satisfies qfh-descent, then p${E) satisfies qfh-descent in DM(5, Q) as well. The 
commutativity of (|15.1.1.4p implies then that (E) belongs to the essential image of 7^ (the right 
adjoint of 7*). As p$ is fully faithful, the commutativity of (I15.1.1.3|) thus implies that E itself 
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belongs to the essential image of 7, (the right adjoint to 7*). In particular, E is then a module over 
the ring spectrum 7,(15), which is itself an f/E-algebra. We conclude by corollary 1 13. 2. 151 □ 

Theorem 15.1.4. If S is geometrically unibranch (e.g. normal), then the comparison functor 

V* :DM B (S)^DM Q (S) 

is an equivalence of symmetric monoidal triangulated categories. 

Proof. If S is geometrically unibranch, then we know that the composed functor 

DM Q (S) ^DM q (S) ^DMqfh.qOS) 
is fully faithful p0.4.4p . The commutative diagram 

DM B (S) DM Q (S) DMqfh,Q (S) 

Xt 

and theorem 115.1.21 imply that ip* is fully faithful. As ip* is exact, preserves small sums as well 
as compact objects, and as DMq(S') has a generating family of compact objects in the essential 
image of ip* , the functor ip* has to be an equivalence of categories (|1.3.19[) . □ 

Remark 15.1.5. Some version of the preceding theorem (the one obtained by replacing DMb by 
Ho(Hb- mod)) was already known in the case where S is the spectrum of a perfect field; see [R0O8, 
theorem 68]. The proof used de Jong's resolution of singularities by alterations and Poincare 
duality in a crucial way. The proof of the preceding theorem we gave here relies on proper descent 
but does not use any kind of resolution of singularities. 

We point out the following important fact about Voevodsky's motivic cohomology spectrum 
Hm,s = 7*(ls) with rational coefficients: 

Corollary 15.1.6. (1) For any geometrically unibranch excellent scheme S, the canonical 
map 

H B ,s -> H M ^ S <8> Q 
is an isomorphism of ring spectra. 
(2) For any morphism f : T — > S of excellent geometrically unibranch schemes, the canonical 
map 

f*H M ,s ® Q -> Hm.t <S> Q 
is an isomorphism of ring spectra. 

The second part is the last conjecture of Voevodsky's paper :Yofi02j with rational coefficients 
(and geometrically unibranch schemes). 

Proof. The first part is a trivial consequence of the previous theorem, and the second follows from 
the first, as the Beilinson motivic cohomology spectrum is stable by pullbacks. □ 

15.2. Comparison with Morel motives. 

15.2.1. Let 5 be a scheme. The permutation isomorphism 

(15.2.1.1) r : Q(l)[l] ^ Q(1)[1 ] Q(i)[i] l Q(1)[1] 

satisfies the equation r 2 = 1 in Dai,q(<S'). Hence it defines an element e in Endo Al Q (S)(Q) which 
also satisfies the relation e 2 = 1. We define two projectors 

(15.2.1.2) e+ = ^— !- and e_ = . 

As the triangulated category Dai,q(S') is pseudo abelian, we can define two objects by the formulas: 

(15.2.1.3) Q + = Ime + and Q_ = Ime_ . 
Then for an object M of Dai,q(5'), we set 

(15.2.1.4) M+ = Q+ ®^ M and M_ =Q_ ®qM. 
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It is obvious that for any objects M and N of D A i q(S), one has 

(15.2.1.5) nomu Al M (s)(Mi,Nj) =0 for i,j e {+,-} with i j. 

Denote by D a i q(S) + (resp. Da 1 .q( , 5')-) the full subcategory of D A i ,q(S) made of objects 
which are isomorphic to some M + (resp. some M_) for an object M in D A i q(S'). Then (|15.2. 1 .5[) 
implies that the direct sum functor (M + , M_ ) h- > M + © M_ induces an equivalence of triangulated 
categories 

(15.2.1.6) (D A i iQ (S)+) x (D A i iQ (S)_) ~ B AljQ (S) . 

We shall call D A i q(5')+ the category of Morel motives over S. The aim of this section is to 
compare this category with DMb(5) (see theorem 1 15. 2. 13|) . This will consist essentially to prove 
that Q+ is nothing else than Bcilinson's motivic spectrum (which was announced by Morel in 
Mor06b] ) . The main ingredients of the proof are the description of DMb (5) as full subcategory of 
D a i q(S), the homotopy i-structure on D A i q(S), and Morel's computation of the endomorphism 
ring of the motivic sphere spectrum in terms of Milnor-Witt K-theory Mor03, Mor04a, Mor04b. 
IMor06aj . 

15.2.2. For a little while, we shall assume that S is the spectrum of a field k. 
Recall that the algebraic Hopf fibration is the map 

A 2 -{0}^P\ (x,y)~[x,y\. 

This defines, by desuspension, a morphism 

»j:Q(l)[l]-Q 

in D A i q(S'); see [Mor03, 6.2] (recall that we identify D A i _q(S) with SHq(S') and that, under this 
identification, Q(l)[l] corresponds to S°°(G m )). 

Lemma 15.2.3. We have r\ = e-q in Hom DAl q (5)(Q(l)[l], Q). 

Proof. See [MorflSI 6.2.3]. □ 

15.2.4. Recall the homotopy i-structure on D A i q(S); see jMor03[ 5.2]. To remain close to 
the conventions of loc. cit., we shall adopt homological notations, so that, for any object M of 
D a i.q(5 i ), we have the following truncation triangle 

t >0 M -> M -» t<qM -» r >0 M[l] . 

We whall write Hq for the zeroth homology functor in the sense of this i-structure. This i-structure 
can be described in terms of generators, as in |Ayo07at definition 2.2.41]: the category D A i q(S')>o 
is the smallest full subcategory of D A i q(<S) which contains the objects of shape Qs(X)(m)[m] 
for X smooth over S, m £ Z, and which satisfies the following stability conditions: 

(a) D a i i q(5')>o is stable under suspension; i.e. for any object M in D A i q(S)>o, -^[1] is m 
D a i ! q(5 , )> ; 

(b) D a i q(S)>(] is closed under extensions: for any distinguished triangle 

M' -» M M" -> M'[l] , 

if M' and M" are in D A i. Q (5)> , so is M; 

(c) D A i i q(S')>o is closed under small sums. 

With this description, it is easy to see that D A i q (S)>q is also closed under tensor product (because 
the class of generators has this property). The category D a i q(S)<o is the full subcategory of 
D a i q(S) which consists of objects M such that 

Hom DAl q (s) (Q s (X)(m) [m +n],M) ~ 

for X/S smooth, m 6 Z, and n > 0; see |Ayo07a[ 2.1.72]. 

Note that the heart of the homotopy i-structure is symmetric monoidal, with tensor product 
(g> h defined by the formula: 

F ® h G — Hq(F ®£ G) 

(the unit object is H {Q))- 
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We shall still write 77 : i? (Q(l)[l]) — » H (Q) f° r the map induced by the algebraic Hopf 
fibration. 

Proposition 15.2.5. Tensoring by Q(n)[n] defines a t-exact endofunctor 0/ D A i .q(S') for any 
integer n. 

Proof. As tensoring by Q(n)[n] is an equivalence of categories, it is sufficient to prove this for 
n > 0. This is then a particular case of |Ayo07a[ 2.2.51]. □ 

Proposition 15.2.6. For any smooth S-scheme X of dimension d, and for any object M of 
Da 1 ,q(*S') 7 the map 

Hom(Q s (A),M) Hom(Q s (A), M<„) 
is an isomorphism for n > d. 

Proof. Using Mor03, lemma 5.2.5], it sufficient to prove the analog for the homotopy ^-structure 
on q{S), which follows from |Mor05[ lemma 3.3.3]. □ 

Proposition 15.2.7. The homotopy t-structure is non- degenerated. Even better, for any object 
M of Dai j q(5'), we have canonical isomorphisms 

Llimr> n M ~ M and R lim r>„M ~ , 

n n 

as well as isomorphisms 

L lim T< n M ~ and M ~ R lim t<„ M . 

n n 

Proof. The first assertion is a direct consequence of propositions 115.2.51 and 115.2.61 (because the 
objects of shape Qs(A)(m)[j], for X/S smooth, and m, i £ Z, form a generating family). As the 
objects Qs(X)(m)[m + n] are compact in D a i ! q(S'), the category D a i i q(5')<o is closed under 
small sums. As D a i q(S')>o is also closed under small sums, we deduce easily that the truncation 
functors r>o and r<o preserve small sums, which implies that the homology functor Hq has the 
same property. Moreover, if 

Co — ► • • • — > C n CVi+i — > • • ■ 
is a sequence of maps in Dai ! q(5 i ), then C = L lim ^ C n fits in a distinguished triangle of shape 

l-s 



® Cn - > ^ C„ — > C — > ^ C„ [1] , 



where s is the map induced by the maps C n — > C n +i. This implies that, for any integer i, we have 

lim Hi(C n ) ~ Hi(C) 

n 

(where the colimit is taken in the heart of the homotopy ^-structure) . As the homotopy t-structure 
is non-degenerated, this proves the two formulas 

L lim r >n M ~ M and L lim t<„ M ~ . 

n n 

Let A be a smooth S-scheme of finite type, and p, q be some integer. To prove that the map 
Hom(Qs(A)(m)[i],M) -> Hom(Q s (A) (m) [i], R lim r<„M) 

is bijective, we may assume that m = (replacing M by M{— m)[— m] and z by i — m, and using 
proposition 1 15. 2. 5| . Consider the Milnor short exact sequence below, with A = Qs(X)[i]: 

-» Um'HomfAIl], r<„M) -> Hom(A, R lim r<„M) -» lim Hom(A, t<„I) ->• 0. 

n n n 

Using proposition 1 1 5 . 2 . 6l as lim 1 of a constant functor vanishes, we get that the map 

Hom(A, M) -> Hom(A, R lim t<„M) 
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is an isomorphism. This gives the isomorphism 

M ~ Rlim r< n M . 

n 

Using the previous isomorphism, and by contemplating the homotopy limit of the homotopy cofiber 
sequences 

r >n M -» M -> T < n M , 

we deduce the isomorphism Rlim k.M ~ 0. □ 

< n 

Lemma 15.2.8. We have He £ Da 1 ,q(<5)>0; so that we have a canonical map 

He — * H (He) 

in Dai.q(S'). In particular, for any object M in the heart of the homotopy t-structure, if M is 
endowed with an action of the monoid Hq(He), then M has a natural structure of He -module in 
D a i,q(S)- 

Proof. As He is isomorphic to the motivic cohomology spectrum in the sense of Voevodsky 
(I15.1.6p . the first assertion is the first assertion of Mor03, theorem 5.3.2]. Therefore, the truncation 
triangle for He gives a triangle 

t >q He -^He^ H (He) -» r >0 # B [l] , 

which gives the second assertion. For the third assertion, consider an object M in the heart of the 
homotopy i-structure, endowed with an action of Hq(He). Note that D A i q(5)>o is closed under 
tensor product, so that He <8>s M is in D A i q(S)> . Hence we have natural maps 

H B ®s m h o(He ®s M) -f H {H (H C ) ®s m ) = H {H B ) ® h M . 

Then the structural map Hq(He) <& h M — > M defines a map H B (8>g M M which gives the 
expected action (observe that, as we already know that ffc-niodiilcs do form a thick subcategory 
°f Da 1 ,q('S') (|13.2.8[) , we don't even need to check all the axioms of an internal module: it is 
sufficient to check that the unit Q — ► He induces a section M — > He ®s ^ °^ ^ ne ma P constructed 
above) . □ 

Lemma 15.2.9. We have the following exact sequence in the heart of the homotopy t-structure. 

flo(Q(l)[l]) ^ flo(Q) - ^o(^b) -» o 

Proof. Using the equivalence of categories from the heart of the homotopy t-structure to the 
category of homotopy modules in the sense of Mor03, definition 5.2.4], we know that Ho(He) 
corresponds to the homotopy module Kjf ® Q associated to Milnor K-theory (see |Mor03[ theorem 
5.3.2]), while Hq(Q) corresponds to the homotopy module Kjf w (g> Q associated to Milnor- Witt 
K-theory (which follows easily from |Mor06a[ theorem 3.40]). Considering K^f and K^ IW as 
unramified sheaves in the sense of |Mor06aj , this lemma is then a reformulation of the isomorphism 

K™ w (F)/ri~KM(F) 

for any field F; see Mor06a ( remark 2.2]. □ 

Proposition 15.2.10. We have He+ — He, and the induced map Q + — > He gives a canonical 
isomorphism H (Q + ) ~ H q (He). 

Proof. The map e(l)[l] : Q(l)[l] — > Q(l)[l] can be described geometrically as the morphism 
associated to the pointed morphism 

* : Gr m > G m , t I ft 

(see the second assertion of |Mor031 lemma 6.1.1]). In the decomposition 

Ki(G m ) ~k[t,t~ 1 ] x ~fc x ©Z, 

the map i induces multiplication by —1 on Z. Using the periodicity isomorphism KGL(1)[2] ~ 
KGL, we get the identifications: 

Ki(G m ) D Hom SH(fc )(S 00 (G m )[l],^GL) ~ Rom KGL (KGL, KGL) ~ K (k) ~ Z. 
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Therefore, e acts as the multiplication by —1 on the spectrum KGLq, whence on as well. This 
means precisely that ~ Hb- By lemma IT5.2.31 the class 2r/ vanishes in Q + , so that, appyling 
the (t-exact) functor M i— > M + to the exact sequence of lemma 115.2.91 we get an isomorphism 
H Q (Q+) ~ H a (H B + ) ~ H (H B ). □ 

Corollary 15.2.11. For any object M in the heart of the homotopy t-structure, M + is a Beilinson 
motive. 

Proof. The object M is an _ffo(Q)-module, so that M + is an ifo(Q+)-modulc. By virtue of 
proposition 1 1 5 . 2 . TOl M + is then a module over Hq(H^), so that, by lemma [T5. 2. 81 M+ is naturally 
endowed with an action of H^. □ 

Remark 15.2.12. Until now, we didn't really use the fact we are in a Q-linear context (replacing iJg 
by Voevodsky's motivic spectrum, we just needed 2 to be invertible in the preceding corollary). 
However, the following result really uses Q-linearity (because, in the proof, we see DMb(S') — 
DMq(5) as a full subcategory of D A i q{S)). 

Theorem 15.2.13 (Morel). For any noetherian scheme of finite dimension S, the map Q + — > 

is an isomorphism in D A i _q(S). As a consequence, we have a canonical equivalence of categories 

D a i,q(5)+ ~DM b (5). 

Proof. Observe that, if ever Q + ~ H^, we have Da 1 ,q(5')+ — DMc(5): this follows from the fact 
that an object M of D A i q(S) belongs to D A i q(S) + (resp. to DMb(S)) if and only if there exists 
an isomorphism M ~ M + (resp. M ~ ®g M; see I13.2.T5]) . It is thus sufficient to prove the 
first assertion. 

As both Q + and Hb are stable by pullback, it is sufficient to treat the case where S = Spec (Z). 
Using proposition ll4.2.8l we may replace S by any of its henselisations, so that, by the localization 
property, it is sufficient to treat the case where S is the spectrum of a (perfect) field k. 

We shall prove directly that, for any object M of Dai,q(5'), M + is an ffE-module (or, equiva- 
lently, is iJc-local). Note that DMb(5) is closed under homotopy limits and homotopy colimits in 
D A i ,q(S): indeed the inclusion functor DMb — > Da^q has a left adjoint which preserves a family 
of compact generators, whence it also has a left adjoint (|1.3.18[) . By virtue of proposition 1 1 5 . 2 .71 
we may thus assume that M is bounded with respect to the homotopy i-structure. As DMb (5) is 
certainly closed under extensions in Dai ,q(S), we may even assume that M belongs to the heart 
the homotopy t-structure. We conclude with corollarv ll5.2.111 □ 

Corollary 15.2.14 (Morel). For any noetherian scheme of finite dimension S, if —1 is a sum of 

squares in all the residue fields of S (e.g. if S is a scheme over a finite field), then Q_ ~ in 
Da 1 ,q(*S i ); and we have a canonical equivalence of categories 

D A i, Q (S)~DM B (S). 

Proof. It is sufficient to prove that, under this assumption, Q_ ~ 0. As in the preceding proof, 
we may replace S by any of its henselisations (|14.2.8p . so that, by the localization property (and 
by induction on the dimension) , it is sufficient to treat the case where S is the spectrum of a field 
k. We have to check that, if —1 is a sum of squares in k, then we have e = — 1. Using Mor03, 
remark 6.3.5 and lemma 6.3.7], we see that, if k is of characteristic 2, we always have e = — 1, 
while, if the characteristic of k is distinct from 2, we have a morphism of rings 

GW(k) -» Hoiii Da1 Q ( Sp oc(fc))(Q,Q) , 

where GW(k) denotes the Grothendieck group of quadratic forms over k, such that — e is the 
image of the class of the quadratic form —A 2 , which proves the result. (For a more precise version 
of this, with integral coefficients, see |Mor06al proposition 2.13].) □ 

15.2.15. Consider the Q-linear etale motivic category D A i 6t( _ i Q)> defined by 

D AV t(S,Q) = D A i(Sh«(Sm/S, Q)) 
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(see 15.3.341) . The etale sheafification functor induces a morphism of motivic categories 

(15.2.15.1) Dai,q(5) - B AK6t (S, Q) . 

We shall prove the following result, as an application of Morel's theorem ll5.2.131 

Theorem 15.2.16. For any noetherian scheme of finite dimension S, there is a canonical equiv- 
alence of categories 

DM B (S)~D AMt (S,Q). 

In order prove theorem 115.2. 16( we shall study the behaviour of the decomposition (|15.2. 1 .3|) 
in D A i j6t (S', Q): 

Lemma 15.2.17. We have Q_ ~ in D A i i6t (S', Q). 

Proof. Proceeding as in the proof of theorem 115.2.131 we may assume that S is the spectrum of 
a perfect field k. By etale descent, we see that we may replace k by any of its finite extension. 
In particular, we may assume that —1 is a sum of squares in k. But then, by virtue of corollary 
115.2.141 Q ~ in D A i jQ (S), so that, by functoriality, Q ~ in D AVt (S, Q). □ 

Proof of theorem 1 15.2.161 Note that the functor (|15.2.15.1[) has a fully faithful right adjoint, whose 
essential image consists of objects of D A i q(S) which satisfy etale descent. As any Bcilinson 
motive satisfies etale descent (I14.2.17|) . DMb(5) can be seen naturally as a full subcategory of 
D A i.ct( , 5'i Q)- On the other hand, by virtue of the preceding lemma, any object of D A i q(S') 
which satisfies etale descent belongs to D A i q(S) + . Hence, by theorem 115.2.131 any object of 
D a i q(S) which satisfies etale descent is a Beilinson motive. This achieves the proof. □ 

Remark 15.2.18. If S is excellent, and if all the residue fields of S are of characteristic zero, one 
can prove theorem 115.2.161 independently of Morel's theorem: this follows then directly from a 
descent argument, namely from corollary 13.3.371 and from theorem ll5.1.3l 

Corollary 15.2.19. For any regular noetherian scheme of finite Krull dimension S, we have 
canonical isomorphisms 

Hom DAl 6t(SiQ) (Q s ,Q s (p)[g]) ~ Gr*K^ q {S) Q . 
Proof. This follows immediately from theorem 115.2.161 by definition of DMb (|13.2.14|) . □ 

Corollary 15.2.20. For any geometrically unibranch excellent noetherian scheme of finite Krull 
dimension S , there is a canonical equivalence of symmetric monoidal triangulated categories 

D A i, 6t (S,Q)~DM Q (S). 

Proof. This follows from theorems 115.1.41 and 115.2.161 □ 

Remark 15.2.21. The corollary above is also proved by Ayoub and Zucker [AZ09J in the case where 
S is the spectrum of a field. 

Corollary 15.2.22. Let S be an excellent noetherian scheme of finite dimension. An object of 
D A i q(5) satisfies h-descent if and only if it satisfies Stale descent. 

Proof. This follows from theorems 115.1.31 and 115.2.161 □ 

16. Realizations 

16.1. Tilting. 

16.1.1. Let ./# be a stable perfect symmetric monoidal Sm-fibred combinatorial model category 
over an adequate category of 5-schemes S", such that Ho(^#) is motivic, with generating set of 
twists r. 

Consider a homotopy cartesian commutative monoid £ in . Then £ - mod is an S'm-fibred 
model category, such that Ho(£- mod) is motivic, and we have a morphism of motivic categories 
(see 14.2.111 and I4.2.1fi|) 

Ho(^#) -> Ho(£- mod) , Mh£ ® l M . 
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Moreover this change of scalars functor commutes with the six operations of Grothendieck. In 
practice, all the realization functors are obtained in this way (at least over fields), which can be 
formulated as follows (for simplicity, we shall work here in a Q-linear context, but, if we are ready 
to consider higher categorical constructions, there is no reason to make such an assumption). 

16.1.2. Consider a quasi-excellent noetherian scheme of finite dimension S, as well as two stable 
symmetric monoidal Sm-fibred combinatorial model categories ^ and over the category of 
S'-schemes of finite type such that Ho(^#) and Ho(^#') are motivic. We also assume that both 
Ho(./#) and Ho(^#') are Q-linear and separated, and are generated by their Tate twists (|1.1.40|) . 
Consider a Quillen adjunction 

(16.1.2.1) if* : „# ^ Ji' : ip, , 
inducing a morphism of Sm-fibred categories 

(16.1.2.2) Lip* : tt.o{j£) -> Ho(^#') . 

Note that the functor Lip* preserves constructible objects, whence defines a morphism of motivic 
categories 

(16.1.2.3) Lip* : Ho(^#) c -> Ho(J") c . 

Proposition 16.1.3. Under the assumptions of \16.1.2l if, for any regular S -scheme of finite type 
X , and for any integers p and q, the map 

Hom Ho (^) ( x)(lx, lx(p)[q]) -> Hom Ho (^)(j)(lx, l x (p)[q}) 

is bijective, then the morphism (|16.1.2.3[) is an equivalence of motivic categories. Moreover, if both 
Ho(./#) and Ho(^#') are compactly generated by their Tate twists, then the morphism \16.1.2.2\ is 
an equivalence of categories. 

Proof. Note first that, for any ^-scheme of finite type X, and for any integers p and q, the map 
Hom Ho (^)(x)(lx, tx{p)[q]) -> Hom Ho (^)( X) (lx, t x {jp)[q]) 

is bijective: by h-descent (|3.3.36p and by virtue of Gabber's weak uniformization theorem ll4. 1.151 
it is sufficient to treat the case where X is regular, which is done by assumption. Let S be a 
5-scheme of finite type. To prove that the functor 

Lip* : Ho(^) c (S) — Eo c (.¥?'){S) 

is an equivalence, by virtue of theorem 114.1.181 it is sufficient to prove that, for any projective 
morphisms / : X — > S and g : Y — ► S, and for any integers p and q, the map 

HomHo(^)(A)(R/*(lx),R.9*(ly)(p)M) ^HomHo(^)(x)( R /*(lx),R5*(lF)b)M) 
is an isomorphism. Consider the pullback square 

X x s Y^^Y 
X — 

Considering the isomorphisms (obtained by adjunction and proper base change) 

Horxi(R/*(lx),Rff*(lr)(p)M)^Hom(L 5 * R/*(l*), 1* (?)[?]) 

~ Hom(Rpr 2! , Lprl(l x ), lx(p)[q]) 

~ Hom(Rpr 2 ^(1 X x s y), t X (p)[q\) , 

we conclude easily from proposition ^. 4. 17l that (|16.1.2.3|) is an equivalence of motivic categories. If 
both Ho(^#) and Ho(^#') are compactly generated by their Tate twists, then the sum preserving 
exact functor 

Lip* : Hopf)(S) -> Eo(.^')(S) 
is an equivalence at the level of compact objects, whence it is an equivalence of categories (| 1 .3. 19[) . 

□ 
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16.1.4. Under the assumptions of 116.1.21 assume that ^# and are strongly Q-linear (14.1.4|) , 
left proper, tractable, satisfy the monoid axiom, and have cofibrant unit objects. Let £' be a 
fibrant resolution of 1 in ^#'(Spec (k)). By virtue of theorem 14.1.81 we may assume that £' is 
a fibrant and cofibrant commutative monoid in jM 1 '. Then R.<^*(1) = tp*(£' ). is a commutative 
monoid in ' . Let £ be a cofibrant resolution of ip*(£') in ^(Spec (k)). Using theorem l4.1.8[ we 
may assume that £ is a fibrant and cofibrant commutative monoid, and that the map 

£ -> Rtp»(£') 

is a morphism of commutative monoids (and a weak equivalence by construction). We can see £ and 
£' as cartesian commutative monoids in j$ and respectively (by considering their pullbacks 
along morphisms of finite type / : X — > Spec (k)). We obtain the essentially commutative diagram 
of left Quillcn functors below (in which the lower horizontal map is the functor induced by (p* and 
by the change of scalars functor along the map (f*(£) — » £')■ 

Jt + Jt' 

(16.1.4.1) 

£- mod *- £'- mod 

Note furthermore that the right hand vertical left Quillen functor is a Quillen equivalence by 
construction (identifying ^f'(X) with lx-modules, and using the fact that the morphism of 
monoids tx —* £'x is a weak equivalence in ^'(X)). 

Theorem 16.1.5. Consider the assumptions of \16.1.4\ with S = Spec (k) the spectrum of a field 
k. We suppose furthermore that one of the following conditions is verified, 
(i) The field k is perfect. 

(ii) The motivic categories Ho(^) and Ho {^') are continuous and semi- separated. 
Then the morphism 

Ho(£-mod) c -> Ho(£'-mod) c ~ Ho(J") c 

is an equivalence of motivic categories. Under these identifications, the morphism (116.1. 2. 3p cor- 
responds to the change of scalar functor 

Ho(^) c -> Ho(£- mod) c , M h-> £ ® L M . 

If moreover both Ho(^) and Ho(^') are compactly generated by their Tate twists, then these 
identifications extend to non-constructible objects, so that, in particular, the morphism (116.1. 2. 2\ 
corresponds to the change of scalar functor 

Ho(^#) -> Ho(^T') ~ Ho(f-mod) , M i-> £ ® L M . 

Proof. For any regular fc-scheme of finite type X, and for any integers p and q, the map 

Hom Ho ( J? )(x)(lx,&(p)[g]) -> Hom Ho (^)(x)(lx,^x(p)M) 

is bijective: this is easy to check whenever X is smooth over k, which proves the assertion under 
condition (i), while, under condition (ii), we see immediately from proposition ll4.2.15l that we may 
assume condition (i). The first assertion is then a special case of the first assertion of proposition 
116.1.31 Similarly, by proposition 14.2.61 the second assertion follows from the second assertion of 
proposition 116.1.31 □ 

Example 16.1.6. Let ^ be the stable ^m-fibred model category of Tate spectra, so that Ho(^#) = 
Dai.q, and write for the left Bousfield localization of ^# by the class of 7?B-equivalences (see 
I13.2.3P . so that Ho(^b) = DM B . 

Let k be a field of characteristic zero, endowed with an embedding a : k — > C. Given a complex 
analytic manifold X, let ^ an (X) be the category of complexes of sheaves of Q-vector spaces on 
the smooth analytic site of X (i.e. on the category of smooth analytic X-manifolds, endowed 
with the Grothendieck topology corresponding to open coverings), endowed with its local model 
structure (see |Ayo07b[ 4.4.16] and |Ayo08| ). We shall write ^B^tu( x ) for the stable left Bousfield 
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localization of ^K an {X) by the maps of shape Q(J7 x D 1 ) — > Q(U) for any analytic smooth X(C)- 
manifold U (where D 1 = {z£ C, \z\ < 1} denotes the open disc). We define at last ^ Bet u(X) as 
the stable model category of analytic G m -spectra over X(C) (see |Ayo08[ section 1]). 
Given a fc-scheme of finite type X, we shall write 

(16.1.6.1) D Betti (X) = Ro(^ Betti (X)) 

(where the topological space X(C) is endowed with its canonical analytic structure). According 
to |Ayo08[ 1.8 and 1.10], there exists a canonical equivalences of categories 

(16.1.6.2) B Betu (X) ~ Ro(.^f etu {X)) ~ D(X(C), Q) , 

where D(X(C), Q) stands for the (unbounded) derived category of the abelian category of sheaves 
of Q-vector spaces on the small site of X(C). By virtue of |Ayo08| section 2], there exists a sym- 
metric monoidal left Quillen morphism of monoidal iSm-fibred model categories over the category 
of fc-schemes of finite type 

(16.1.6.3) An* : Ji -> JZ Be m , 

which induces a morphism of motivic categories over the category of fc-schemes of finite type. 
Hence HAn*(t) is a ring spectrum in DAi,Q(Spec (fc)) which represents Betti cohomology of 
smooth fc-schemes. As T) Be tu satisfies etale descent, it follows from corollarv l3.3.37l that it satisfies 
h-descent, from which, by virtue of theorem ll5.1.31 the morphism (|16.1.6.3j) defines a left Quillen 
functor 

(16.1.6.4) An* : ^ B -» ^Betu , 
hence gives rise to a morphism of motivic categories 

(16.1.6.5) DM B -> D Bettl . 

Appyling theorem 1 16. 1.51 to (|16.1.6.4p . we obtain a commutative ring spectrum £ Be tu — R-An*(]L) 
which represents Betti cohomology of smooth fc-schemes, such that the restriction of the functor 
(116.1. 6. 5p to constructible objects corresponds to the change of scalars functors 

(16.1.6.6) DMb.cPO -> Uo(£ Betu -mod) c (X) ~ D b c (X(C),Q) , M ^ £ Bettl ® L M . 

In other words, once Betti cohomology of smooth fc-schemes is known, one can reconstruct canon- 
ically the bounded derived categories of constructible sheaves on X(C) for any fc-scheme of finite 
type X, from the theory of mixed motives. We expect all the realization functors to be of this 
shape (which should follow from (some variant of) theorem 116. 1.5(1 : the (absolute) cohomology 
of smooth fc-schemes with constant coefficients determines the derived categories of constructible 
sheaves over any fc-scheme of finite type, whatever this means. For instance, the whole theory of 
variations of mixed Hodge structures should be obtained from Deligne cohomology, seen as a ring 
spectrum in DMu(fc) (or, more precisely, in .^jj(fc)). 

16.2. Mixed Weil cohomologies. Let S be an excellent (regular) noetherian scheme of finite 
dimension, and K a field of characteristic zero, called the field of coefficients. 

16.2.1. Let E be a Nisnevich sheaf of commutative differential graded K-algebras (i.e. is a 
commutative monoid in the category of sheaves of complexes of K-vector spaces) . We shall write 

H n (X,E) = Hom DtJf (x JQ x ,E[n]) 

for any smooth S'-scheme of finite type X, and for any integer n (note that, if E satisfies Nisnevich 
descent and is A 1 -homotopy invariant, which we can always assume, using l4~L8l then H n (X, E) = 
H n {E{X))). 

We introduce the following axioms : 

'K i£i = 0, 
otherwise. 

if i = or i = 1, 
otherwise. 



Wl Dimension.— H l (S,E) 
W2 Stability.— dim K H l (G m ,E) = 
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W3 Kiinneth formula. — For any smooth S'-schemes X and Y, the exterior cup product induces 
an isomorphism 

Hr(X,E)® K H«(Y,E)^H n (Xx s Y,E) . 

p+q—n 

W3' Weak Kiinneth formula. — For any smooth S'-scheme X, the exterior cup product induces 
an isomorphism 

H' } (X,E)® K H c '(G m ,E)^H n (X x s G m ,E) . 

p+q=n 

16.2.2. Under assumptions Wl and W2, we will call any non zero element c 6 H 1 (G m , E) a 
stability class. Note that such a class corresponds to a non trivial map 

in q(S) (using the decomposition Q(G m ) = Q ® Q(l)[l]). In particular, possibly after re- 
placing E by a fibrant resolution (so that E is homotopy invariant and satisfies Nisnevich descent) , 
such a stability class can be lifted to an actual map of complexes of presheaves. Such a lift will 
be called a stability structure on E. 

Definition 16.2.3. A sheaf of commutative differential graded K-algebras E as above is a mixed 
Weil cohomology (resp. a stable cohomology) if it satisfies the properties Wl, W2 and W3 (resp. 
Wl, W2 and W3') stated above. 

Proposition 16.2.4. Let E be a stable cohomology. There exists a commutative ring spectrum £ 
in DMb (S) with the following properties. 

(i) For any smooth S -scheme X, and any integer i, there is a canonical isomorphism of 
K.-vector spaces 

W(X, E) ~ Hom DME (s) (M S (X), £[»]). 
fii) Any choice of a stability structure on E defines a map Q(l) — > £ in DMb(S), which 
induces an £-linear isomorphism £(l) ~ £ . 

Proof. By [CD07[ Proposition 2.1.6], there exists a commutative ring spectrum £ in Dai,q(S) 
such that, for any smooth S-scheme X, and any integer i, there is a canonical isomorphism of 
K-vector spaces 

H 1 (X, E) ~ Hom DAl Q (s) (M S (X), £ [i] ) , 

and such that any choice of a stability structure on E defines an isomorphism £ (1) ~ £. By virtue 
of [CD071 corollary 2.2.8] and of theorem 111. 2.101 this ring spectrum £ is oriented, so that, by 
corollary 1 13. 2. 151 £ is an 7?B-module, i.e. belongs to DMb(S). □ 

16.2.5. Given a stable cohomology E and its associated ring spectrum £, we can see £ as a 
cartesian commutative monoid: we define, for an S-scheme X, with structural map / : X — > S: 

£ x =Lf*(S), 

and put 

(16.2.5.1) D(X, £) = Ho(£- mod) (A") = Ho(£ x - mod) . 
We thus have realization functors 

(16.2.5.2) DM B (X) -» D(X, £) , M ^ £ x ®\ M 

which commute with the six operations of Grothendieck. Furthermore, D(— ,£) is a motivic 
category which is Q-linear (in fact K-linear), separated, and continuous. Observe furthermore 
that, if S is the spectrum of a field , then D(— , £ ) is also pure (|14.3.22p . so that the six Grothendieck 
operations preserves constructible objects in D(— ,£) (|14.1.31j) . 
For an S'-scheme X, define 

H*(X,E(p)) = Hom DMB(x) (Qjc,£(p)[ g ]) ~ Hom D(X)£) (f x , £ x (p)[q]) 

(this notation is compatible with 116.2.11 by virtue of proposition I16.2.4|) . 
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Corollary 16.2.6. Any stable cohomology (in particular, any mixed Weil cohomology) extends 
naturally to S -schemes of finite type, and this extension satisfies cohomological h-descent (in par- 
ticular, Stale descent as well as proper descent). 

Proof. This follows immediately from the construction above and from theorem 113.3.21 □ 

16.2.7. We denote by D V (S, £) the localizing subcategory of D(5, £ ) generated by its rigid objects 
(i.e. by the objects which have strong duals). For instance, by Poincare duality, for any smooth 
and proper S-scheme X, £(X) = £ ®^ M S (X) belongs to D V (S,£); see ll4.3.23l 

If we denote by D(K) the (unbounded) derived category of the abelian category of K-vector 
spaces, we get the following interpretation of the Kiinneth formula. 

Theorem 16.2.8. If E is a mixed Weil cohomology, then the functor 

RHom £ (£,-) :D V (S,£) -► D(K) 
is an equivalence of symmetric monoidal triangulated categories. 

Proof. This is (CD071 theorem 2.6.2]. □ 
Theorem 16.2.9. If S is the spectrum of a field, then D V (S,£) = D(S,£). 

Proof. This follows then from corollary 1 14. 3. 241 □ 

Remark 16.2.10. It is not reasonnable to expect the analog of theorem 116.2.91 to hold whenever S 
is of dimension > 0; see (the proof of) |CD07[ corollary 3.2.7]. Heuristically, for higher dimensional 
schemes X, the rigid objects of D(X,£) are extensions of some kind of locally constant sheaves 
(in the ^-adic setting, these correspond to Qi-faisceaux lisses). 

Corollary 16.2.11. If E is a mixed Weil cohomology, and if S is the spectrum of a field, then 
the functor 

RHom £ (£ , -) : D(5, £) -» D(K) 
is an equivalence of symmetric monoidal triangulated categories. 

16.2.12. Assume that E is a mixed Weil cohomology, and that S is the spectrum of a field k. 
For each fc-scheme of finite type X, denote by D C (X,£) the category of constructible objects of 
D(X, £): by definition, this is the thick triangulated subcategory of D(X, £ ) generated by objects 
of shape £(Y) — £®\Mx(Y) for Y smooth over X (we can drop Tate twists because of ll6.2.4l (ii)). 
The category D C (X, £) also coincides with the category of compact objects in D(X, £ ); see ll4.1.2l 
Write D b (K) for the bounded derived category of the abelian category of finite dimensional K- 
vector spaces. Note that D b (K) is canonically equivalent to the homotopy category of perfect 
complexes of K- modules, i.e. to the category of compact objects of D(K). 

Corollary 16.2.13. Under the assumptions of \16.2.T%[ we have a canonical equivalence of sym- 
metric monoidal triangulated categories 

D c (Spec (k) , £) ~ D b (K) . 

Proof. This follows from ll6.2.11l and from the fact that equivalences of categories preserve compact 
objects. □ 

Corollary 16.2.14. Under the assumptions of \16.2.TM if E' is another "K.-linear stable coho- 
mology with associated ring spectrum £' , any morphism of presheaves of commutative differential 
H-algebras E — > E' inducing an isomorphism H 1 (G rn , E) ~ H (G m ,E') gives a canonical iso- 
morphism £ ~ £' in the homotopy category of commutative ring spectra. In particular, we get 
canonical equivalences of categories 

B(X,£) ~ B(X,£') 

for any k-scheme of finite type X (and these are compatible with the six operations of Grothendieck, 
as well as with the realization functors). 

Proof. This follows from theorem 1 1 6 . 2 . 91 and from |CD07[ theorem 2.6.5]. □ 
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Remark 16.2.15. The preceding result can be stated in the following way: if £ and £' are two 
(strict) commutative ring spectra associated to K-linear mixed Weil cohomologies defined on 
smooth fc-schemes, then any morphism £ — > £' in the homotopy category of (commutative) 
monoids in the model category of K-linear Tate spectra is invertible. 

Theorem 16.2.16. Under the assumptions of \16. 2.121 the six operations of Grothendieck preserve 
constructibility in D(— ,£). 

Proof. Observe that D(— ,£) is Q-linear and separated (because DMb is so, see 14. 2. lB"|) . as well as 
pure (by proposition 1 14. 3 22j) . We conclude with 114. 1.3"T1 □ 

16.2.17. As a consequence, we have, for any fc-scheme of finite type X, a realization functor 

DM BtC (X)^B c (X,£) 

which preserves the six operations of Grothendieck. For X — Spec(fc), by virtue of corollary 
116.2.131 this corresponds to a symmetric monoidal exact realization functor 

R : DM B , c (Spec (fc)) -» D b (K) . 

This leads to a finiteness result: 

Corollary 16.2.18. Under the assumptions of \16.2.12~[ for any k-scheme of finite type X, and 
for any objects M and N in D C (X, £), Hoiri£(Af, iV[ra]) is a finite dimensional K.-vector space, 
and it is trivial for all but a finite number of values of n. 

Proof. Let / : X — » Spec (fc) be the structural map. By virtue of 116.2. 16( as M and N are 
constructible, the object R/„ RHomx(M, N) is constructible as well, i.e. is a compact object of 
D(Spec (fc) , £). But RHom£(M, N) is nothing else than the image of R/* RHomx(M, N) by the 
equivalence of categories given by corollary |16.2.11l Hence RHomg(Af, N) is a compact object of 
D(K), which means that it belongs to D b (K). □ 



16.2.19. For a K- vector space V and an integer n, define 
V(n) 



VSKHoiiiK^tG™, E)® n , K) ifn>0, 
V <8>k H 1 (G, n , £ , )®( - ™) ifn<0. 

Any choice of a generator in K(— 1) = if 1 (G„ l ,_E) ~ H 2 (P\,E) defines a natural isomorphism 
V(n) ~ V for any integer n. We have canonical isomorphisms 

H«(X,E(p))~H«(X,E)(p) 

(using the fact that the equivalence of corollary 116.2.131 is monoidal). The realization functors 
(|16.2.5.2p induce in particular cycle class maps 

cl x : H«(X,Q(p)) ^ H*(X,E)(p) 

(and similarly for cohomology with compact support, for homology, and for Borel-Moore homol- 
ogy). 

Example 16.2.20. Let fc be a field of characteristic zero. We then have a mixed Weil cohomology 
EdR defined by the algebraic de Rham complex 

E d R,(x) = n* A/k 

for any smooth affine fc-scheme of finite type X = Spec (A) (algebraic de Rham cohomology of 
smooth fc-schemes of finite type is obtained by Zariski descent); see |CD07[ 3.1.5]. We obtain from 
116.2.41 a commutative ring spectrum £dR, and, for a fc-scheme of finite type X, we define 

B dR (X) =D c (X,£ dR ). 

We thus get a motivic category DdR, and we have a natural definition of algebraic de Rham 
cohomology of fc-schemes of finite type, given by 

h 2r( x ) = Kom- DiR (x)(£dR,x,£dR,x[ n ]) ■ 
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This definition coincides with the usual one: this is true by definition for smooth fc-schemes of finite 
type, while the general case follows from h-descent (|16.2.6[) and from de Jong's theorem ll4.3.6l (or 
resolution of singularities a la Hironaka). We have, by construction, a realization functor 

R dR : DM B , C (I) -» B dR {X) 
which preserves the six operations of Grothendieck. In particular, we have cycle class maps 

H«(X,Q(P)) ^ H« R (X)(p) . 
Note that, for any field extension fc'/fc, we have natural isomorphisms 

H n dR {X) ® k k' ~ H n dR {X x Spcc(fc) Spec (k')) . 

Example 16.2.21. Let k be a field of characteristic zero, which is algebraically closed and complete 
with respect to some valuation (archimedian or not). We can then define a stable cohomology 
Ed R ,an as analytic de Rham cohomology of X an , for any smooth fc-scheme of finite type X; see 
CD07, 3.1.7]. As above, we get a ring spectrum £d R ,an, and for any fc-scheme of finite type, a 
category of coefficients 

Dd R ,an(X) = D C (X, £dR : an) , 

which allows to define the analytic de Rham cohomology of any fc-scheme of finite type X by 

HdR,an( X ) = ^Om Umim ^(£dR,an,X,£dR,an,,x[n]) ■ 

We also have a realization functor 

RdR., an ■ DMb, c (X) — > DdR,an(X) 

which preserves the six operations of Grothendieck. 
We then have a morphism of stable cohomologies 

EdR — * EdR,an 

which happens to be a quasi-isomorphism locally for the Nisncvich topology (this is Grothendieck's 
theorem in the case where K is archimedian, and Kiehl's theorem in the case where K is non- 
archimedian; anyway, one obtains this directly from corollary 116.2.14)) . This induces a canonical 
isomorphism 

£dR — £dR,an 

in the homotopy category of commutative ring spectra. In particular, EdR, an is a mixed Weil 
cohomology, and, for any fc-scheme of finite type, we have natural equivalences of categories 

dR.an 

(X) , M ^ £ dR>an ®\ iR M 

which commute with the six operations of Grothendieck and are compatible with the realization 
functors. 

Note that, in the case k = C, SdR,an coincides with Betti cohomology (after tensorization by 
C), so that we have canonical fully faithful functors 

^Betti,c{X) ®Q C — > T>dR,an{X) 

which are compatible with the realization functors. More precisely, we have equivalences 

D*(X(C),C) ~Ko(£ Bettt ® Q C-mod) c (X)~D d R,an(X). 

In particular, by the Riemann-Hilbert correspondence, T} d R,an{X) is equivalent to the bounded 
derived category of analytic regular holonomic P- modules on X . (A purely algebraic proof of this 
equivalence would furnish a new proof of the Riemann-Hilbert correspondence, using corollary 
116.2.141 ) 

Example 16.2.22. Let V be a complete discrete valuation ring of mixed characteristic with per- 
fect residue field k and field of functions K. The Monsky-Washnitzer complex defines a stable 
cohomology Emw over smooth T^-schemes of finite type, defined by 

Emw(X) — il A -t j V ®v K 

for any affine smooth F-scheme X — Spec (A) (the case of a smooth F-scheme of finite type is 
obtained by Zariski descent); see [CD071 3.2.3]. Let £mw be the corresponding ring spectrum in 
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DM E (Spec (V)), and write j : Spec (K) — ► Spec (V) and i : Spec (fc) — > Spec (V) for the canonical 
immersions. As we obviously have j*£uw — (the Monsky-Washnitzer cohomology of a smooth 
1^-scheme with empty special fiber vanishes), we have a canonical isomorphism 

£mw — R-** Li £mw ■ 
We define the rigid cohomology spectrum £ r i g in DMB(Spec (fc)) by the formula 

This is a ring spectrum associated to a Jf-linear mixed Weil cohomology: cohomology with co- 
efficients in £ r i g coincides with rigid cohomology in the sense of Berthelot, and the Runneth 
formula for rigid cohomology holds for smooth and projective fc-schemes (as rigid cohomology co- 
incides then with cristalline cohomology) , from which we deduce the Kiinneth formula for smooth 
fc-schemes of finite type; see |CD071 3.2.10]. As before, we define 

Dri 5 (A) = D C (X, Erig) 

for any fc-scheme of finite type X, and put 

Hrig( X ) = HomD^ (X){£rig,X,£rig,x[ n ]) ■ 

Here again, we have, by construction, realization functors 

R Hg :DM C , C (X) ^D rig (X) 
which preserve the six operations of Grothendieck, as well as cycle class maps 

H«(X,Q(p))^H« rig (X)(p). 
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